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ABSTRACT. The idea of initial form is refined into the concept of polyform.
This can be used to streamline desingularization.

SECTION 1: INTRODUCTION

We shall refine the idea of the initial form of an element in a regular local ring by
introducing the concept of its polyform. The existence of polyform will be proved
relative to any finite sequence in any (commutative unitary nonnull) ring satisfying
some mild separation conditions. For uniqueness, the sequence will be assumed
to be regular. The concept of polyform is expected to simplify desingularization
proofs and related matters. In effect, many desingularization processes amount to
finding a regular system of parameters relative to which the polyform of a given el-
ement in a regular local ring has a tight shape. We shall illustrate this by revisiting
desingularization of plane curves in any characteristic including mixed characteris-
tic. What we shall reprove is that, given any curve on any nonsingular algebraic
or arithmetic surface, by applying a finite sequence of quadratic transformations
to the surface it can be achieved that the total transform of the curve has only
normal crossings. This will be a simplified version of the canonical desingulariza-
tion of curves described in [AbhD]. Similarly, in a later communication, we hope
to use polyforms to give a simplified version of the higher dimensional canonical
desingularization processes discussed in [AbhG] and [AbhW].

SECTION 2: POLYEXPANSION AND POLYFORM

Let I be the ideal generated by a finite sequence = (21, ..., %) in aring R. As
usual, let NV be the set of all nonnegative integers, and let N™ be the set of all
m-tuples a = (a1, ..., a;) of nonnegative integers; the set N is partially ordered:
a < a means a; < a for 1 <i < m. Let X = (Xy,...,X,;n) be a sequence of
indeterminates; for every a € N™ we put |a| = a1+ - -+ am and X* = X{* ... X2m,
and we note that then X is a monomial of (total) degree |a|. For all a € N™ and
be N™ weput a+b= (a1 +b1,...,am + bp) € N™. Given any f(X) € R[X] we
can uniquely write f(X) =3 g7 X® with 0 # 7, € R for all a € S, where S (=
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the support of f(X)) is a finite subset of N™. If r, € R\ J for all a € S, where J is
an ideal in R, then we shall say that f(X) is a polynomial in X over (R, J). If also
a £ a for all @ # a’ in S, then we shall say that f(X) is a strict polynomial in X
over (R, J). Note that every f(X) € R[X] is always a polynomial in X over (R, 0).
For any f(X) € R[X], let f(X) € (R/I)[X] be obtained by applying the canonical
epimorphism R — R/T to the coefficients of f(X). Given j € N, we shall say that
the sequence z is (j)-separated if for every subset V' of N, upon letting G to be
the ideal in R generated by {z° : b € V'}, we have (2 (I/G + I?) = I/ G; if this is
so for every finite subset V' of N then we shall say that the sequence z is finitely
(j)-separated. We shall say that the sequence = is monomially separated if it
is (0)-separated. We shall say that the sequence z is quasiseparated if it is finitely
(7)-separated for some j € N. Note that if  is (resp: finitely) (j)-separated then
it is (resp: finitely) (7 + j')-separated for every j’ > j; this follows by noting that
with V' and G as above, upon letting G’ be the ideal in R generated by the (resp:
finite) set V/ = {b+ :b € V and b’ € N™ with [b/| = j'}, we have ['17'G = I G
It follows that

(2.0). z is monomially separated = x is quasiseparated = given any j* € N there
exists j* < j** € N such that x is finitely (j)-separated whenever j** < j € N.

Using the notion of quasiseparated, we shall now prove the following:

Existence Lemma (2.1). Assume that x is quasiseparated. Then, given any u €
R, there exists a strict polynomial f(X) in X over (R,I) with v = f(x); the
polynomial f(X) may be called a polyexpansion of u relative to (R, x), and the
polynomial f(X) may be called a polyform of u relative to (R, z).

Actually we shall prove the following:

Strong Existence Lemma (2.2). Assume that x is quasiseparated. Given any
W C N™, let H be the ideal in R generated by {x*:b € W}, and let u € H. Then
there exists a strict polynomial f(X) in X over (R,I) with u = f(x) such that for
every a in the support of f(X) we have b < a for some b € W (with b depending
on a).

Note that (2.1) follows by taking W = {(0,...,0)} in (2.2), because then H = R.

To prove (2.2), fore = 0,1,2,... let W, = {a € N™ : |a| = e and b < a for some
b€ W} and H. = the ideal in R generated by {z* : a € W,}, and for d = 0,1,
2,... let H(d) = the ideal in R generated by {2 :a € J;c oo We}. Since u € H,
we can find S, C W, for e =0,1,2,... together with ¢, € j%\I for all a € S, such
that upon letting S(d) = UZ;S Se and ug = 3 gy taz” we have u —uq € H(d)
for d =0,1,2,.... For d = 0 this is obvious, because S(0) = @), and hence ug = 0
and u —ug = u € H = H(0). Having done it thru a nonnegative integer d, and so
having found S, ..., S4—1, we have u —uy € H(d) = H(d + 1) + Hy, and hence
u—uqg = h+ Zaer vex® with h € H(d + 1) and v, € R for all a € Wy, and
therefore, upon letting Sy = {a € Wy : v, € I} and t, = v, for all a € Sy, we get
U— a1 =h+3 cws, Var® € H(d+1).

Let K be any field. Let G4 be the ideal in K[X] generated by {X®:a € S(d)}.
Then Gy C G1 C G2 C ... is a sequence of ideals in the noetherian ring K[X], and
hence, by the chain condition, for some nonnegative integer ¢ we have G4 = G,
for all integers d > c. It follows that for every d > ¢ and every a* € S(d) \ S(c¢)
we have a < a* for some a € S(c¢). In view of (2.0) we can take 0 < j € N such
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that x is finitely (j)-separated. Let u' =3 cq(.;j)\staz?, where S = {a € S(c):
a £ a whenever a # a € S(c)}. Then S is a finite subset of N™ such that for all
a # a' in S we have a £ o/, and such that for every a* € S(c) \ S we have a < a*
for some a € S. It follows that for every d > ¢+ j and every a* € S(d) \ S we
have a* = a + @ for some a € S and @ € N™ with |a| = j. Therefore, upon letting
G be the ideal in R generated by {2 : a € S}, we have uq — u' € I’G for every
d>c+j. Since u—u' = (u—uq) + (ug — ') and u —uq € H(d) C I%, we see that
u—u' € G+ I for every d > ¢+ j. Now (2,(I’G + I?) = ['G, and hence we
get u—u' € I'G C IG. Therefore we can write u — v’ =Y o t,a® with t, € I
for all @ € S. Since, for every a* € S(c) \ S we have a < a* for some a € S, we can
also write v’ =) g trx®, where t; € R\ I foralla € S. Let f(X) =) qraX?,
with r, = t% + ¢t/ for all a € S. Then r, € R\ I for all a € S, and hence f(X) is
a strict polynomial in X over (R,I) with u = f(z). Clearly the support of f(X)
is S; since S C S(c) C Ug;é W, it follows that for every a € S we have b < a for
some b € W.
In a moment we shall prove the following;:

Uniqueness Lemma (2.3). If z is quasiseparated and quasiregular, then any u €
R has a unique polyform relative to (R, x), which may hence be called the polyform
of u relative to (R, z).

Recall that the sequence x being quasiregular means I # R and the graded
ring gry(R) = Y go,(I%/1%*1) is a polynomial ring over R/I in the images of

T1,...,%Tm in I/I12. Also recall that the sequence x being regular means I # R
and z; is a nonzerodivisor in R/I; for 1 < ¢ < m where I; is the ideal in R
generated by (x1,...,2;,-1). We shall say that the sequence z is pseudoseparated

if oo (L + I%) = I, for 1 < i < m. Note that if = is regular then it is quasiregular,
and if x is pseudoseparated and quasiregular then it is regular; cf. Theorem 27
on page 98 of [Mats]; clearly monomially separated = pseudoseparated, and as
we have already noted monomially separated = quasiseparated, but we do not
know whether there is an implication between pseudoseparated and quasiseparated;
however, in (2.7) we shall show that quasiseparated + quasiregular = monomially
separated. Also note that if R is a regular local ring and z is part of a regular
system of parameters, i.e., part of a minimal set of generators of the maximal ideal
of R, then x is monomially separated and quasiregular; cf. pages 301-304 of [ZarS].
The polynomial ring property of the graded ring is sharpened in the following:

Independence Lemma (2.4). If x is quasiseparated and quasiregular, and f(X)
and g(X) are strict polynomials in X over (R,I) such that f(z) = g(z), then

f(X) =9(X).
Actually we shall prove the following:

Strong Independence Lemma (2.5). Assume that = is quasiseparated and
quasiregular. Let f(X) and g(X) be strict polynomials in X over (R,I), let S and
T be their respective supports, let J be the ideal in R generated by {x® : a € SUTY,
and let d be a nonnegative integer such that |a| < d for alla € SUT. Assume that
f(z) —g(z) € IJ+ I Then f(X) = g(X).

Note that (2.4) follows from (2.5), whereas (2.3) follows from (2.1) and (2.4).
Also note that the polynomial ring property of gry(R) corresponds to the special
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case of (2.5) when |a|] = d for all a € S UT; observe that in this case we have
IJ+Id+1 = Jd+1.

To prove (2.5), suppose if possible that f(X) # g(X). Then we can find o in
the support of f(X) —g(X) together with a nonnegative integer D < d such that
la’| = D < |a| for all a in the support of f(X)— g(X). Now o’ € SUT, and
upon letting S(D) = {a € S : |a| < D} and T(D) = {a € T : |a|] < D} and
P(D) = {a € N™ : |a| = D}, we must have S(D) = T(D), and we can write
f(@) = g(x) = X es(pyup(p) tar® with to € I for all @ € S(D), and t, € R for
all a € P(D), and t,» ¢ I. Since by assumption f(x) — g(z) € I.J + I%*!, we can
also write f(z) — g(x) = X cg(pyup(p) ta®” With t; € I for all a € S(D) U P(D).
Let rq = to — t], for all a € SUT. Then ZaeS(D)UP(D) rex® = 0 with r, € 1
for all @ € S(D), and r, € R for all a € P(D), and ro € I. Let W = {b €
N™ b = (a1,...,8i—1,1 + @;,0i41,...,ay) for some a € S(D) and some i €
{1,...,m} (with a and ¢ depending on b)}, and let H be the ideal in R gener-
ated by {z° : b € W}. Then > wes(p)Ta®® € H, and hence by (2.2) we get
2aes(p) Tal® = X jeg 827 with s; € R\ I for all j € S, where S’ is a finite
subset of N™ such that: (") for every j € S’ we have a < j for some a € S(D). In
view of the facts that S(D) = T(D) C SNT and o’ € SUT, where S and T are
the respective supports of f(X) and ¢g(X) which are strict polynomials in X over
(R, I), property (') tells us that o’ ¢ S’.

Note that now 3 ,c p(p) 7a®® = = 3¢5 8j27 with rq € R for all a € P(D), and
re & I for some o’ € P(D), and s; € R for all j € §'. If |j| < D for some j € 5,
then we could take a nonnegative integer E < D such that |j| > F forall j € S/, and
such that upon letting S* = {j € S’ : |j| = E} we have S* # (), and then we would
get Y jes ijj € I¥*! which would contradict the polynomial ring property of
grr(R). If |j| > D for all j € S, then upon letting P'(D) = {j € S’ : |j| = D}
we would get Y-, p(p) TaZ® = —5" = X ;e pi(py 8527 With s =37, o\ pi(p) ;27 €
IP+1: since o’ € P(D)\ P'(D), this would again contradict the polynomial ring
property of grr(R). Therefore we must have f(X) = g(X).

As an immediate consequence of Lemmas (2.2) and (2.3) we have the following:

Corollary (2.6). Assume that x is quasiseparated and quasiregular. Given any
WO c N™, with | varying in any indexing set L, let HV be the ideal in R generated
by {0 : b€ WO}, let wo = {a € N : b < a for someb € WD}, let W =
MNicL WO, let H be the ideal in R generated by {z%:a € W\}, and let H be the set
of all u € R such that the support of the polyform of u relative to (R, x) is contained
inW. Then H=H = Mier HO.

Given any ideal G in R generated by {2z’ : b € V'}, where V is any subset of
N™, upon letting L = N and W@ = VU {b € N™: |b| = d} for all d € N, by
(2.6) we see that if  is quasiseparated and quasiregular then (2, (G + I%) = G;
consequently, in view of Theorem 27 on page 98 of [Mats] we get the following:

Corollary (2.7). Assume that x is quasiseparated and quasiregular. Then x is
monomzially separated and reqular.

SECTION 3: CONCAVITY

Again let I be the ideal generated by a finite sequence = (z1, ..., ;) in a ring
R. Recall that the support of a strict polynomial f(X) in X over (R, I) is a subset
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S of N™ such that for all @ # a’ in S we have a £ a’. Let us call a subset of N™
(or any poset) concave if it has this property.

By induction on m, we can see that a concave subset of N™ is necessarily finite.
For m < 1, this is obvious because then a concave subset has at most 1 element.
So let m > 1 and assume it for m — 1. Let if possible S be an infinite concave
subset of N™. Fix a € S. For 1 < i < m and any nonnegative integer j let
Sij ={b € S:b =j} Alsolet S" = U ;< Uncjca, Sij- Now a subset of a
concave set is concave, and the projection in N1 of a concave set in N™ with
constant i-th coordinate is concave. Therefore, by the induction hypothesis, each
S;; is finite, and hence so is S’. Therefore there exists ' € S\ S’. This is a
contradiction, because then a < a’.

For every concave S C N™, let R[X](;,5y C R[X] be the set of all polynomials in
X over (R, I) with support S. Then R[X](; s) can be identified with (R\I)® = the
set of all maps of S into R\ I. Likewise, upon letting R = R/I, the set R[X](o,s)
can be identified with the set (R \ 0)°. Let R[X]) C R[X] be the set of all strict
polynomials in X over (R, I), and let (N")* be the set of all concave subsets of N™.
Then we have the disjoint partition representations R[X] ;) = Hgenmy«R[X](1,9)
and R[X](O) = HSe(N7n)*E[X](O7S). The canonical epimorphism ¢ : R — R induces
an epimorphism ® : R[X] — R[X]. Note that ®(R[X] 1)) = R[X](g), and for every
S € (N™)* we have ®(R[X](r.s)) = R[X](0,s)- By sending X to z we get an R-
homomorphism o : R[X] — R. Lemma (2.1) says that if z is monomially separated,
then o(R[X])) = R. Lemma (2.3) says that if 2 is monomially separated and
quasiregular, then by sending every u € R to its polyform relative to (R, z) we get
a map p : R — R[X] such that for every F € R[X];) we have p(c((F)) = ®(F),
and hence in particular p(R) = R[X J(0y; note that in this case, upon letting S be
the support of the polyform of u € R relative to (R, x), we have that: (i) S is also
the support of every polyexpansion of u relative to (R, x); (ii) u = 0 < S = 0); and
(iii) u # 0 = u € 11\ It} where d = min{|a| : a € S}, and the sum of the terms
of degree d in the polyform of u relative to (R, x) is the initial form of u relative
to (R,z), i.e., the image of u in I¢/I%*! as a homogeneous polynomial over R/I
in the images of z1, ..., %, in I/I? (the initial form of 0 is taken to be 0).

At any rate, the combinatorics of concave sets should be quite significant for
desingularization.

SECTION 4: ORDER AND COEFFICIENT SET

The maximal ideal of a (noetherian) local ring R is denoted by M(R). For
any 0 # u € R we define ordru to be the unique nonnegative integer such that
u € M(R)Y\ M(R)™!; also we put ordg0 = oo. For any H C R we define
ordgH = min{ordgu : v € HR}, with the convention ordgH = 0o & HR = 0.
Given any L € R or L C M(R), upon letting ¢ : R — R/LR be the canonical
epimorphism, for any H € R or H C R we define ordg, H = ordygyy(H). By
a coeflicient set for R we mean a subset of R which contains 0 and 1 and which
is mapped bijectively onto R/M (R) by the canonical epimorphism R — R/M(R).
Note that if R is complete and has the same characteristic as R/M(R), then, by
Cohen’s theorem, R has a coefficient field, i.e., a coefficient set which is a subfield
of R. But obviously we can always find a coefficient set for any local ring R.
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SECTION 5: MAGNITUDE AND SHREEDHARACHARYA EXPANSION

Let R be a 2 dimensional regular local ring, and let J = uR be a nonzero
principal ideal in R with 0 # u € R. Let ¢ : R — R = R/M(R) be the canonical
epimorphism, let k be a coefficient set for R, and let (z,y) be a basis of M(R).
Let d = ordgJ and D = ordg/,J. Note that then d is a nonnegative integer with
d < D, and D is either a nonnegative integer or oo.

Let f(X,Y) be a polyexpansion of u relative to (R, (z,y)). Then f(X,Y) =
(i jes T X' Y7 with ri; € R\ M(R) for all (i, j) € S, where the nonempty finite
(concave) set S C N x N is the support of f(X,Y). Let f(X,Y) be the polyform of u
relative to (R, (z,y)). Note that then the support of f(X,Y) is also S, and we have
FX,Y) =30 es é(rij) XY, Also note that D = oo < i > 0 for all (i, ) € S.

If D # oo, then we can uniquely write

FXY) =ugY P+ u X0y P
JET
with up € R\ M(R), and 0 < s(j) € N and u; € R\ M(R) for all j € T, where
T c {1,2,...,D} is such that S = {(0,D)} U{(s(j),D —j) : j € T}, and upon
letting Uy = ¢(uo) and U; = ¢(u; ) for all j € T we have

FXY)=UYP + > U;x0yP=s
JjeT
with 0 # Uy € R and 0 # U; € R for all j € T. Note that
(o). If J = u*R with 0 # u®* € R and ?'(X, Y') is the polyform of u® relative to
(R, (z,y)), then obviously 0 # [~ (X,Y)/F(X,Y) € R and hence, in particular, the

support of 7.(X, Y) coincides with the support S of f(X,Y).
Let

0 if D = o0,
e=14 00 if D#ocoand T =0,
min{s(j)/j:j €T} i D#ocoand T #0,

and note that then e is a nonnegative rational or oo, and we have e = 0 < D = oo,
and also e=co < D # oo and T = 0.
If 0 < e < oo, then upon letting 7% = {j € T': s(j)/j = e} and

FXY)=uY?+ > ;X 0yP™ and f(X,Y)= Y uX*0yPI
JETH JET\TH
we see that
FX,Y) = fAX,Y) + f(X,Y) with f1(X,Y) # 0,

and upon letting

FA(X,Y)=UYP + Y UXOYP~ and F(X,Y)= > U;x*0yP=
jET! JET\TH

we see that

FX,Y)=FYX,Y) + F(X,Y) with F¥(X,Y) #0
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and, giving weights (1,e) to (X,Y), every term in F*¥(X,Y) has weight De
whereas every term in F”(X,Y) has weight > De and so, by definition, F*(X,Y)
is the weighted initial form of f(X,Y).

Note that if 0 < e < oo and we give weights (1,7) to (X,Y) with nonnegative
rational 7 < e, then the weighted initial form of f(X,Y) equals UyY . Likewise,
if 0 < e < 0o and we give weights (1,7) to (X,Y) with rational = > e, then the
weighted initial form of f(X,Y’) does not contain UpY P. Finally, as we have already
noted, if 0 < e < oo and we give weights (1,e) to (X,Y"), then the weighted initial
form of f(X,Y) contains UyY? but is not equal to it. This gives an alternative
characterization of e. _ N

If 0 < e € N, then obviously either F*(X,Y) # Ug(Y+CX¢)P forall0 # C € R,
or F{(X,Y) = Up(Y 4+ CX¢)P for a unique 0 # C € R; cf. Lemma (5.3) on page
14 of [AbhD]. Let

0 ifeithere=0o0or0<e¢N,
C={0 if0<eeN and F¥(X,Y)#Uy(Y +CX)P forall 0 # C € R,
C if0<ee N and FY(X,Y) =Uy(Y +CX°)P with 0 # C € R,
and let ¢ be the unique element in k such that
é(c) = C.
We define the magnitude mag(R, J, z,y) by putting
mag(R, J,x,y) = e,

and the Shreedharacharya coefficients sic(R,J, z,y) and sic(R, J,z,y, k) by
putting

sic(R, J,z,y) =C and sic(R,J, z,y,k) =c.

Shreedharacharya was the fifth century Indian mathematician whose completing the
square method of solving quadratic equations is given in verse 116 of Bhaskarachar-
ya’s Beejaganita of 1150 A.D. [Bhas]. Our definition of C is inspired by the anal-
ogous completing the D-th power procedure. However, our C' does NOT involve
any division by D, because we take a nonzero C' only if we can complete the D-th
power without doing any work!

By (e) we see that the quantities e and C depend only on J and the basis (z,y)
but not on the particular generator u of J. For the quantities d, D, e, C, here are
some:

Obvious Properties (5.1). (5.1.1) d € N andd < D € N U {o0}. (5.1.2)
e € {nonnegative rationals} U {00} and C € R. (5.1.3) e =0 D = oco. (5.1.4)
e=o00< D#ocoand J =y R. (5.1.6)d=0=cec=o00. (5.1.7)0<e <00 =
1<D<ocoand0 < Dlee N. (51.8)e>1e D=d. (519)e>1JC
y*R+M(R)*™. (5.1.10) C #0 <0< e € N and FA(X,Y) = Uy(Y +CX¢)P with
0+#C eR. (51.11) mag(R, J,z*,y*) > 1 for some basis (z*,y*) of M(R) < J C
y* + M(R) for some y* € M(R)\ M(R)?. (5.1.12) e=1and C #0 < e=1
and J C y*? 4+ M(R)*™?! for some y* € M(R)\ M(R)?.

The only items in this which may not be obvious are (5.1.11) and (5.1.12). The
former follows from (5.1.9) by noting that, given any y* € M(R) \ M(R)?, we can
always take z* € M(R)\ M(R)? with (z*,y*)R = M(R). Likewise (5.1.12) follows
from (5.1.10) by taking into account (5.1.6) and (5.1.8).



1590 SHREERAM S. ABHYANKAR

In the next three propositions we shall investigate change of magnitude with
change of basis; cf. Proposition (8.1) and Lemmas (8.4)—(8.7) on pages 26-33 of
[AbhD].

Proposition (5.2). Let (z*,y*) be a basis of M(R) such that x = gz* + gy*
and y = hy* + ha*? with g € R\ M(R), § € R, h € R\ M(R), h € R, and
0<E€N. Let G = ¢g), G = ¢(3), H= ¢(h), H = ¢(h), D* = ordp,-J,
e* = mag(R, J,z*,y*), and C* = sic(R, J,z*,y*). Assume that e > 1. Then
D = d, and we have the following. (5.2.1) If E > e¢ ¢ N, then D* = D and
e*=eand C*=C=0. (522) If E>e € N, then D* = D and ¢* = e and
C* = CG°/H. (5.2.3) IfE < e and D # 0 # H, then D* = D and ¢* = E
and C* = H/H. (5.2.4) If E=¢> 1 and C =0, then D* = D and ¢* = ¢ and
C*=0. (5.25)IfE=e>1and C #0+# H+CG®, then D* = D and ¢* = ¢ and
C*=(H+CG)/H. (52.6) fE=¢>1and C #0=H + CG®, then D* = D
and e* > e. (5.2.7) IszezlandC’;éO:ézOzﬁ—FCG, then D* = D
and e* > 1.

To see this, upon letting f%(X,Y) = f(gX + gY,hY + TLXE) we have u =
fix*,y*). Let f*(X,Y) be a polyexpansion of u relative to (R, (z*,y*)), and
let T(X, Y) be obtained by applying ¢ to the coefficients of f*(X,Y), i.e., let
7 (X,Y) be the polyform of u relative to (R, (z*,y*)). Since by assumption e > 1,
we must have D = d. For any nonnegative rational number 7 let Z(”) denote
finite summation over (i,7) in N x N with ¢ + jm > Dm, where the specific finite
indexing set is allowed to vary from formula to formula. If E > e then f3(X,Y) =
FAgX, hY)+ 39 ¢,; XYY with t;; € R, and hence by (2.6) we see that f (X,Y) =
FYGX,HY) + Y9 W, X'YJ with 0 # W;; € R, and therefore D* = D and
e*=¢e,and if e ¢ N then C* = C = 0 whereasif e € N then C* = CG*/H. If E <
eand D # 0 # H, then f4(X,Y) = ug(hY +hXE)P + S .. XiY7 with t;; € R,
and hence by (2.6) we see that f (X, V) = Up(HY + HXE)P + B .. X1Y7 with
0 # W;; € R, and therefore D* = D and e* = E and C* = H/H. If E = e and
cither e —1>0o0re—1=0=G, then fi(z*,y*) = f¥(z*,y*), where fH#(X,Y) =
FHgX,hY + hX®) + E(e) t;;X'Y7 with t;; € R, and hence by (2.6) we see that
7(X,Y) = F{(GX,HY + HX)+ ") W;; X1Y7 with 0 # W;; € R, and therefore
D* =D, and if C =0, then e* = e and C* = 0, whereas if C' #£ 0 # f[—i—CGe, then
e* =eand C* = (H + CG®)/H, and likewise if C' # 0 = H + CG® then e* > e.
Proposition (5.3). Ife > 1 and C = 0, then for any basis (x*,y*) of M(R), upon
letting e* = mag(R, J,z*,y*), we have e* < e, and if e* > 1, then, upon letting
C* =sic(R, J, z*,y*), we have e* = e & C* = 0.

To see this, we may assume that e > 1 < e* and C' = 0. The case of d = 0
follows from (5.1.6) and (5.1.10). So we may also assume that d > 1. Now the
case when either e = 1 or e* = 1 follows from (5.1.12). So we may also assume
that e > 1 < e*. Now upon letting s = ordg/,-y, in view of (5.1.9), we see that
s> 1. If e = 0o = s then we are done by (5.1.4) and (5.1.10). So also assume that
either e # oo or s # oco. If s # oo then let E = s, and if s = oo then let E be
an integer > e. Now y = hy* + ha*F with h and h in R such that if s # 00 then
h & M(R). Since E > 1, we must have h & M(R). Since E > 1, we must also have
x = gz* + gy* with g € R\ M(R) and g € R. Now we are done by (5.2.1)—(5.2.4).
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Proposition (5.4). If ¢ # 0 then D and e are positive integers, and upon letting
* =y + cz® we have M(R) = (x,y*)R and mag(R, J,z,y*) > e

This is simply a special case of (5.2.6) and (5.2.7).

Now if (cg,e0) = (c,e) and ¢g # 0, then, upon letting y; = y + coz®® and
e1 = mag(R,J,z,y1), by (5.4) we have e; > ep. If also ¢1 # 0, where ¢; =
sic(R, J, x,y1, k), then, upon letting ya = y+coz®+c12°* and eo = mag(R, J, z, y2),
by (5.4) we have e3 > e1. And so on. Now either this process stops after a finite
number of steps, or it continues for an infinite number of steps. In the finite case we
get a nonnegative integer w together with ¢; € k and e; € {nonnegative rationals} U
{00} for 0 < i < w such that (co,e9) = (¢c,e) and ¢; 0 < e; € N and e;41 > ¢;
for 0 < i < w, and such that upon letting y; = y + ZO<j<i cjz® for 0 < i < w
we have (z,7;)R = M(R) and e; = mag(R, J,z,y;) and ¢; = sic(R, J,z,y;, k) for
0 < i < w, and such that ¢, = 0. In the infinite case, by letting w = oo, we
have ¢; € k and e; € {nonnegative rationals} U {oo} for 0 < ¢ < w such that
(co,e0) = (c,e) and ¢; #0 < e; € N and e;41 > e; for 0 < i < w, and such that
upon letting y; = y + > ;- ¢j2% for 0 < i < w we have (z,y;)R = M(R) and
e; = mag(R, J, z,y;) and ¢ = sic(R, J, x, yi, ) for 0 < i <w, and such that ¢, =0
and e, = o0o; note that now (z, yw)ﬁ M(R)7 where R is the completion of R,
and we have JR C ﬂ0<1<00(yDR + M(R)") c ﬂ0<1<00(yDR + M(R)Y) = yPR,
and hence JR = yDR = y5 AR, and therefore e, = mag(R, JR,z,y.) and c, =
sm(R, JR7 T, Yy k).

Thus we have proved the following theorem; cf. Theorem (9.8) on page 36 of
[AbhD].

Shreedharacharya Expansion Theorem (5.5). There exists a unique w € NU
{00} together with unique ¢; € k and e; € {nonnegative rationals}U{occ} for0 <i <
w such that (co,eq) = (¢c,e) and ¢; #0 < e; € N and e;41 > e; for 0 <i < w, and
such that upon letting y; = y+> o< ;-; ¢;2% for 0 <i < w we have (z,y;)R = M(R)
and e; = mag(R, J, x,y;) and ¢; = sic(R, J, z,y;, k) for 0 < i < w, and such that
if w # 0o then we have (x,y,)R = M(R) and e, = mag(R J,x,y,) and ¢, =
sic(R, J, x,yw, k) = 0, whereas if w = oo then upon letting R to be the completwn
of R we have (3: yw)R M(R) and JR = y%R and e, = mag(R, JR, z,y,) =
and ¢, = SIC(R JR Z,Yu, k) = 0.

In effect, (5.5) amounts to solving f(X,Y) = 0 to express Y as a function of
X, as far as we can, without getting into fractional exponents. At any rate, ¥ =
— Y o< j<w c; X J is the best possible such expression; note that this is a complete
solution of f(X,Y) = 0 < e, = co. In case of characteristic zero, our solution
gives the initial part of the Newton expansion before fractional exponents come
into play. One advantage of the above Shreedharacharya method is that it works
in any characteristic, including mixed characteristic.

Recall that a ring A is said to be pseudogeometric if A is noetherian and,
for any prime ideal P in A, the integral closure of A/P in any finite algebraic
field extension of the quotient of A/P is a finite (A/P)-module. Note that ev-
ery field is pseudogeometric, and every Dedekind domain of characteristic zero is
pseudogeometric, and every homomorphic image of a pseudogeometric ring is pseu-
dogeometric. Also note that every complete local ring is pseudogeometric, every
finitely generated ring extension of a pseudogeometric ring is pseudogeometric, and
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the localization of a pseudogeometric ring with respect to any multiplicative set in
it is pseudogeometric; cf. (17.9), (32.1) and (36.1) of [Naga]. In connection with the
w = oo case of (5.5) we note the following additional fact about pseudogeometric
local rings; cf. Proposition (9.10) on page 38 of [AbhD].

Proposition (5.6). If R is pseudogeometric and JR = y*R for some y* € M(ﬁ)\
M(R)? where R is the completion of R, then J = y*'R for some y* € M(R) \
M(R)?.

Let
B(R,J) = {(z",y") : (z*,y")R = M(R) and ordg,,- = d}
and
. {max{mag(R, Joa* y*): (a*,y*) € B(R,J)} if B(R,J) # 0,
1 it B(R, J) =,

where max denotes least upper bound. We define the magnitude mag[R](J) by
putting

mag[R](J) = e.

In view of (5.1), by (5.3)—(5.6) we get the following proposition, giving alternative
characterizations of €.

Proposition (5.7). (5.7.1) € € {rationals > 1}U{occ}. (5.7.2)€> 1 J C y*?+
M(R)4Y for some y* € M(R)\ M(R)?. (5.7.8) e#co=d>1and0<dlec N.
(56.7.4) (z*,y*) is a basis of M(R) = mag(R,J,z*,y*) < e. (5.7.5) (z*,y*) is
a basis of M(R) with 1 < mag(R,J,z*,y*) < € = mag(R, J,z*,y*) € N and
sic(R, J,x*,y*) # 0. (5.7.6) (z*,y*) is a basis of M(R) with mag(R, J,z*,y*) =
e = sic(R,J,z*,y*) = 0. (5.7.7) 1 <€ < 0o = M(R) has a basis (T,y) with
mag(R, J,z,y) =e. (5.7.8) If]% is the completion of R then: € = 0o < JR = y*dﬁ
for some y* € M(R)\ M(R)? < M(R) has a basis (z,7) with mag(R, JR,Z,7) =
00. (5.7.9) If R is pseudogeometric then: € = oo < J = y**R for some y* €
M(R)\ M(R)? & M(R) has a basis (Z,y) with mag(R, J,Z,7) = oc.

By a quadratic transform of R we mean a local domain R’, having the same
quotient field as R, which is of the form R[M(R)z7!]p for some 0 # 2 € M(R)
and some prime ideal P in R[M(R)z~!] with M(R) C P; it is easy to see that
then R’ is a regular local ring of dimension 1 or 2 and it contains a unique nonzero
principal ideal J’ such that J'(M(R)R)¢ = JR'; we call (R',J’) a quadratic
transform of (R, J); note that if dim R’ = 1 then J' = R’; cf. pages 16-36
of [AbhR]. Inspired by (5.1), (5.6) and (5.7), we say that (R, .J) is unitangent if
J C y**R+M(R)¥+! for some y* M (R)\ M (R)?, and we say that (R, J) is resolved
if J = y*IR for some y* € M(R)\M(R)?. Note that if (R, J) is resolved and (R’, J')
is any quadratic transform of (R, J), then obviously (R',J’) is also resolved. Also
note that if R’ is any quadratic transform of R, then the canonical epimorphism
R’ — R'/M(R') induces an isomorphism of R onto a subfield of R'/M(R'); we say
that R’ is residually rational over R if the said subfield coincides with R'/M (R’).
In an obvious manner, we extend the definitions of “quadratic transform” and
“resolved” to a 1 dimensional regular local ring R and a nonzero principal ideal Nj
in it, and we note that then R is the only quadratic transform of itself, and (R, J)
is always resolved.
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In the next proposition we shall investigate change of order and magnitude in a
quadratic transform.

Proposition (5.8). If d =0 then for every quadratic transform (R',J’) of (R, J)
we have J = R'. If d # 0 then there is at least one and at most d quadratic trans-
forms (R, J') with J' # R', and for each of them we have dim R’ = 2 and ordp J' <
d. If (R, J') is nonunitangent, then for every quadratic transform (R, J’) of (R, J)
we have ordr/ J' < d. If d # 0 and (R, J) is unitangent, then there is a unique qua-
dratic transform (R',J') of (R,J) with J' # R'; moreover, if also e > 1, then for
this (R',J"), upon letting y' = y/z, v’ = u/x?, and f'(X,Y) = f(X,XY)/ X, we
have: y' € R', (z,y')R' = M(R'), f'(X,Y) € R[X.,Y], v = f'(z,y), vR =T,
R’ is residually rational over R, f(X,Y) is a polyform of v’ relative to (R, (z,y")),
ordps /pJ" = D =d, mag(R',J'",x,y") = e—1, and sic(R', J',z,y") = C. [Note that
in the equation about mag we are using the convention that co — 1 = oo, and in
view of (5.1.4) this amounts to saying that if (R, J) is resolved then so is (R',J’);
also note that if 1 < e < 2 then, in view of (5.1.8), the equations about ord and
mag tell us that ordr J' < d.]

All the assertions except the equations about ord, mag and sic are straightfor-
ward; cf. Lemma (3.1) on page 12 of [AbhD] and the material on pages 16-36 of
[AbhR]. Now, assuming e > 1, as we have observed, J' = v'R’ with v’ = f'(x,v’),
and clearly

FXY) =uYP + > u X0y P=i
JET
with ug € R'\ M(R') and u; € R'\ M(R') for all j € T, and hence ordg: /,J" =
D =d, mag(R',J ,z,y') =e— 1, and sic(R, J',z,y’) = C.
In view of (5.1), as an immediate consequence of (5.7) and (5.8) we get

Corollary (5.9). Assume that R is pseudogeometric, and (R,J) is unresolved.
Then € < oo, and, upon letting p = [e] (= the largest integer which is < €),
there exists a unique sequence (R;, J;)o<i<u with (Ro, Jo) = (R, J) such that, for
1 <i<p, (RiyJ;) is the unique quadratic transform of (Ri_1,Ji_1) with J; # R;.
Moreover, for this sequence we have dim R; = 2 and R; is residually rational over
R and ordg,J; = d for 1 < ¢ < p. Finally, there is at least one and at most d
quadratic transforms (R, J,) of (Ru—1, Ju—1) with J, # R,,, and for each of them
we have dim R, =2 and ordg,J,, <d.

As an immediate consequence of (5.9) we have the following:

Proper Local Desingularization Theorem (5.10). If R is pseudogeometric,
then there exists a positive integer ' having the property which says that if p is any
integer with p > p' and (R;, Ji)o<i<u is any sequence with (Ro, Jo) = (R, J) such
that (R;, J;) is a quadratic transform of (Ri—1,Ji—1) for 1 <i < p, then (R, J,)
is resolved.

In connection with the above corollary, our next step is to take care of the entire
extended ideal JR,,.

So let I be another nonzero principal ideal in R.

Given any quadratic transform (R’, J') of (R, J), clearly there is a unique nonzero
principal ideal I’ in R’ such that J'I’ = JIR', and we call (R’,J’,I') a quadratic
transform of (R, J,I).
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The ideals J and I are said to be coprime in R if the ideal J+ I is not contained
in any nonzero principal prime ideal in R. The ideal I is said to have a normal
crossing at R if I = 2*%y**R for some basis (z*, y*) of M (R) and some (a,b) € N x
N. We shall say that (R, J, I) is resolved if (R, J) is resolved and JI has a normal
crossing at R. Note that if (R, J,I) is resolved and (R’,J’,I') is any quadratic
transform of (R, J,I), then obviously (R’,J’,I’) is also resolved. In an obvious
manner, we extend the definitions of “quadratic traniform,”:‘coprime?” “normal
crossing” and “resolved” to nonzero principal ideals I and J in a 1 dimensional
regular local ring R, and we note that then I always has a normal crossing at R,
and (R, J,I) is always resolved.

Let

d if (R, J) is not resolved,
0=14¢1 if (R,J) is resolved but (R, J,I) is not resolved,
0 if (R, J,I) is resolved.

We define the adjusted order ado[R](J,I) by putting
ado[R](J,I) = 6.

Henceforth assume that J and [ are coprime in R, and [ has a normal
crossing at R. Note that now for any quadratic transform (R, J',I’) of (R, J,I)
we have that J’ and I’ are coprime in R/, and I’ has a normal crossing at R'.

If §=1then I = IIT(U ... L;"(Q), where 1 < ¢ <2 and r(1),...,r(q) are positive
integers and II, .. .,Ig are pairwise distinct nonzero principal prime ideals in R
with ordRIiT =1for1<i<gq, and J = J where J' is a nonzero principal prime
ideal in R with ordgJ! = 1, and we let

v = max{ordg, ;1 I] : 1 <i < gq}.

Let
e f0#£6#1,
e=<o00 ifé6=0,
v if 6 =1.

We define the magnitude mag[R](J, I) by putting
mag[R](J,I) =e.

The following lemma is easy to prove; cf. Lemma (10.3) of [AbhD].
Lemma (5.11). Assume that § = 1. Then v is a positive integer and there exists
a unique sequence (R;, J;, I;)o<icoco with (Ro,Jo, lo) = (R, J,I) such that, for 0 <
1 < 00, (Ry, Ji, I;) is the only quadratic transform of (Ri—1,Ji—1,1i—1) for which
J; # R;. Moreover, for this sequence we have
1 if0<i<u,
0 fr<i<oo,

and
v—i if0<i<v,

mag[R;|(Ji, ;) = {OO if v <i<oo
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and for 0 < i < oo and every quadratic transform (R}, J!,I!) of (Ri—1,Ji—1,Ii—1)
with J! # R} we have ado[R;](J],I}) =0

277

As an immediate consequence of (5.10) and (5.11) we get the following:

Total Local Desingularization Theorem (5.12). If R is pseudogeometric then
there exists a positive integer u' having the property which says that: if p is any
integer with p > p' and (R;, Ji, Ii—1)o<i<u is any sequence with (Ro, Jo,ly) =
(R, J,I) such that (R;, J;, I;) is a quadratic transform of (Ri—1,Ji—1,li—1) for 1 <
i < p, then (Ry,J,, 1) is resolved. [Note that we can take I = R and then
Jul, = JR,.]

SECTION 6: CURVE DESINGULARIZATION

Let E be a nonsingular algebraic or arithmetic surface, and let J be a nonzero
(locally) principal ideal on E. Then by the above Theorem (5.12), there exists a
nonsingular surface E*, obtained by applying a finite sequence of quadratic trans-
formations to E, such that the ideal JE* has only normal crossings. In other words,
the ideal J defines a curve on F, and the total transform (= the total inverse image)
of this curve on E* has only normal crossings.

We can make this precise by using the language of models as explained on pages
155-192 of [AbhR]. Briefly, let A be a field or a pseudogeometric Dedekind domain
which is not a field (for example the ring of ordinary integers). Let K be a finitely
generated field extension of the quotient field of A such that the transcendence
degree of K over the quotient field of A is 2 or 1 according as A is a field or a
pseudogeometric Dedekind domain which is not a field. For any subring B of K,
let V(B) be the set of all localizations Bp of B at the various prime ideals P in
B; we regard Bp as a subring of K. A set E of local rings with quotient field K is
said to be a projective model of K/A if there exists a finite number of nonzero
elements z1,...,2, in K such that E = {J,.,,, V(Alz1/zi, ..., zn/2;]); E is said
to be nonsingular if every local ring in F is regular.

Henceforth let F be a nonsingular projective model of K/A (this is what
we meant by a nonsingular algebraic or arithmetic surface).

By a preideal I on EF we mean an assignment which to every R in E assigns
an ideal I(R) in R; I is nonzero means I(R) is nonzero for every R in E; I is
principal means I(R) is principal for every R in E; I is said to be an ideal on FE
if, for every subring B of K which is a finitely generated ring extension of A with
V(B) C E, we have (pey(p) I (R))R = I(R) for all R € V(B). Given preideals J
and I on E, by JI we denote the preideal on E such that (JI)(R) = J(R)I(R) for
all R in E. It follows that if J and I are nonzero principal ideals on E then so is
JI.

A nonzero principal ideal I on F is said to have only normal crossings if I(R)
has a normal crossing at R for every R in F [the unit ideal K is declared to have a
normal crossing at K|. A nonzero principal ideal J on F is said to be resolved if
(R, J(R)) is resolved for every R in E [(K, K) is declared to be resolved]. Nonzero
principal ideals J and I on E are said to be coprime if J(R) and I(R) are coprime
in R for every Rin E [K and K are declared to be coprime in K]. Given nonzero
principal ideals J and I on F, we say that that (E, J, I) is resolved if J is resolved
and JI has only normal crossings.

By a quadratic transform of E we mean a set of the form E' = (E \ {R}) U
Q(R), where R is a 2 dimensional local ring in E and (R) is the set of all quadratic
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transforms of R; it can be seen that then E’ is a nonsingular projective model of
K/A; if J is a nonzero principal ideal on E then we say that (E’, J') is a quadratic
transform of (E,J), where J’ is the preideal on E’ such that J'(R') = J(R’) for
all R” € E\ {R} and such that (R’,J'(R’)) is a quadratic transform of (R, J)
for all R" € Q(R), and we note that then J’ is a nonzero principal ideal on E’;
if J and I are nonzero principal ideals on E then we say that (E',J,I') is a
quadratic transform of (E,J,I), where J' and I’ are the preideals on E’ such
that J'(R') = J(R') and I'(R') = I(R’) for all R" € E \ {R} and such that
(R, J'(R"), I'(R)) is a quadratic transform of (R, J,I) for all R’ € Q(R), and we
note that then J’ and I’ are nonzero principal ideals on E’ and (E’, J') is a quadratic
transform of (E,J). If p is a nonnegative integer and Ey<;<, is a sequence with
Ey = F such that, for 0 < i < pu, F; is a quadratic transform of E;_;, then we
say that £, is an iterated quadratic transform of F, and we note that then
E,, is a nonsingular projective model of K/A; if moreover J; is a nonzero principal
ideal on E; with Jo = J such that, for 0 < i < u, (F;, J;) is a quadratic transform
of (E;—1,Ji—1), then we say that (E,,J,) is an iterated quadratic transform
of (E,J); if also I; is a nonzero principal ideal on E; with Iy = I such that, for
0 <i<u, (EjJ;,I;) is a quadratic transform of (F;_1, J;—1, [;—1), then we say
that (E,, Jy,I,) is an iterated quadratic transform of (E,J,I), and we note
that if J and I are coprime then so are J, and I,,.

Henceforth let J and I be nonzero principal ideals on E such that J
and [ are coprime and I has only normal crossings.

It is easy to see that then (R, J(R), I(R)) is resolved for all except a finite number
of 2 dimensional local rings R in E. Therefore by (5.12) we get the following:

Theorem (6.1). There exist nonzero principal ideals J* and I* on a nonsingular
projective model E* of K/A such that (E*, J*, I*) is resolved and (E*, J*,I*) is an
iterated quadratic transform of (E,J,I). [Note that we can take I(R) = R for all
R € E; then we have J*I* = JE*, and hence JE* has only normal crossings].

REFERENCES

[AbhR] S. S. Abhyankar, Resolution of Singularities of Embedded Algebraic Surfaces, Aca-
demic Press, New York, 1966. MR 36:164

[AbhD] S. S. Abhyankar, Desingularization of Plane Curves, Proceedings of Symposia in Pure
Mathematics 40 (1983), 1-45. MR 85d:14024

[AbhW] S. S. Abhyankar, Weighted Exzpansions for Canonical Desingularization, Springer Ver-
lag, New York, 1982. MR 84m:14013

[AbhG] S. S. Abhyankar, Good Points of a Hypersurface, Advances in Mathematics 68 (1988),
87-256. MR 89e:14012

[Bhas] Bhaskaracharya, Beejaganit, 1150.

[Mats] H. Matsumura, Commutative Algebra, Second Edition, Benjamin, Reading, 1980. MR
82i:13003

[Naga] M. Nagata, Local Rings, Interscience, New York, 1962. MR 27:5790

[ZarS] O. Zariski and P. Samuel, Commutative Algebra II, Van Nostrand, Princeton, 1960.
MR 22:11006

DEPARTMENT OF MATHEMATICS, PURDUE UNIVERSITY, WEST LAFAYETTE, INDIANA 47907
E-mail address: ram@cs.purdue.edu



