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A Genuinely Multi-dimensional Relaxation Scheme
for Hyperbolic Conservation Laws

K.R. Arun', S.V. Raghurama Rao?, Phoolan Prasad!, M. Luké¢ova -
Medvidova?

Abstract

A new genuinely multi-dimensional relaxation scheme is proposed. Based on
a new discrete velocity Boltzmann equation, which is an improvement over pre-
viously introduced relaxation systems in terms of isotropic coverage of the multi-
dimensional domain by the foot of the characteristic, a finite volume method is
developed in which the fluxes at the cell interfaces are evaluated in a genuinely
multi-dimensional way, in contrast to the traditional dimension-by-dimension treat-
ment. This algorithm is tested on some bench-mark test problems for hyperbolic
conservation laws.

1 Introduction

Finite volume methods have been popular for the numerical solution of hyperbolic con-
servation laws in the last three decades. For multi-dimensional flows, however, the tradi-
tional finite volume methods are typically based on a dimension-by-dimension treatment
in using upwind discretizations. As a result of this inherently one-dimensional treatment,
the discontinuities which are oblique to the coordinate directions are not resolved well.
Developing genuinely multi-dimensional algorithms has been a topic of intense research
in the last decade and a half. The reader is referred to [1], [2], [3], [4] for some of the
developments in this topic.

In this paper, we construct genuinely multidimensional finite volume schemes based on a
discrete kinetic approximation for multi-dimensional hyperbolic systems of conservation
laws. Let u be a weak solution to the Cauchy problem,

8tu+zaxaga(u) =0, (1.1)

a=1

u(z,0) =up(x). (1.2)

where u : R™ x R, — U C R™. The flux functions g, : Y — R" are locally Lipschitz
continuous. Let A, = Dg,, be the flux Jacobian matrices. We assume that our system
of conservation laws is strictly hyperbolic, i.e., for any w € R™, with |w| = 1, the matrix
pencil A, := )" | waA, has real eigenvalues and a full set of right eigenvectors.
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We approximate the problem (1.1) by the following.

O + 3 M, =2 (F(u) — ) (1.3
(2, 0) =i ) (1.4

Here € is a very small positive number, A,’s are diagonal L xL matrices, P is a constant
KxL matrix, the function v is defined by u¢ := Pf¢. F(u) is a Lipschitz continuous
function defined on Y. The above equation (1.3) looks like the Boltzmann equation of
Kinetic Theory of gases with the B-G-K model for the collision term, except that the
molecular velocity is replaced by discrete values. In this discrete velocity Boltzmann
equation, f represents the molecular velocity distribution function. F'(u) represents the
local Maxwellian and is chosen in such a way that the following consistency conditions

are satisfied.
PF(u) = u,

PALF(u) = golu). } (15)
The discrete velocity Boltzmann equation as a Relaxation System was studied by Natalini
[5] and Aregba-Driollet & Natalini [6]. See Jin & Xin [7] for the idea of Relaxation
Systems and Relaxation Schemes. The conditions (1.5) imply the consistency of (1.3)

with the original non-linear conservation law (1.1). If we multiply (1.3) by P we obtain
a conservation law

O+ Oa, (PAf) =0, (1.6)
a=1

which is satisfied by every solution of (1.3).

Fix now the initial function uy(z) in (1.2). Consider a sequence f€ of solutions to (1.3),
with f§ = F(up). Assume that the sequence {f¢} is uniformly bounded and there exists
a function f° such that

=1 (1.7)

as € — 0, in some strong topology. Then setting u® = P f° we have
ut — u’, (1.8)
in the same topology and the following identities holds.
7 = Fu') (19)

0’ +> " 0y, (PALf) =0. (1.10)

a=1

therefore from (1.9) and the first condition of the consistency conditions (1.5) we can
obtain

PALf° = PALF(U°) = go(u°), for a=1,2,--- m. (1.11)

Hence we conclude that u” is a weak solution to the Cauchy problem (1.1)-(1.2).

The main motivation to introduce the relaxation model (1.3) comes from the work of
Jin and Xin [7]. For instance, consider a single non-linear conservation law in one space
dimension,

O+ 0yg(u) =0 (1.12)
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which the above authors replace by the following semi-linear relaxation equations.
ou+ 0,0 =
O+ No,u =

(1.13)
(9(u) —v). (1.14)

A= D

In terms of the characteristic variables ( f, f2) the above relaxation equations (1.13)-(1.14)
can be recast into

Ofr = Ao fr =

E

- ) (1.15)

Orfo + AN0pfo = — f2) (1.16)

AN | =] =
—
&

Note that (1.3) is an extension of the above relaxation system to systems of conservation
laws in multi-dimensions. Our aim is to construct a genuinely multidimensional numerical
scheme to (1.3)-(1.4) in the zero relaxation limit € = 0 so that we can eventually recover a
genuinely multi-dimensional numerical scheme to the non-linear conservation laws (1.1).
The main advantage of the model (1.3) is that it is in the diagonal form. It makes it very
easy to develop numerical schemes. Since (1.3) is a discrete velocity BGK Boltzmann
equation, the numerical schemes developed based on it will inherit most of the features
of the classical kinetic schemes.

It is well known that the relaxation system (1.3) must satisfy certain stability conditions,
for its solution to converge to a weak entropy solution of (1.1). This stability condition
is obtained using a Chapman-Enskog type expansion of kinetic theory and deriving a
first order viscous perturbation of (1.3). In two dimensions, the stability condition is
the well known subcharacteristic condition of T.P.Liu [8]. Under some strong conditions
such as the monotonicity on the Maxwellians F', for a scalar conservation law in multi-
dimensions Aregba-Driollet & Natalini [6] have proved the convergence of Pf¢ to the
Kruzkov entropy solution of (1.1). To the best of our knowledge, no such convergence
result has been reported for systems in multi-dimensions.

The rest of this report is organized as follows. The details of the Chapman-Enskog
expansion is given in section-2. We derive the stability condition for a general discrete
kinetic system. In section-3 we give the construction of our discrete kinetic approximation.
We follow the approach of an orthogonal velocity method given in Aregba-Driollet &
Natalini [6]. The relaxation system we use was first derived by Manisha, Raghavendra &
Raghurama Rao [9] with the aim of obtaining an isotropic relaxation system and a multi-
dimensional numerical scheme based on such a system by using appropriate interpolations
to trace the foot of the characteristic for each of the equations of the relaxation system.
In section-4 we present our genuinely multi-dimensional finite volume scheme based on
characteristics. Section-5 is devoted to numerical experiments and results. Finally in
section-6 we give some conclusions and describe the future work to be done.

2 Chapman-Enskog analysis

In this section we discuss the stability conditions for the discrete kinetic approximation
(1.3). Since the local equilibrium to the system (1.3) is the original conservation law (1.1),
we derive a diffusive first order correction to (1.3) by a Chapman-Enskog type expansion.
This is analoge of the compressible Navier-Stokes equations in the kinetic theory. Our
expansion follows the work of Aregba-Driollet and Natalini [6]. For rigorous mathematical



4 Draft, April 17, 2007

treatment of the same the reader is advised to refer Chen, Livermore and Liu [10].

Now onwards we drop the superscript € from f¢ for simplicity. Let f be a solution to
(1.3), with F' as the local Maxwellian. Denote v, = PA,f, @« = 1,2,---m. From the
consistency conditions (1.5), we obtain,

@u + in: aq;a'Ua :0,

a=1

O+ > 0y (PAaAS) = (gu(u) — va). (2.17)
5=1

Consider the following expansion of f as a perturbation series
f=F+efM+0(). (2.18)

Then

Vo = galu) — € (@UQ + Z 8x6(PAaA5f)> + O(€?)
5=1

= gal(u) — € (@va +Z (PALABF) ) + O(€?)

Substituting this in (2.17) we obtain,

O+ Opga(u) =€>  On, (@tva +) axﬁ(PAaAﬁp)) + O(e?). (2.19)
a=1 [B=1

a=1

Again, we have

Dy = Ag(u)pu = — ZA )0y u + O(e).

Then upto first order terms, from (2.19),

m

O+ Opga(u) =€ 0y, (Z Baﬁ(u)awﬁu> , (2.20)
a=1 8=1

where

Baﬁ = PAQABDF<U> — AQ(U)AB(U)

therefore, B = (B,g) is the viscosity matrix. For B to be admissible, we must have the
usual positive definiteness condition,

m

> (Bagta: &) > 0, (2.21)

a76:1

for all £, e R™,--- &, € R™.
Under this criterion, (2.20) is parabolic and this is the required stability criterion.
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3 A new relaxation system

In this section we give a precise description of the construction of the relaxation sys-
tem. For any system of n conservation laws in m space dimensions of the form (1.1), we
construct relaxation models of the type given in (1.3). The most important is the con-
struction of the diagonal matrices A,’s, the Maxwellians F', and the matrix P for taking
the moments. Following Aregba-Driollet and Natalini [6], we use a block structure for
obtaining A,’s. Take L=Nn and P = (I, I,,,-- - , I,,), with N blocks of the identity matrix
I,, of R". Each matrix A, is constructed using N diagonal blocks of size nxn.

Aa = dla’g (C{a)7 Oéa)v T 70](\7)> ) (322)

where

o5 =AVL, A eRr (3.23)

with this (1.3) can be written as

- 1
atfa—i_z)\((f)amﬂfa: _(Fa_fa) for a= 1727"' 7N (324)
€
=1
with

N
u=>y fa (3.25)

The Maxwellians are taken as
F,(u) = aqu + Z bapgs(u). (3.26)
=1

Where the coefficients a,, and b,3’s are to be chosen according to the consistency conditions
(1.5). In particular we use the orthogonal velocity method given Aregba-Driollet and
Natalini. We choose A,’s in such a way that

A, = diag (A\gal,) where 1< [G<N (3.27)

The coefficients A\g,’s satisfy the following two conditions,

N
> Apa=0, for a=12-- m, (3.28)
B=1
and
N
Z)\m)\vgzo, for a,0=1,2,---,m «#0. (3.29)
y=1

With the above choice of the discrete velocities, Ag,, the Maxwellian F' = (Fy, Fy, - - -, Fiy)
is obtained to be

Fu(u) = % +y gﬂa(g?) Mg, for a=1,2,--- N. (3.30)
B=1
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where a% = Zivzl Ayg. For convenience of the reader, we give examples of the relaxation

systems for a single conservation law in one-dimension and two-dimensions.
The one dimensional case. Consider a single conservation in one space dimension,

O+ O0pg(u) =0 (3.31)

We introduce the following relaxation system,

1
oOf+ANOf = E(F - f), (3.32)
where \
-A 0
A= { 0\ ] (3.33)
and the Maxwellians are given by
u _ 9w
F ] 22X
= 3.34
{ Iy Uy g(u) (3:34)
272X

The two dimensional case. Consider a single conservation law in two dimensions,
O+ Opg1(u) + Oyg2(u) =0 (3.35)

We propose the relaxation system,

1
Ouf + Miaf + N30, f = ~(F = f) (3.36)
where ~
-2 00 O -2 0 00
0O X 0 0 0O =X 00
0 0 0 —A | 0O 0 0 A
In an analogous way as the one dimensional case, the Maxwellians can be obtained to be
Y O ]
. 4 4\ ZD\
! u , 1w _ ga(u)
Fy | | 41774y~ 7ax
= (3.38)
F u 91(u) i g2(u)
Fy 4 4\ ZD\
u_ 0l | o)
| 4 4N ZDNE

In this way one can construct a relaxation system for systems of conservation laws in
arbitrary space dimensions. The relaxation system for one dimension is exactly the same
as the one introduced by Aregba-Driollet and Natalini. But in two dimensions, we differ
from the model given by the above authors. The two dimensional relaxation system given
above in (3.36) was first introduced by Manisha, Raghavendra and Raghurama Rao [9] to
obtain a relaxation system such that the combination of the foot of the characteristic for
each equation of the relaxation system covers all the four quadrants in an isotropic way.
Our stability condition (2.21) for the case of (3.32) is simply

A2 > (9,9(u))’ (3.39)
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This is the famous sub-characteristic condition of T.P.Liu (Liu 1987). For the two dimen-
sional relaxation system (3.36) the stability condition is

A2 2 (8ug1(w)” + (Duge(u))’ (3.40)

Note that in the case of two dimensions, our stability criterion is very simple and it differs
significantly from that of Aregba-Driollet and Natalini. The condition (3.40) is a realistic
extension of the sub-characteristic condition.

4 A numerical scheme based on characteristics

The discrete velocity Boltzmann equation consists of convection terms and a stiff source
term. The convection terms are linear whereas the source term is non-linear. We split
these two terms via a splitting method. The discrete velocity Boltzmann equation is of
the form,

= 1

9] A =—(F — .
tf + Z aaxaf P (F f) (4 41)

a=1

In the splitting method, the above equation (4.41) is solved in two independent steps. Let

us denote the convection terms by C(f) and the source terms by S(f). Then (4.41) can
be rewritten as

ouf = C(f) + S(f). (4.42)
We solve the above equation in two steps as,
Of =c(f) (convection step) (4.43)
% :E(F — f) (relaxation step) (4.44)
€

Suppose we have reached the n'” iteration and have obtained f™. Then in the relaxation
step we need to solve an ordinary differential equation with the initial condition f =
f™. This step can be simplified further by assuming ¢ = 0. Then the relaxation step
gives f" = F™. In other words, the distribution function relaxes instantaneously to the
Maxwellian F™. With this restriction we need to solve only a system of linear advection
equations,

Of +> Aol f =0. (4.45)
a=1
These equations are solved using a finite volume scheme using the evolution along the
characteristics as described below.
Let €2 be our computational domain and let f/* be an approximation to the average of
f(z,t,) over a cell §2; of measure |€2;|. Then our scheme will be of the form,

At i f
= = [ ey s (4.46)
v i a=1

Here (A, f )”J’% is generated from a recovered approximation R f" which has been evolved
to t, + % along the characteristics. The above formula (4.46) was obtained by integration
of (4.45) over (t,,t, +4L) x €; and use of the Gauss theorem as well as the midpoint rule
in time on the flux term.
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The evolution to the half time step is accomplished through the characteristics constructed
at the quadrature points chosen for the integration of the fluxes over the cell interfaces.
The obvious quadrature points are the vertices of the cells but our results suggested that
this is not a right choice. So we have decided to use the midpoints of the edges also,
resulting in Simpson’s one third rule. Our algorithm consists of three steps: recovery of
a higher order approximation Rf" from the cell averages f*; the evolution to ¢, + % to
calculate the fluxes; then an update of the cell averages by (4.46).

Since the exact solution of (4.45) is available, we use this solution to predict the value
of the solution at time level ¢, + %. But this representation requires the values of the
solution at non-grid points. In the recovery step, we calculate these values using the
recovery functions. In a first order scheme, we have used just piecewise constant data,
whereas in the second order scheme we have used a conservative discontinuous bilinear
recovery. We illustrate the numerical method for 1D and 2D scalar conservation laws.
One dimensional case

Consider the conservation law,

Oyu + 0pg(u) = 0. (4.47)
We approximate the above conservation law by the relaxation system,
1
Ofr — A0 i = E(Fl — f1) (4.48)
1
Ofo+20:fz = —(F2— o) (4.49)
In the convection step we need to solve only
Ofr— Ao, = O (4.50)
Ofa+A0ufz = 0 (4.51)
The finite volume update formula (4.46) for this system reads,
n VAN A g n
1;1 = fl,i + Az {fl;:_ll/?g - flj_ll//Qg} (4.52)
2,# = foi — Ar {f2,z'+1/2 - 2,i—1/2} . (4.53)
Now, the exact solution of (4.50)-(4.51) is
filz,t+ At) = fi(z + AAL,t) (4.54)
Note that
fln:rll//Qg = fi(zig1/2. b, + At/2)
Similarly,
S = fil@isye + AAL/2, 1), (4.57)

Analogous expressions holds for f; also. We now use our recovery functions to evaluate
the expressions (4.56)-(4.57). In the first order scheme, we use only piecewise constant
recovery functions,

filztn) = fl 0 @12, Tyl (4.58)
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'
Ti 12 Ti-yfp + AAE Tiy1/2

Figure 1: Foot of the characteristic with a negative convection speed

In the second order scheme, we use conservative discontinuous linear recovery functions,

filz,t,) = fi's + (@ —2)(0: 1)), in [Tiay2, Tigaga). (4.59)
For the derivatives, (0,f1)!, we use only the finite difference approximations,

_ i —

(0:f1)i = == (4.60)

In the second order scheme, to prevent the oscillations developing, we have used limiters.
We have tested the common limiters such as minmod limiter, van Leer’s limiter and
superbee limiter. After calculating the fluxes we update the values of f; and f; using
(4.52)-(4.53). The value of the original conserved variable u is recovered as

ui = [+ f2. (4.61)

In the relaxation step, we impose the conditions, f; = F; and f; = F5 by virtue of the
instantaneous relaxation.

Two dimensional case

Consider a single conservation law in 2D

O+ 0,.g1(u) + 0yga(u) =0 (4.62)

Recall that the relaxation system for the above conservation law is

atfl_/\axfl_)\ayfl = %(Fl_fl)

Ofo+ A0ufo = N0yfo = (Fo— fa) (4.63)
Opfs + A0ufs + N0y fs = +(F5— f3) '
Ofo — A0y fa+ X0yfs = =(Fy— fi)

In the convection step we solve first the system of convection equations

atfl - )\axfl - Aayfl =
Oifo + A0ufo — A0y fo =
ath + )\amf?) + /\ayf?) -
Orfa — NOpfa + A0y fs =

(4.64)

|
coc oo
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The finite volume update formula (4.46) for the individual equations reads,
n+l  _  rn AL [ pnt1/2 n+1/2 At [ pnt1/2 n+1/2
Lij fl,i,j aalvv {fl,i—i-l/Q,j - 1,2‘—1/2,]} + Ay { 14,j+1/2 — J1,i,5-1/2

n+l fo )\At fn+1/2 fn+1/2 1 AA n+1/2 n+1/2
20,5 24, 2,i4+1/2,5 2,i—1/2,j Ay 2,4,5+1/2 ~ J24,5-1/2

S (4.65)
ntl fn ,\At fn+1/2 fn+1/2 At [ end1)/2 n+1/2
3,4,7 o 37i7] 37/“1‘1/2,] 3,1 1/2] Ay 3,Z7J+1/2 3,8, — 1/2
n+l fno+ AAL fn+1/2 fn+1/2 )AL n+1/2  ntl1/2
4’i’j - 4’i’j Az l+1/2,] Z 1/2 .7 Ay 4»i’j+1/2 4’1'7].71/2 )

The interface fluxes at the half time step are evaluated as follows. Consider the first
equation in (4.64). The exact solution of this convection equation is given by

filz,y, t+ At) = fi(x + ANAL y + AAL ). (4.66)

Using this we can evaluate our fluxes in the following way,

n+1/2
fl,i+1//2,j = fi(@iy1/2,Yj, tn + At/2)

= f1 (ZL‘iJrl/Q + )\At, Y; + )\At, tn) (467)
Similarly,
f1n72-_11//227j = f1 (-ri—l/Q + /\At, yj + )\A?f, tn) (468)
D L c
Fo o
P
A = B

Figure 2: Foot of the characteristic falls isotropically around the point

Analogous expressions holds for the y-fluxes also. We now use the recovery functions to
evaluate the expressions on the right side of (4.67)-(4.68). In the first order scheme we
take

filz,y,t,) = fu,j? in - [zi1g2, Tivaye] X [Yi-1/2, Yir1/2]- (4.69)

and in the second order scheme,

filz,y,tn) = f1n2j + (v — xz)(amfl)?g + (y — yj)(ayfl)zr‘fja (4.70)

in [%4/27517”1/2] X [?Jj—l/z,yjﬂ/z]-
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where, for the derivatives 0,f; and 0,f, at the point (z;,y;,t,) we have used just the
finite difference approximations,

Frapng = i

(@15 = o Dz (4.71)
o fyn — Jlije — J1ij '
O f1)i; = Ry

The calculations for the other variables fs, f3, fi are similar. After calculating the fluxes
we update the solution using (4.65). The value of the original conserved variable w is
recovered via

it = SR+ SR T (4.72)

With the instantaneous relaxation, the relaxation step is simply imposing the conditions
iy = Fliy
no. = fFn
fzﬁz’] 2] (4.73)
f3,i,j = FS,i,j
fiag = Flig

at the staring of the next iteration.

5 Numerical results

The new algorithm developed is tested on a few bench-mark problems for the Burgers
equation in 1-D and 2-D.

1-D test cases

These examples are taken from C. Laney [11].

Test Case 1

2
8tu -+ (91(%) = 0,

5.74
1 for |z]< 3, (5:74)
|

u(x,O):{O for & <|z] <1

So the initial condition is a square wave. To review briefly, the jump from 0 to 1 at
xr = —1/3 creates an expansion fan, while the jump from 1 to 0 at z = 1/3 creates a
shock. The analytical solution to this problem is given below.

0 for —oo<:1:§—%,
z+1/3 for —l<r<t—1
- 7 3 > 3
ter (2, ¢) 1 for t—3<a<i+g, (575)
0 for %—{—%<a:<oo.

where t < %. The solution is computed for t = 0.6. The numerical results are given Fig.5
and Fig.6.

Test Case 2

(5.76)
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So the initial condition is again a square wave, but with a sonic point. To review briefly,
the jump from —1 to 1 at x = —1/3 creates an expansion fan, while the jump from 1 to
—1 at x = 1/3 creates a shock. The analytical solution to this problem is given below.

-1 for —oo<x<—3,
z+1/3 for —l<r<t—1
() = 0 g <Tst—y 5.77
thea () 1 for t—%<x§%, ( )
-1 for %<x<oo.

where ¢ < % The solution is computed for ¢ = 0.3. The numerical results are given in
Fig.7 and Fig.8.

2-D test cases
These test cases are taken from Spekreijse [12]. On the square [0, 1] x [0, 1], we consider

the Burgers equation,
2

owu + 0, (%) + dyu = 0.

The steady state equation is
Oyu + udu = 0.

which is like the inviscid Burgers equation in 1-D. Two different sets of boundary condi-
tions have been considered.

Test Case 1

With the boundary conditions

u(0,y) = 1, for 0<y<l,
u(l,y) = —1, for 0<y<l,
u(z,0) = 1—=2z, for 0<z<l,

the steady solution is given below (see the Fig.3).

¥
1
A B
0.5
o
0 0.5 ] z

Figure 3: Exact solution for test case 1

Uer(x,y) = 1 if (z,y)in Region A,
Uer(z,y) = —1 if(z,y)in Region B,
1 -2z

Uer(T,y) = =y if (x,y) in Region C.
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The regions A and B are separated by a shock, originating at (z,y) = (0.5,0.5).
Computations have been carried out on 32 x 32, 64 x 64 and 128 x 128 grids. The contour
plots of the numerical solution are given Fig.9-Fig.14.

Test Case 2
With the boundary conditions

u(0,y) = 1.5, for 0<y<l,
u(l,y) = =05, for 0<y<l1,
u(z,0) = 1.5—2z, for 0<z<l,

the steady solution is (see the Fig.4),

y

0.5

0 075 1

Figure 4: Exact solution for test case 2

Uer(z,y) = 1.5 if (x,y)in Region A,

Uer(z,y) = —0.5 if (x,y)in Region B,
1.5-2
Uer(T,y) = ﬁ if in Region C.

The regions A and B are separated by an oblique shock, originating at (z,y) = (0.75,0.5).
Again, the computations have been carried out on 32 x 32, 64 x 64 and 128 x 128 grids.
The contour plots of the numerical solution is given in Fig.15-Fig.20.

6 Conclusions and future work to be done

A genuinely multi-dimensional relaxation scheme is developed, based on a new istropic
2-D relaxation system. The interface fluxes are evaluated in a multi-dimensional way
using the characteristics and appropriate piece-wise polynomial approximations in finite
volumes. The numerical methods is tested on some typical Bench-mark problems for in-
vscid Burgers eqution in 1-D and 2-D. This algorithms is presentely being tested for the
case of hyperbolic vector conservation laws, using Euler equations of Gas Dynamics in
multi-dimensions. Future work planned also includes the reduction in numerical dissipa-
tion, following the work of Raghurama Rao and Balakrishna [13] and detailed comparisons
with the grid-aligned upwind relaxation schemes using a traditional finite volume method.
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Figure 5: First order scheme with
200 grid points,CFL=0.75

Figure 6: Second order scheme
with 200 grid points,CFL=0.15
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1-D Burgers equation

1-D Burgers equation

Figure 9: First order scheme with
32x32 grid points,CFL=0.45

Figure 10: Second order scheme
with 32x32 grid points,CFL=0.1
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Figure 12: Second order scheme
with 64x64 grid points, CFL=0.1
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Figure 14: Second  order
scheme with 128x128  grid

points,CFL=0.1
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Figure 15: First  order Figure 16: Second order scheme
scheme  with  32x32  grid with 32x32 grid points,CFL=0.1

points,CFL=0.45

T T T 1 T T T 1
- 0.9 - 0.9
L 08 = 0.8
L 07 - 0.7
L 0.6 - 0.6
L 05 - 05
- 0.4 - 0.4
- 03 - 03
- 02 - 02
- 0.1 - : 0.1

L EEERAEANRA I L j 1
0 01 02 03 04 05 06 07 08 09 1 0 01 02 03 04 05 06 07 08 09 1
Figure 17: First  order Figure 18: Second order scheme
scheme  with  64x64  grid with 64x64 grid points,CFL=0.1

points,CFL=0.45
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Figure 19: First  order
scheme with 128x128  grid
points,CFL=0.45
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Figure  20: Second  order
scheme with 128x128  grid
points, CFL=0.1
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