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1. LET 7,,,(N) denote the number of representations of ¥ as a sum of
s non-negative nth powers. Hardy and Littlewood conjectured that
for fixed n (= 3),
rn,n(N ) = O(N€) for any positive . 1)
We shall prove the following result in the opposite direction.
THEOREM*. For fizred n (= 5) we have
7p o(N) = Q(loglog N)
1.e. there 18 a positive number ¢, depending only on n, such that
Tpu(N) > c;loglog N,
18 true for infinitely many N.
2. In the sequel we shall denote by c,, 3, . . ., ¢y, positive constants
depending only on n.
Notation. Let p be a primitive gth root of unity,

q=1 m‘_’ ” q-—-1 _ 171:2
SP =hzoe2 " =hzoph [(a,q) = 1], Al =g ( Sp)ge 2N
< = ot

SWinio) =3 A =TI x, (&> 5)

where x, = 14+ A(p)+A(p?)+... and p runs through all primes; p,
denotes the rth prime. S(IV;n;s) is the singular series in Waring’s
problem. See Landau, Vorlesungen iiber Zahlentheorie, Band 1, 281-
302, where the first four of the following lemmas are proved.
Lemma 1. (i) S, =971 (¢=12 pIn; 2<1I<n);
(i) 18l < (n—1)Vp (¢ =1p);
(iii) S, = p™ 18 (¢ =2, 1 >n)
(Clearly p*" i3 a primitive p'~"th root of unity.)
* For n = 5 Chowla has previously proved a sharper result. See the paper

by Sastry in J. of London Math. Soc. 9 (1934), 242-6. For a weaker form of
the theorem of this paper see Proc. Indian Ac. Sc. (A), 2 (1935), 397-401.
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We shall use p°||m to denote that p|m but pf+1f m. Then we have
Levma 2. If (i) pfn+o|| N where B = 0,n > o > 0, and (ii) p°||n, and
y=0+1 (p>2), or y=0+2 (p=2), then A(p) =0 for 1 >1,

where lo = max(Bn+o+1, Bn+ty).
LeEMMA 3. 14+A(p)+...+A(ph) = p~o-VM(p}, N) where M(p/, N) is
the number of solutions of > b, = N (modp') and 0 < b, < P

ms<s
LevmMA 4. For s = n+1 (n = 4) there exists a number c,, such that
Xp > 1=—p=t forp>c,.
3. LeMmaA 5. Let n > 5 and N = p? (mod p2*) so that pP||N. Then
there exists a number c, such that, fo'r s=n+17r>c¢

—H—+— (18] < 1).

Proof. First of all we ﬁnd C4 SO large that (p,,%) = 1 for all r not
less than ¢,. For such r, since p?||N, Lemma 2 shows that

Xp, = 1+A(p,)+...+-A(p7*). 2)
By Lemma 1 (i), for 8 = n41,
A(PP) = pr-"1—pp Tt (2<m <) (3)
By Lemma 1 (ii), for 8 =mn+t1,
3(n+1)
@) <ZE P <2 >0 (4)
By Lemma 1, (iii) and (ii), for ¢ = n+-1,
n ¢ (Z’?_})"H??“ c c
IA(pf+1)| < z ps_"+1)(ﬂ+l) = pz(":""l) < ;f-é (n > 3)' (5)

From (2), (3), (4), (5) we immediately obtain Lemma 5.

LeMMA 6. Forr < c,(of Lemma 5)let p||n. Let Y = 20:+2pfa+l.  plnt1
where m = [c3]. Then for all N = 1 (mod Y), and 8 = n+1,

'];!;‘Xp, > ¢y
Proof. By Lemmas 2 and 3,if s = n4-1, N = 1 (mod Y),
Xe = 14+A(2)+...+A(20:42) = 2-Gui2n 1 (2245 N), (6)
Xp, = 1+A(D,)+ ...+ A(pl+) ~
= 2-6+MmY (P8 N) (2<r < m) M

But, since N = 1 (mod 2%+2pfs+1.. pfn+1) we have
M@0+ N)>1, M@Pt,N)>1 2<r<m). (8)
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From (6), (7), (8) we obtain Lemma, 6 since 6, (r < m) depends only
on n.

-c
Lemma 7. Hv(l--.l.)Nle;,
j 252 ? og*
where C s Euler’s constant.
The proofis well known.
l.
LeMwMa 8. (1+-) > clogz,

where ¢ s an absolule positive constant.

Proof. LEMMA 7.

Let z = ¢yologz, (9)
where later we make z — 00 and ¢, will be subjected to certain restric-
tions. It follows from Lemma 5 that, if N = p? (modp?*) for
¢; < 7 < 2, then

I[( Xp, > 11 log(zlogz) > ¢;ploglogz, (10)
by Lemma 8. Now let us take z > ¢, (of Lemma 4). Then*
S(N;n;n+1) "'HXp, H Xo, H Xo,

r<c; <r<z

> cg(cyploglogz)e,; by Lemma 6, (10), and Lemma 4

> ¢y, loglog z, (11)
where N 18 subject to the restrictions
N =1 (mod 2:+2ph+1. . pfn+l) (12)
where m = [c;] and the 6’s depend only on n, and
N =pp (modp) (6 <7 <2). (13)
Now, from (9), for x > cyy,
Z0 < 20,+2 H {p0,+1} H {P2n} < xanc.o' (14)
Hence, if 3necyy < 1, (15)
the number of N’s satisfying (12), (13) and
‘ 1<N<z, (16)

18 greater than c,, 214w,

* Here ¢,;, €3, €13, €14 Will depend on our choice of ¢, ¢y itself is subject
to (15) and (17).
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Again, we have from Theorem 5 of P.N. VI of Hardy and Little-
wood*
LeMMA 9. There exists a positive number c,q, depending only on n,
such that, if (1) is true, then
1 1
i) = BS@V;n;n4 )N 0( %)
(where E 1is positive and depends only on n) is false for at most xl""u

values of N < =.
Let us choose ¢,y in (9) so that (15) is true and

ANty < Gy (17)
Hence the number of solutions (in N) of (12), (13), (16) is greater
than ‘ €1 Tt

where, by (17), 8 = ¢,g—4nc, > 0. Since z > N it now followst
from (11) and Lemma 9 that

LeMMA 10. There exists a positive number c,,, depe'ndmg only on n,
such that, if (1) us true, then

Tns1,a(NV) > €y5(loglog N)N™, "
18 true for infinitely many N.
From Lemma 10 it follows immediately that

Lemma 11. If (1) is true, there exists a positive number c,g, dependmg

only on n, such that
' Tna(&N) > cgloglog N

18 true for infinitely many N.
If possible, let 7u (V) = o(loglog N), : (18)
then, obviously, (1) is true, and hence by Lemma 11,
Tun(N) > c,gloglog N for infinitely many N. (19)

.But (19) contradicts (18). Hence (18) is false and our theorem is

proved. :
* Math. Zeits. 23 (1925), 1-37.
t Since ¢z '8 > 210 for x > z,(n).



