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Abstract. We present a system of N-coupled Liénard type nonlinear oscillators
which is completely integrable and possesses explicit N time-independent and NV time-
dependent integrals. In a special case, it becomes maximally superintegrable and
admits (2N — 1) time-independent integrals. The results are illustrated for the N = 2
and arbitrary number cases. General explicit periodic (with frequency independent of
amplitude) and quasiperiodic solutions as well as decaying type/frontlike solutions are
presented, depending on the signs and magnitudes of the system parameters. Though
the system is of a nonlinear damped type, our investigations show that it possesses a
Hamiltonian structure and that under a contact transformation it is transformable to
a system of uncoupled harmonic oscillators.
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1. Introduction

In a recent paper we have shown that the modified Emden type equation (MEE) with
additional linear forcing,

&+ 3kxd + k*2° + \r = 0, (1)

where over dot denotes differentiation with respect to ¢ and k and A are arbitrary
parameters, exhibits certain unusual nonlinear dynamical properties [1]. Equation () is
essentially of Liénard type. For a particular sign of the control parameter, namely A > 0,
the frequency of oscillations of the nonlinear oscillator ([Il) is completely independent of
the amplitude and remains the same as that of the linear harmonic oscillator, thereby
showing that the amplitude dependence of frequency is not necessarily a fundamental
property of nonlinear dynamical phenomena. In this case (A > 0) the system admits the
explicit sinusoidal periodic solution

Asin(wt 4 0) w
t) = , 0< A<=, w=V), 2
2(t) 1— (&) Acos(wt +6) - oY 2)

where A and ¢ are arbitrary constants. In figure [Ih we depict the harmonic periodic
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Figure 1. (Color online) Solution and phase space plots of equation () for the case
A < 0 (a) Periodic oscillations (b) Phase space portrait

oscillations of the MEE () for three different initial conditions, showing the amplitude
independence of the period or frequency. The phase space plot, figure[Ib, resembles that
of the harmonic oscillator which again confirms that the system has a unique period of
oscillations for A\ > 0.

For A < 0, equation ([l) admits the following form of solution [1],

2(t) = VINL2VI - 1) ) 3
(t> (k[lfgeﬁt + ]{?(1 + ]162 ‘)\It) ’ ( )

where [; and [5 are constants. Depending on the initial condition, the solution (3 is

either of decaying type or of aperiodic frontlike type, see figure 2a. The time of decay
or approach to asymptotic value is independent of the amplitude/initial value, which is
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Figure 2. (Color online) (a) Decaying and frontlike solutions of () for the parametric
choice A < 0, (b) Solution plot of (@) with A =10

once again an unusual feature for a nonlinear dynamical system [1]. Finally, for A = 0
equation (IJ) is nothing but the MEE [3] which has the exact general solution [4]

n t4 I
X =
2kt + Ikt + I’

where [; and I, are the two integrals of motion (figure 2b).

(4)

A natural question which now arises is whether there exist higher dimensional
coupled analogues of (dl) which are integrable and exhibit interesting oscillatory
properties. In this paper we first report a system of two-coupled MEEs (with
additional linear forcing) which is completely integrable, possesses two time-independent
integrals and two time-dependent integrals and whose general solution can be obtained
explicitly. Depending on the signs of the linear term, the system admits periodic
(with amplitude independent frequency) or quasiperiodic solutions or bounded aperiodic
solutions (decaying or frontlike). The results are then extended to N-coupled MEEs and
we prove the complete integrability of them also in the same way. From the nature of
the explicit solutions we identify a suitable contact transformation which maps the
coupled system onto a system of coupled canonical equations corresponding to a system
of N-uncoupled harmonic oscillators, thereby proving the Hamiltonian nature of the
N-coupled MEEs. We also prove that the system becomes a maximally superintegrable
one [5] for any value of N(> 1) when the coeflicients of the linear force terms are equal.

We organize our results as follows. In Section 2 we propose a two-coupled version
of the MEE () and construct the integrals of motion through the recently proposed
modified Prelle-Singer procedure (a brief description of this procedure is given in
Appendix A). In Section 3, by appropriately choosing the coefficients of the linear forcing
term, we construct different forms of general solutions including periodic, quasiperiodic
and frontlike solutions and discuss the dynamics in each of the cases in some detail. In
Section 4, we briefly analyse the symmetry and Painlevé singularity structure properties
of the proposed two-coupled version of the MEE. We also investigate the dynamics of
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this equation under perturbation by numerical analysis. We consider a N- coupled
generalization of equation (dl) and discuss the general solution/dynamics in Section
5. In Section 6, we identify a Hamiltonian structure for the N-coupled MEE by
mapping it onto a system of N-uncoupled harmonic oscillators through a contact type
transformation which is obtained from the general solution of the coupled MEE. Finally
in Section 7, we summarize our results. In Appendix A, we briefly discuss the generalized
modified Prelle-Singer procedure which has been used to derive the results discussed in
Section 2.

2. Two-dimensional generalizations of the MEE

It is of considerable interest to study the dynamics of higher dimensional versions of
the MEE (Il). Recently Carinena and Ranada studied the uncoupled two-dimensional
version of equation () [6],

&+ 3kyxd + kiz® + \x =0,
i+ 3kayy + k3y® + Aoy = 0, (5)

where ki, ko, Ay and )y are arbitrary parameters, and analyzed the geometrical
properties and proved that the above system is superintegrable [6]. On the other hand,
Ali et al. [7] have analysed a system of two-coupled differential equations, which is a
complex version of () with x =y + iz and A = 0:

i =—=3(yj — 22) — (y° — 3y2?),
5= =3(2y +y2) — (3y*z — 2°). (6)

The above system of equations is shown to be linearizable by complex point
transformation and from the solution of the linearized equation, a general solution for
the equation ([G) has been constructed [7].

In [2] we have pointed out that equation (II), and its generalization as well as
the N order version can be transformed to linear differential equations through
appropriate nonlocal transformations. In particular equation (II) under the nonlocal
transformation U = :B(t)efot kz(r)dr gets transformed to the linear harmonic oscillator
equation U + AU = 0, where z and U are also related through the Riccati equation
T = %x — kx?. Substituting the expressions for U and U and solving the resultant
Riccati equation one can obtain the solution (2). Now searching for possible extensions
to higher dimensions by considering a generalized nonlocal transformation of the form
U = zelo/ (@(M)y(r)dr 7 = yef(;S 9@(M)y(T)dr where U and V satisfy the uncoupled linear
harmonic oscillator equations, U + MU = 0 and V + AV = 0, we try to identify
the forms f(z,y) and g(z,y) so that the transformation can be written as a system of
parametrically driven Lotka-Volterra type equations or time-dependent coupled Riccati

equations. In particular, with the choice f = g = kjz + koy, the transformation
becomes a set of coupled time dependent Riccati equations, © = (%x — k1z? — kﬁy),

y = (%y — kizy — k2y2). Consequently one obtains a system of two coupled MEEs
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with additional linear forcing,
i = —2(kiw + koy)d — (kyd + kot))z — (kv + koy)’x — M2 = ¢y,
§=—2(kiz + kay)y — (k1 + k29))y — (k1 + kay)*y — Aoy = oo, (7)
where k;’s and \;’s, 1 = 1, 2, are arbitrary parameters. When either one of the parameters
ki or ks is taken as zero, then one of the two equations in ([7]) reduces to the MEE defined
by () while the other reduces to a linear ordinary differential equation (ODE) in the
other variable or vice versa. On the other hand when one of the variables (x or y) is
zero, equation ([7]) reduces to a MEE in the other variable. A characteristic feature of
this form () is that it can be straightforwardly extended to higher dimensions as we
see in the following sections besides admitting unusual nonlinear dynamical properties.
To obtain the solutions of the above system of nonlinear ODEs one can solve the
above coupled Riccati equations. However, to obtain the integrals of motion as well as
the solutions we find it more convenient to solve () by the generalized modified Prelle-
Singer (PS) procedure introduced recently [12]. We indicate this procedure applicable to
(@) briefly in Appendix A. The resultant independent integrals of motion can be written

as

: 2 2
I = (@ + (k1 + koy)2)® + M1z (8)

- 29
B+ (kx4 kay)x) + 2 (5 + (ki + kay)y) + 1]
I (§ + (ki + kay)y)® + Aoy” (©)
= _ 5,
8@+ (kv + koy)x) + 25+ (Fx + kay)y) + 1]
y ] ]
-1 Vi 5w
tan _g'v—l—(klm—}—kzy)m_ — >\1 t, )\1 >0
I3 = 2Vt (it (ky o+hay)o— /i) v <0 (10)
L 2+ (k1z+koy)z+4/ | M|z ’ 1 ’
) ) ]
-1 Vg W
tan _m_ - >\2 t, )\2 >0
li=q evmiGrmerioa il - _ o (11)
Jt(kizthoy)y+y/ ey 2 '

\
We note here that the forms of the time-dependent integrals of motion depend

upon the signs of the parameters \;, i = 1,2. Using the above integrals one can obtain
periodic and aperiodic but bounded solutions as per (i) A1, A2 > 0 (ii) A, Ay < 0 and
(iii) Ay < 0, Ay > 0 (or vice versa). The case Ay = Ay = 0 is dealt with separately below
in Section 3.3. In the following we discuss the nature of the solutions.

3. The Dynamics

3.1. Periodic and quasi periodic oscillations (A1, Az > 0)

By restricting A;, Ay > 0 in the integrals (8)-(IIl) and solving them algebraically we
obtain the following general solution,
Q,’(t) _ A sin(wlt + (51)

Ak Bk ’
1 — £ cos(wit +61) — Z2 cos(wat + 02)
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Bisi A B
y(t) o SlH(Wgt + 52) ﬁ 4 ﬁ

11— Aw—kll cos(wit + 01) — Bw—'f cos(wat + ) w1 Wa

where w; = \/>\j7 j = 1,2, A= \/Tl/wl, B = \/]_Q/WQ, (51 = 13, (52 = ]4. Two types
of oscillatory motion can arise depending on whether the ratio w;/wo is rational or

<1, (12)

irrational leading to m : n periodic or quasiperiodic motion, respectively. One may
note that the frequency of oscillations is again independent of the amplitude in the
present two-coupled generalization also. The conservative nature of the above oscillatory
solution can be seen from the phase space plot.
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Figure 3. (a) Quasi-periodic oscillations with w; = 1 and wy = v/2 (i) phase space
plot (ii) Configuration space plot and (iii) Poincaré SOS (b) periodic oscillations with
w1 =1 and wy =5 (i) phase space plot (ii) Configuration space plot and (iii) Poincaré
SOS, see equation (I2]).

To visualize the dynamics we plot the solutions x(¢) and y(¢) both in phase space
and in configuration space for two different sets of frequencies. First we consider the
case in which the ratio of frequencies is an irrational number. For illustration, we
take w; = wy/v/2 = 1. The (z,#) phase space plot is depicted in figure 3a(i). The
configuration space (z, y) plot is given in figure 3a(ii). We also confirm the quasi-periodic
nature of the oscillations by plotting the Poincaré surface of section (SOS) [13] in figure
3a(iii). The solution is clearly not a closed orbit and is quasiperiodic or almost periodic
in the sense that trajectory returns arbitrarily close to its starting point infinitely often,
which is confirmed by a closed curve in the Poincaré SOS. The system parameters are
chosen as k; = —1, ks = 1 and the values of the arbitrary constants are taken as A = —1
and B = —0.4.

Next, when the ratio of frequencies is a rational number one has periodic solutions.
In figure 3b we show a 1:5 periodic solution by choosing w; = 1 and wy, = 5.
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3.2. Aperiodic solutions (A1, Ay < 0)

We next consider the case A\ < 0, Ay < 0. In this case one obtains aperiodic but bounded
frontlike or decaying type solutions. To see this, we use the two time-independent
integrals ([, I3) and time-dependent integrals (I3, I) vide equations (8),(@),([I0) and
(II), and obtain the following general solution for equation ([7) when Aj, Ay < 0,

o(t) = Ao/ [(T1e Mt _ gae IAl\t)

k1a(Jre Ml 4 g™ Mllt) + koA (Jze Pelt 4 3,7Vl ) —2

A/ o] (TaeVR2lt — 5 = VIRl
(1) = : s g _ (13)
kl)\2(’316\/| 1]t + Jze” | 1|t) + k2)\1(j26\/\ 2t + T4 |A2] ) —9
where J; = \/1_1/(\/Ts>\1>\2), Jy = \/T2/(\/T4)\1)\2)7 J3 = \/1113/()\1)\2), Jy =
V114 / (A A2). Here also we observe that the solution is of the same form as in the one
dimensional case. The decaying type solution is plotted in figure 4a and the frontlike

solution is shown in figure 4b.
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Figure 4. (a) Decaying type solution of (@) for A1, A2 < 0 (b) Frontlike solution of
(@) for A1, A2 < 0 (c) Decaying type solution of (1) for A\; = A2 = 0.

3.3. Decaying type solution for \y = Ay =0

Restricting the values of the parameters to A\; = Ay = 0 in ([7]) one can get the two-
dimensional generalization of the MEE () . In this case we find that the system ([7))
admits the following integrals of motion, namely,

4 (k k
@t(hathy)

I = ,
! T+ (kix + koy)x

X Yy [4 _ ﬁ 4 1-— t(k‘ll' + k‘g’y) .
U+ (kix + kay)y’ 2 (ki 4 kg + (k1x + kay)?)?
Then the general solution for equation ([{) (with A\ = Ay = 0) can be written in

the form

Iy = — (14)

5 21, (1> +1)
= RLGh + @h+ 0 + kLT L+ )
- 2(I3 + 1)
ylt) = ko[ (210 4 (212 + 1)t) + ko (210 + (213 + 1)) "
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Again the solution turns out to be a rational function in ¢ in which the denominator
is a quadratic function of ¢ as in the one dimensional case. Choosing [y, I, I3 and I
suitably, one can obtain decaying type solutions as shown in figure 4c.

3.4. Cases with mized signs of parameters Ay and Ao

In the mixed case, for example with A; > 0, Ay < 0, the solution can be derived from
([13) as
—wi Asin(wyt + 07) —
kow? (v Dt |~/ Palt w1 = VAL
=51 (JeeV2t 4 Tye 2 + Aky cos(wit +61) — 1
wiy/Pal(Te VIRl — g em VIRl (16)
2[1622—(0%(326 et + 346_ |A2|t) + Alﬁ cos(wlt + (51) - 1]
where A = /T, Jw?.
The motion now turns out to be a mixed oscillatory-bounded frontlike one. We

depict the solution (I6]) in figure 5 in which we have fixed k1 = ky = 1, w; = 2, and
>\2 - —1

x(t) =

y(t) =
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Figure 5. Solution plots of equation (7)) for the mixed case Ay > 0, A2 < 0 (a) z(t),

(b) w(t)

3.5. A superintegrable case

Finally we investigate the dynamics in the limit Ay = Ay = XA # 0. In this case one is
able to find an additional time-independent integral of motion given by
Ty — yi

fs = (kvd: + kg + (kv + koy)? + )2 (7
As a result one has three time-independent integrals, I;, Is, and [5, besides one time-
dependent integral (any one of the two time-dependent integrals I3 or Ij), in a two
degrees of freedom system which in turn confirms that the system under consideration
is a superintegrable one. Obviously it is also maximally superintegrable [5].
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4. Symmetry and Singularity structure analysis

In order to understand why the system ([7) is integrable and whether perturbations
of them lead to chaos, we analyse the symmetry properties, in particular the point
symmetries and Painlevé singularity structure associated with equation (7]) and
investigate numerically the perturbed equation.

4.1. Lie point symmetry analysis

Considering the invariance of equation (7l) under a one parameter continuous Lie point
symmetry group [8], z — X =z +en(t,z,y) + O(?), y = Y =y +en(t, z,y) + O(€?),
t =T =x+e(t,z,y)+0(e?), e << 1, and performing the Lie point symmetry analysis
on the equation (7)) using the package MULIE [9], we find that the system admits only
the following single Lie point symmetry vector,
10

S 20

corresponding to the invariance of () under time translation for A\; # Ay. For the

Iy (18)

specific choice \; = Ay, which we have earlier proved to be superintegrable, we obtain
the following two additional point symmetries,

I
ko0

So we conclude at this stage that since the system () is completely integrable and
does not possess enough number of Lie point symmetries, it has to admit more general
symmetries, namely nonlocal and contact symmetries. The study requires separate
analysis and we do not pursue them here. Note that on the other hand, the one
dimensional MEE (1) admits eight Lie point symmetries and is linearizable through
point transformation which is not the case for the coupled MEE ().

4.2. Painlevé singularity structure analysis

We now perform the standard Painlevé singularity structure analysis [10, 11] to the
equation (7). Looking for the leading order behaviour of the Laurent series solution in
the neighbourhood of a movable singular point ¢y, we substitute x = aq7? and y = by79,
T = (t —ty) — 0, and obtain
aop(p — 1)7P72 + adk2 7% 4 3a2k pm® ! + 2a0bokapt? T + agbokagrP !
+ 2&gb0kﬁ1/{5272p+q + aobgk‘ng—i_zq = 0, (20)
bog(q — )77 2 + b3 k37°1 + agbokypm® T4t + 2a0bok1q? T + agbokiT T
+ 3bgkaqm?? ! + 2a0b3 k1 ko4 = 0. (21)
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Comparing the exponents of 7, we find p = —1 and ¢ = —1. Substituting this and
simplifying we get

(2(1,0 — 3&%/’61 + agkf — 3&0()0]{32 + 2a(2)b0k:1k:2 + aobgk‘%)T_?’ = 0,
(2b0 — 3a0b0k1 + agbok’% — 36(2)/{52 + 2&0()(2)]{31]{32 + bgk‘g)’T_g = 0.

Solving the above system of equation we find two possibilities for the leading order
coefficients as ag = (1 — bok2)/k1 and ag = (2 — boks)/k1, while by is arbitrary. For
the choice ag = (1 — boks)/k1 we identify that the resonances (that is powers at which
arbitrary constants can enter) occur at r = —1, 7 =0, r = 1 and r = 1. By proceeding
with the full Laurent series one can show that in addition to t, and by being arbitrary
(corresponding to r = —1 and r = 0), a; and b; are also arbitrary corresponding to
r = 1,1, while all higher order coefficients in the Laurent series can be determined in
terms of the earlier ones. Similarly we find that the Laurent series corresponding to the
second value of ay = (2 — bokz)/k1 also does not admit any movable critical singular
point. We find that the equation ([7]) passes the Painlevé test as expected.

4.8. Perturbed system : Numerical analysis

In order to understand the dynamics of the system in the neighbourhood of the integrable
parametric regime, we perturb the system leading to the form

i+ 2(kx + koy)d + (k1@ + kot))w + (k1w + kay)’x + Mz + pray = 0,
i+ 2(k1x + kay)y + (kai + kag)y + (ki + kay)?y + Aoy + pozy = 0, (22)

where py, po are the strength of the perturbation. We now numerically solve equation
([22)) for three different values of p; and ps using the fourth order Runge-Kutta method.
Of these three parametric choices, the first one (p; = py = 0) corresponds to the
completely integrable equation () and the other two are the perturbed form of (),
namely, p; = po = 0.5 and p; = p = 0.7. In figures 6a we show the phase space plots of
equation (22)) for these three different parametric choices. The corresponding Poincaré
surface of sections are plotted in figures 6b by identifying the peaks of y(t) from the
time series data. We find from the Poincaré surface of section of the torus that for
the integrable parametric choice a closed curve is obtained while as the strength of the
perturbation is increased the curve starts to break up and ends up into scattered points,
confirming the onset of chaos.

5. N-coupled MEE

Proceeding further, we find that equation (Il) can also be generalized to arbitrary
number, N, of coupled oscillators. In order to generalize the results of two-coupled
MEE (@) to N-coupled MEE, we have first investigated the three-coupled MEEs. Then
from results of two and three-coupled MEE, we have generalized the results to N-coupled
MEE. For brevity, we are not presenting here the results of the N = 3 case.
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Figure 6. Figures (a) (i), (ii) and (iii) describe phase space trajectories of equation
@2) with A; = 1 and Ay = 2 for three values of p;, p2 corresponding to integrable
case (i) p1 = p2 = 0 and perturbed cases : (ii) p; = p2 = 0.5 and (iii) p; = p2 = 0.7.
Figures (b) (i), (ii) and (iii) describe the Poincaré surface of sections of the above phase
space plots.

The N-coupled modified Emden type equation is given as

N N N
j=1

j=1 j=1

By generalizing the results of two and three-coupled cases one can now inductively
construct the integrals of motion for the equation (23]) which turn out to be

(& + D250 (kjwy)a)? + Na?
. . 2’
s[5  + i (nn)a)| +1]
Iy = tan™! | - \{VA_“T —V\it, >0, i=1,2, .. N. (25)
Ti + D5 (k)

In other words one has N time-independent integrals and N time-dependent integrals.
From these integrals one can derive the general solution of equation (23] for the

parametric choice Ay, Ag, ..., Ay > 0 as

1— ijl ;jﬂ cos(wjt + ;) o Yi

In the second case, \; < 0,7 = 1,2, ..., N, to derive the general solution we construct
the time-dependent integrals in the form

VNI (G 4 3 (kywg)as — /Th2)

' E i=1,2,.. N, (27)
i+ 305 (ki) wi + /[ il

Iy =
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Using the above integrals one can construct the general solution of (23)) in the form

N . _ .
As /1Al (T NIt — g, Aalt
zi(t) = [Loy A VAl (Brie 31 ) 19N, (28)

ST Ak 310V T4 356V — o
where j # m and s 7 i, 31 = v/ (VI TIz M), 91 = VEiTn/ TICy A

In the third case we consider the mixed sign case of the parameters \;, i = 1,2, ..., N.
N

Let us consider that A\, r = 1,2,...,, are positive constants and \;, 7 = N — [, ...,

Y

are negative constants. The solution for this case can be written as

T, = —wp A, sin(wrt +6,)h71,
IIA,MA eVINlty(ap)=t, (29)
m=N—1
where
N ! N
h = Zk A, cos(w,t + 6,) + Z kaw H A (3 ‘)\m|t_'_J3me—\/|>\m‘t> 1,
r=1 m=N-—1 r=1 q=N-I

m # q and m # j.
In the fourth case we have the N-dimensional generalization of “classical MEE”.

It is evident from the lower dimensional cases that the integrals of motion includes (i)
(N — 1) time-independent ones (ii) N time-dependent integrals which are linear in ‘¢’
and (iii) one time-dependent integral which is quadratic in ‘¢’, that is

: N
Ti+ @ )25 ki

[MI . — y izl,Q,...,N—l, (30)
ZE'N‘I‘I’NZ;V:lk‘jZEj
l’.
Iy = —t + - , 1=1,2,..., N, (31)
LL’Z+LL’Z Zjvzl ]{Ijl’j
12 1t ke
I3 = — + 2o Kt : (32)

2 (0L ki + (kj)?)
From these integrals, again one can deduce the general solution of (23]) for A; = 0 in the
form
201 (Iy; + 1)
S kil (21 4 (20 + t)t)
2(Lhy + )
SN kL (215 + (21 + t)t)

2;(t) = i=1,2,...,N—1, (33)

an(t) = (34)
where 1y = 1.

In the fifth case, one can consider the parameters \;’s are all equal but nonzero,
that is Ay = Ay = ... = Ay = A # 0. In this case, one can construct (N — 1) additional
time-independent integrals by eliminating the variable ‘¢’ in equation (25)),

(TiTip1 — Tig12;)

I3; = . ,
N g+ (ki) + N

i=1,2,..N—1. (35)




Completely Integrable N-Coupled Liénard Type Nonlinear Oscillator 13

Again the existence of (2N — 1) time-independent integrals of motion (vide equations
(24) and (B5)) confirms that the system under consideration, namely (23) with A\; = 0,
1=1,2,..., N, is a maximally superintegrable one.

6. Connection to uncoupled harmonic oscillators

The solution of the coupled MEE equation ([7]) given by equation (I2)) and (I3]) can be
rewritten as

U 1%
: = i _ 36
1 2 1 2

where U = Asin(w t+6;) and V = Bsin(wyt+3d3). Here U and V' can also be interpreted
as the solutions of the following uncoupled harmonic oscillator equations,

U +w?U =0, V4 wiV =0. (37)

Equation (36]) gives a transformation connecting equation () and the harmonic
oscillator equations (7). In order to invert this transformation, we need U and V for
which we differentiate equation (36]) once with respect to time and replace U,V with
—w?U and —w3V respectively. Thus we get the following equations

U1 =80 kY (U + V) V(1= 80 Ry (5 + V)
i = 3 , Y= 3 (38)
(b + 1) (b + 58 —1)

Solving the relations (B6]) and (38)) one obtains the inverse transformation of (36) and

BY) as

x
. : 39
(%(x_'_ (k1z + koy)x) + f}—é(y—i— (k1z + kay)y) + 1) )

Y
v 7 40
(%(m + (kiz + koy)x) + f}—é(y + (k1w + kay)y) + 1) )

. L 2
o (& + k12° + kozy) (41)

(3 + (haz + koy)z) + 3 (5 + (haw + kay)y) +1)°

v ( + kizy + kay?) (42)
(U%(x + (k1z + koy)x) + f}—é(y + (k1w + kay)y) + 1)

This is indeed a contact transformation between the old and new variables, which
can also be interpreted as a linearizing transformation to equation (7). The form of the
Hamiltonian for the system of two uncoupled harmonic oscillators (37]) obviously is

1
H =5 [P+ B+ MU+ V7, (43)

where P, = U, P, =V, \ = w? and Ay = w?. Substituting for P, Py, U, and V from
[B9-H2) we get,
(i + kyx? + koxy)? + (7 + krzy + kay?)? + M2? + Xoy?

o , 44
205 + (i + kay)z) + 525 + (kuz + kay)y) + 12 Y
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Here we note that H = %(I 1 + I5), where I; and I, are the time independent integrals
of motion of equation (7)) (vide (8) and (@)).
Further, U and V satisfy the canonical equations

) OH . OH

=——— =P, P=—-—""=— 4
U 8P1 1, 1 8U )\an ( 5)
. O0H . OH
V=gp =P PG =y (46)

The results obviously confirm the existence of a conservative Hamiltonian for equation

([@.
The above results can also be extended to N dimensions by using the contact
transformation derivable from the solution (26]),

Z;
Ui = N [k, - N ’
S [ + i e )) | + 1
. N
Pi:UZ— (Z]—l J .7) (47)

B Zjvzl [%(Hfj + Zi\;l(knmn)x])] 1

i = 1,...,N. Consequently the Hamiltonian for equation (23) can be rewritten as a
system of N uncoupled harmonic oscillators specified by
|
_ 4 2 772
H_QZ;(PZ- +NUP) (48)
In terms of the original coordinates this becomes

(i + (2 ky)ws)? + Aia?
2 [0 5  + S he)en)] +1]

which can be associated with the integrals of motion [24) as H = %Zf\il I;. The

H =

(49)

canonical equation of motion are given as
oH . OH
AP PZ = T A7
OP, oU;

thus confirming the Hamiltonian nature of the system (23)). However, we have not yet

U, = i=1,2,.., N, (50)

succeeded to obtain an explicit Lagrangian form, and so canonically conjugate momenta,
to re-express (44]) or (49) in terms of canonical coordinates. This is being pursued at
present.

7. Conclusion

In this paper we have presented a system of completely integrable N-coupled Liénard
type (modified Emden type) nonlinear oscillators. The system admits in general N time-
independent and N time-dependent integrals whose explicit forms can also be found. For
special parametric choices, the system also becomes maximally superintegrable. Using
these integrals general solution of periodic, quasiperiodic, frontlike and decaying type or
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oscillatory type are obtained depending on the signs and magnitudes of the linear forcing
terms. We have also pointed out that the system possesses a nonstandard Hamiltonian
structure and is transformable to a system of uncoupled harmonic oscillators. Further
analysis of the Hamiltonian structure can be expected to yield interesting information
on the nonstandard Hamiltonian structure of coupled nonlinear oscillators of dissipative
type. It is also of interest to investigate whether there exist other couplings of MEEs and
its generalizations which are also integrable : For example, one can show [2] that under
the general transformation U(t, ) = z"elo F@EDA  f(2(1)) = B(t)z™ + ~(t), the one
dimensional generalized MEE, &+ (n— 1)%2+%2x2m+1+bl (t,2)Z+bo(t)x™ ™ +b3(t)z = 0,
where by(t,z) = L (2ny+n\+ (m+2n)82™), by(t) = 1 (B 298+ /\ﬁ), ba(t) —
%(7 + 92 + M), can be reduced to the linear harmonic oscillator equation. One can
expect higher dimensional generalization of such a transformation can give rise to more
general higher dimensional integrable equations. These questions are being pursued

currently.
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Appendix A. Generalized modified Prelle-Singer procedure

To solve the system of two-coupled second order nonlinear ODEs we apply the
generalized modified Prelle-Singer (PS) approach introduced recently [12]. Let the
system

i = —=2(k1z + ko)t — (ki + kat))x — (k1 + kay)z — Mz = ¢y,

i = =20k + kay)y — (k1 + k29))y — (k1 + kay)*y — Aoy = oo,

admits a first integral of the form I(¢,x,y,%,y) = C with C' constant on the solutions
so that the total differential gives

dl = Idt + I,dx + I,dy + I;dz + I,dy = 0. (A.1)
Equation ([7]) can be rewritten as the equivalent 1-forms
¢rdt — dz =0, Podt — dy = 0. (A.2)

Adding null terms s(t,z,y,&,9)xdt — s1(t,z,y,&,9)de and so(t,x,y, 2, y)ydt —
so(t, x,y, T, y)dy with the first equation in (A.2), and (¢, z,y, &, y)xdt — uy(t, z,y, T,
y)dx and us(t,z,y, &, 9)ydt — us(t,x,y,2,y)dy with the second equation in ([A.2),
respectively, we obtain that, on the solutions, the 1-forms
(¢1 + Sli’ + sgj)dt - Sldllf - Sgdy —dz = 0, (A3)
(P2 + w1 @ + uoy)dt — uydx — usdy — dy = 0.
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Hence, on the solutions, the 1-forms (A.Il) and (A.3)-(A.4) must be proportional.
Multiplying (A3) by the function R(t,z,y,#,9y) and (AZ4) by the function
K(t,x,y,4,y), which act as the integrating factors for (A.3) and (A.4), respectively,
we have on the solutions that

dI = R(¢y + Si)dt + K (¢ + Uy)dt — RSdx — KUdy — Rdi — Kdy = 0, (A.5)
where S = (Rs; + Kuy)/R and U = (Rsy + Kuy)/K. Comparing equations (A.5]) and
(A1) we have, on the solutions, the relations

Iy = R(py + St) + K(¢p2+ Uy), I, = —RS, I, =—-KU, I, =—R, I, =—-K. (A.6)
The compatibility conditions between the different equations in ([A.G) provide us the ten

relations
D[S] = — ¢1. — %cbzm + %S% + Sz + 5%, (A7)
R R )
D[U] = _¢2y_?¢1y+EU¢ly+U¢2y+U, (A.8)
D[R] = — (Ro1: + K¢2i + RS), (A.9)
DIK] = — (K¢2y + Rony + KU), (A.10)
SR, = — RS, + UK, + KU,, R,=SR;+ RS, (A.11)
R, =UK;+ KU, K, = SRy + RSy, (A.12)
K, =UKy;+ KUy, Ry, = K. (A.13)

Here the total differential operator, D, is defined by D = % + :i?% + ?)a% + ¢1% + gbga%.
Integrating equations (A.G]), we obtain the integral of motion,

I:r1+r2+r3—|—r4—/[K+diy<r1—l—7’2—l—7’3+r4)}dg), (A.14)
where
"= / (R(ér + 50) + K(d+ Ui) )t, 12=— / <RS+%(T1)>CZ9:,
T3:—/<KU—I—%(T1+T2)>CZ% T4:—/[R+%<T1+T2+7’3)]di’-

Solving equations (A.7)-(A.I3)) one can obtain S,U, R and K. Substituting these
forms into (A14) and evaluating the resulting integrals one can get the associated
integrals of motion. Once sufficient number of integrals of motion are found (four in the
present problem) then the general solution can be derived from these integrals by just
algebraic manipulations. One can refer to [12] for details of the method of solving the

determining equations (A.7)-([A.13]).
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