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ABSTRACT. The notion of spectral invariance of a locally convex x-algebra
is defined by constructing the enveloping C*-algebra and is characterized.
It is shown that the spectral invariance induces K-theory isomorphism at a
general level. As an application the differential structure of C*-algebras is
studied.
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1. INTRODUCTION

Recent developments in non-commutative geometry ([11]) demand the search for,
and the investigations of, smooth structures associated with a C*-algebra B, usu-
ally (but not always) manifested as dense *-subalgebras A of B ([9]). Differential
seminorms provide a general mean to construct a differential structure associated
with a dense subalgebra 2 of B ([9]). The differential Fréchet -algebra 2, and
the differential Banach *-algebra 2 defined by a differential *-seminorm on 2 are
generally not subalgebras of B, though there exist surjective x-homomorphisms
A, — B, Ar — B. Now besides completeness in an appropriate locally convex
x-algebra topology, spectral invariance and closure under appropriate functional
calculus have been recongnized as important attributes of smooth subalgebras
([9]). One says that A is spectrally invariant in B if Yz € A, Sp4(z) = Spg(z).
This is known to imply the K-theory isomorphism K,.(B) = K,.(A). We aim to
discuss spectral invariance and the closure under holomorphic functional calculus
in a situation where there is a natural homomorphism from A to B instead of
inclusion with a view to understand the structure of the differential algebras 2.
and QLT.
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In fact, spectral invariance of a locally m-convex algebra A in its homo-
morphic image has been considered in [19] to give a short proof of the assertion
that M, (A) is local if A is local and Fréchet, whereas the spectral invariance
of a Banach x-algebra A in its enveloping C*-algebra has been considered in [3]
to discuss the discretized version of CCR algebras. First we shall characterize
the spectral invariance by the spectrality of submultiplicative *-seminorms or of
C*-seminorms on a pseudo-complete locally convex *-algebra A in which every
element is bounded in a natural sense ([1]). A submultiplicative x-seminorm p on
A is said to be spectral if v4(z) < p(x) for each x € A, where v.4(z) is the spectral
radius of x in A. If there exists a non-zero continuous spectral submultiplicative
s-seminorm (respectively C*-seminorm) on 4, then A4 is said to be spectral (re-
spectively C*-spectral). The spectral invariance of A is defined as follows: Let
CRep(A) be the family of all non-zero (automatically, bounded ([5])) continuous
*-representations of A. Suppose CRep(A) # 0, then a C*-seminorm | - |, on A
called a Gelfand-Naimark C*-seminorm is defined by

2], = sup{||7(z)]| : * € CRep(A)}, =€ A

and the C*-algebra FE(A) obtained by completion of the normed C*-algebra
A/ker| - |, is called an enveloping C*-algebra. If CRep(A) # 0 and Sp 4(z) =
SPp(a)(j(x)) for each x € A, where j is a natural map of A onto Al ker(] - [.),
then A is said to be spectral invariant. We define A to be local (or closed under
the holomorphic functional calculus (of E(A))) if given « € A and a function f
holomorphic on Spg4)(j()), there exists y € A such that f(j(x)) = j(y). This
refines the usual notion of local subalgebras ([19]). By Lemma 1.2 of [19], if A
is a Fréchet subalgebra of an m-convex Fréchet Q-algebra B (in particular, of a
C*-algebra B), then A is closed under the holomorphic functional calculus of B if
and only if A is spectrally invariant in B. Here we shall incorporate this at the
generality of the present paper where A is not a subalgebra of a C*-algebra B,
but there exists the continuous *-homomorphism j : A — E(A) = B. In The-
orem 2.11, it is shown that A is spectral and hermitian (Sp4(z) C R for each
z* =z € A) if and only if A is C*-spectral if and only if A is spectrally invariant
if and only if A is local and rad A = srad.A (the strong radical of A). Speak-
ing the proofs roughly, suppose A is spectral and hermitian, then s4 defined by
sa(z) = ya(z*x)/? 2 € A, becomes a continuous spectral C*-seminorm on A,
that is, A is C*-spectral. The converse is trivial. Suppose that A is C*-spectral,
that is, there exists a non-zero continuous spectral C*-seminorm p on A. Then it
can be shown that p = | - |, = s4, which implies that A is spectrally invariant.
The necessary and sufficient condition of the spectral invariance of A and of the
locality of A and rad A = srad A is based on the holomorphic functional calculus
in pseudo-complete locally convex algebras ([1]).

It is also known that the spectral invariance plays an important rule for the
structure theory and for the representation theory of locally convex x-algebras
([6], [7]) and so in Theorem 2.15 we shall characterize the spectral invariance by
the properties of *-representations (the existence of spectral *-representations, the
dilation property of *-representations etc.) though they are not used in this paper.

In Section 3 we shall consider the K-theory isomorphisms of Fréchet -
algebras and the differential structure of a C*-algebra as applications of Theo-
rem 2.11. Given a dense *-subalgebra A of a C*-algebra B, the significance of the
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spectral invariance of A in B lies in the fact that it induces K-theory isomorphism
K.(A) = K,.(B) (Chapter III, Appendix C, [11]). This can be extended to more
general Fréchet x-algebras applying Theorem 2.11 and the K-theory for Fréchet
algebras developed by Phillips ([15]). In Theorem 3.1, it is shown that if A is a
Fréchet locally m-convex x-algebra in which each element is bounded, then the
spectral invariance of A implies the K-theory isomorphisms K, (A) ~ K, (E(A)).
As an application of Theorems 2.11 and 3.1, we investigate the properties of the
C*-spectrality and the spectral invariance of a Fréchet x-algebra defined by a dif-
ferential seminorm. Let A be a C*-algebra and 2{ a dense *-subalgebra of 4. Given

k
a differential *-seminorm T ~ (T})5° on 2 in the sense of [9], let pr(z) = >_ Ti(x).
i=0

Then (pr)§° is a separating increasing sequence of submultiplicative *-seminorms.
Let 7 be a locally convex *-algebra topology on 2 defined by (px)°. The com-
pletion A, of /A with respect to 7 is a Fréchet x-algebra which is an inverse limit
@ﬂ(k) of the Banach x-algebras %) obtained by the completion of 2l with re-

spect to pr. Let B denote ;) or 2A.. In Theorem 3.3, it is shown that B is a
C*-spectral and spectral invariant hermitian Q-algebra such that E(B) = A and
K.(B) = K.(A) = K.() for all k.

2. SPECTRAL INVARIANCE

We begin with the basic definitions and properties about locally convex *-algebras.
For more details refer to [1] and [2]. The term locally convex *-algebra means a
x-algebra A equipped with a topology 7 such that

(i) A[r] is a Hausdorff locally convex space;
(ii) the multiplication of A is separately continuous;
(iii) the involution on A is continuous.

We may essentially restrict our considerations in this paper to the case in
which A has an identity 1 by considering the adjunction A of an identity if A
has no identity. Henceforth it will be assumed, without further mention that A
has an identity 1.

Let A be a locally convex #-algebra. An element x of A is bounded if, for some
non-zero A € C, the set {(A\~!x)" : n € N} is bounded. The set of all bounded
elements of A is denoted by Ag. We write B for the collection of all absolutely
convex, bounded and closed subsets B of A such that 1 € B and B2 C B. For each
B € B, let A[B] denote the subspace of A generated by B. Then AB] = {\z: X €
C,z € B} and the equation: ||z||g = inf{\ > 0: 2 € AB} defines a norm on A[B],
which makes A[B] a normed algebra. If A[B] is complete for each B € B, then A
is said to be pseudo-complete. We remark that if A is sequentially complete, then
A is pseudo-complete. Throughout this paper we consider only a locally convex
x-algebra A with A = Aj.

We define the spectrum Sp 4(x) and the spectral radius of x in A as follows:

Spa(z)={AeC: ANl — ) lin A}, ra(z) =sup{|A]: X € Spa(x)}.
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Then it is known in [1] that
ya(z) = B(x) = inf{\ > 0: {(\"'2)" : n € N} is bounded}
wife A’}

(2.1) = sup{ lim_|f(a")
= sup{ lim p(x”)% :p € P},

where A’ is the dual space of A and P is a family of seminorms which define the
topology.

DEFINITION 2.1. A (continuous) seminorm p on A is said to be spectral if
va(x) < p(z) for each z € A.

An element x of A is said to be quasi-regular if (1 — z) has the inverse
belonging to A. Let A9 be the set of all quasi-regular elements of A.
By Lemma 4.1 of [5]) we have the following

LEMMA 2.2. Let A be pseudo-complete and p a seminorm on A. Then the
following statements are equivalent:
(i) p is spectral;
(ii) {x € A: p(x) <1} C AT

A locally convex x-algebra A is said to be Q-algebra if A9 is open.
By Theorem 4.2 of [5] we have the following

LEMMA 2.3. Let A be a pseudo-complete locally convex x-algebra. Consider

the following statements:
(i) A has continuous quasi-inverse, that is, there exists a neighbourhood U

of 0 such that U C A and the quasi-inverse x — x4 is continuous at 0;

(ii) A is a Q-algebra;

(ili) there exists a continuous spectral seminorm on A.
Then the following implications hold: (1) = (ii) < (iii).

In particular, if A has jointly continuous multiplication, then (i), (ii) and
(iii) are equivalent.

We next define the notions of C*-spectrality, spectral invariance and stability
of locally convex *-algebra. A seminorm p on a (locally convex) *-algebra A is said
to be a m*-seminorm (respectively a C*-seminorm) if it is *-submultiplicative, that
is, p(zy) < p(z)p(y) and p(z*) = p(x), Ya,y € A (respectively p(a*z) = p(z)?,
Vax € A). Let p be a m*-seminorm on A. Then N, = kerp = {x € A: p(z) =0} is
a *-ideal of A and the quotient space A/N,, is a normed *-algebra equipped with
the multiplication (z+N,)(y+N,) = zy+N,, the involution (z+N,)* = z*+ N,
and the norm ||z + N, ||, = p(z). We denote by A, the Banach %-algebra which is
the completion of A/N,. In particular, if p is a C*-seminorm on A, then A, is a
C*-algebra.



SPECTRAL INVARIANCE, K-THEORY ISOMORPHISM AND AN APPLICATION 393

LEMMA 2.4. Let p be a (continuous) m*-seminorm on a locally conver *-
algebra A. Then the following statements are equivalent:
(i) p is spectral;
(i) 7a(z) = lim p(a")=, Vo € A;
(iii) va(x) =74, (zp), Vo € A, where x, = x + Np;
(iv) Spa(®) =Spy, (zp), Vo € A
In particular, if p is a C*-seminorm on A, then the above statements (1)—(iv)

are equivalent to
(V) yalz) =p(x), Ve e A, ={a € A:a* =a}.

Proof. (1) = (iv) Let z € A. It is clear that Spy (zp) C Spu(x). We
show the converse. Take an arbitrary A € C such that (A1, — z,)~! exists in
A,. Since A, is the completion of the normed x-algebra A[N,,, there exists an
element y of A such that |1, — (AL, — z,)ypllp, = p(1 — (A1 — 2)y) < 1 and
11, — yp(AL, — 2)|l, = (1 — y(Al — x)) < 1, which implies by the spectrality of
p that (Al — z)y and y(Al — x) are invertible. Hence, (Al — z) is invertible, and
s0 A & Sp 4(z). Thus we have Sp 4(x) C Sp 4, (25).

(iv) = (iii) This is trivial.

(iii) = (ii) This follows from the equalities:

. 1 . s
val@) =4, (zp) = lim faply = lim p(z")=, 2 e A

(ii) = (i) This follows from the submultiplicativity of p. Suppose p is a
C*-seminorm on A. Then the equivalence of (ii) and (v) is clear. 1

DEFINITION 2.5. A locally convex #-algebra A is said to be spectral (re-
spectively C*-spectral) if there exists a non-zero continuous spectral m*-seminorm
(respectively C*-seminorm) on A.

We define the Gelfand-Naimark C*-seminorm | - |, on A and the enveloping
C*-algebra E(A) of A. We state the definition of *-representation of A. Let D be a
dense subspace in a Hilbert space H and L (D) the set of all linear operators X in
H with the domain D for which XD € D, D(X*) D D and X*D C D. Then L (D)
is a *-algebra under the usual operations and the involution X — XT = X*[D. A
*-homomorphism 7 of A into L (D) satisfying 7(1) = I is a *-representation of A
on H with domain D, and then we write D and H by D(w) and H,, respectively.
For more details refer to [16] and [18]. If w(x) € B(H,) for each x € A, equivalently
D(m) = Hx, then 7 is said to be bounded. By Corollary 3.13 from [5] we have the
following

LEMMA 2.6. FEvery x-representation w of A is bounded and ||m(z)|| < sa(x)
= ya(z*x)Y? for each z € A.

It is natural to consider unbounded *-representations for general locally con-
vex *-algebras, but by Lemma 2.6 it is here sufficient to consider only bounded
x-representations. We denote by CRep(A) the family of all continuous (automat-
ically, bounded by Lemma 2.6) *-representations of A.
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DEFINITION 2.7. If CRep(A) # 0, then A is said to be representable.

We remark that even a Banach *-algebra is not necessarily representable
(Example 37.16, [10]). Suppose A is representable. By Lemma 2.6, a C*-seminorm
on A is defined by

||, = sup{||7(z)]| : m € CRep(A)}, z € A,

and it is said to be the Gelfand-Naimark C*-seminorm on A. The C*-algebra A, .|,
constructed from the C*-seminorm | - |, is said to be an enveloping C*-algebra of
A and denoted by E(A). The natural map j : 2z € A— 2z +N|.|, € E(A) is a

*-homomorphism.

[

DEFINITION 2.8. If A is representable and Sp 4(z) = Spg(4(j(z)) for each
x € A, then A is said to be spectrally invariant.

The family C*N(A) of all C*-seminorms on A is a partially ordered family
with order 71 < rg defined by ri(z) < ro(z), Va € A.

LEMMA 2.9. Let r be a spectral C*-seminorm on A. Then r = s4 and r
is the largest element in the partially ordered family C*N(A). Thus, a spectral
C*-seminorm is unique. Further, if v is continuous then A is representable and
r=|-lu

Proof. It follows from Lemma 2.4, (v) that r(h) = r 4(h) for Vh € A, which
implies that r = s4. Thus, a spectral C*-seminorm is unique. Let p € C*N(A).
Then it follows that ¢ = max(r,p) € C*N(A) and q is spectral. By the uniqueness
of a spectral C*-seminorm we have ¢ = r, which implies that r is the largest in
C*N(A). Suppose that r is continuous. Then the continuous x-representation
7 of A is defined by =,.(x) = II.(x + N,), * € A, where II, is a faithful *-
representation of the C*-algebra A, on a Hilbert space. Hence it follows that A
is representable and

@ =lm@I<|| @ @)=l
m€CRep(A)

for all z € A. On the other hand, since r is the largest in C*N(A), we have
| - |u < 7. Thus, we have r = | - |,. This completes the proof. 1

We define the locality of A.

DEFINITION 2.10. A is said to be local if for x € A and a function f holo-
morphic on Spg4)(j(2)), there exists y € A such that f(j(z)) = j(y).

This refines the usual definition of local subalgebras ([19]).
The spectral invariance of A4 can be characterized by the (C*-)spectrality
and the locality of A as follows:
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THEOREM 2.11. The following statements are equivalent:
(i) A is spectrally invariant;

(i) A is C*-spectral;

(iii) A is spectral and hermitian;

(iv) A is local and rad A = srad A.

Proof. The equivalence of (i) and (ii) follows from Lemmas 2.4 and 2.9.

(i) = (iii) This is trivial.

(iii) = (ii) We can show in a slight change of proof of Theorem 41.7 from
[10] that s4 is a spectral C*-seminorm on 4. We first show the Ptak inequality:

(2.2) va(a) < sa(a), Vac A

In fact, take an arbitrary a € A such that s4(a) < 1. Since A = A and A is
pseudo-complete, there exists B* = B € B such that a*a is an element of the
Banach x-algebra A[B]. By Proposition 12.11 of [10] there is a unique element
of A[B]; such that 2z — 2% = a*a and y4g)(2) < 1. Since y4(x) < vap)(z) < 1,
it follows that A = 1 — z is invertible and 1 — a*a = h2. Since (1+ a*)(1 —a) =
h{l+ h='(a* — a)h=1}h, ih"1(a* — a)h™! € A} and A is hermitian, it follows
that (1+h~!(a* —a)h~1) is invertible, which implies that 1 — a is left invertible.
Similarly, 1 — a is right invertible. Hence 1 ¢ Sp 4(a) and so y4(a) < 1. Thus we
have y4(a) < s4(a). We next show the inequalities:

(2.3) Ya(hk) < va(h)ya(k), Vh,k€ Ay
(2.4) sa(ry) < sa(x)saly), Vr,yeA

In fact, since A is spectral, there exists a continuous m*-seminorm p on 4 such
that

(2.5) @) < pla), VoA
Take arbitrary h, k € Aj. Then we have

ya(hk) < ya(khk)s by 2.2
= ya(h?k?)?
< ya(h?” k2n)% by repeating this
<p(R*)mp(k*")7r by 2.5
= ya(h)va(k), by 2.1

which implies immediately the inequality (2.4). We can prove the same way as
Theorem 41.7 in [10] that s 4 is a seminorm on A. It is clear that s 4(2)? = sa(2*z),
Vz € A. Thus sy is a spectral C*-seminorm on A. Further, it follows from (2.5)
that s4 is continuous. Thus, A is C*-spectral.

(i) = (iv) Assume (i). Then Sp4(2) = Spg(4)(j(z)) (= K) for an arbitrary
fixed x € A, and KL C C is compact. Let f be a function holomorphic on an open
set U containing K. Let I' be a rectifiable Jordan curve in U \ K enclosing . Put
z = j(z). Then by the holomorphic functional calculus in E(.A),

26) 1) =5 [ OG- 0= o [N - 2)
r r
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Now A = Ay = U{A[B] : B € B}, and by the pseudo-completeness of A, each

(A[B], || - |ls) is a Banach algebra. Also, by Proposition 5.1 of [1], there exists

B € B such that both the resolvent Ry = (Al — x)71, VA € T, and f(x) =

L [ f(AN)(A1 — )1 d\ exist in A[B] in the sense of the norm convergence in
r

27

A[B]. Consider the following diagram:

(ABL - [I8) N
idl AN
Am) S (BA D
Here 7 is a given topology of A. The map id : (A[B], || - [ls) — (A, 7) is continuous.

Also A is C*-spectral. Let p be a continuous spectral C*-seminorm on A. Let 7/
be the topology defined by 7 and p. Then (A,7’) is a Q-algebra, and the map

id : (A[B],] - |ls) — (A, 7’) is also continuous. Since j is a *-homomorphism from
the Q-algebra (A,7’) to the C*-algebra E(A), j is 7/-continuous. It follows that
the map j = j[ 4p) is || - ||B-continuous. This is used in (2.6) to show that

£(2) :j<217ri/f(/\)()\]1—x)‘1d/\>.
T

Thus we have f(j(x)) = j(f(z)). Also A is hermitian and C*-spectral. Then for
all z € A,

va(z) < p(@) = [2]) = 54().

Hence, srad A C rad A C srad A. Therefore we have rad A = srad A.

(iv) = (i) Assume that (iv) holds. It is clear that Sp 4(z) D Spga)(i(z))
for each © € A. Let A & Spg(a)(j(x)). Then Ry = (A —j(z))~" € E(A).
The function f(u) = (A — p)~! is holomorphic on a neighborhood of the closed
set Spgay(i(z)) and Ry = f(j(z)). Hence by (vi), there exists y € A such
that (AL —j(z))~" = f(j(z)) = j(y), and so j(y(ALl — 2)) = j((AL — 2)y) = I.
This implies that A & Sp;(4)(j()). Thus we have Sp;(4)(j(z)) C Spp(a)(i(z)) C
Sp;(a)(j()). Hence the +-subalgebra j(.A) is spectrally invariant in the C*-algebra
E(A), and so j(A) is hermitian. Since rad A = sradA by the assumption, it
follows that j(A) = A/rad A and j(z) = = + rad.A. Hence we have Sp 4(z) =
Spj(ay (@ +radA) = Spg(4)(j(z)). Thus (i) follows. This completes the proof. 1

We give an example of a C*-spectral locally convex x-algebra.

EXAMPLE 2.12. The Schwartz spaces S(R™ x R™) and D(R™ x R™) equipped
with the Volterra convolution and the involution:

(fog)(z,y) Z/f(m,Z)g(%y) dz and f*(z,y) = f(y, )
Rn
are C*-spectral. In fact, let f € D(R™ x R™). We put

[mm@m:/}mwﬂw@,¢emwy
J



SPECTRAL INVARIANCE, K-THEORY ISOMORPHISM AND AN APPLICATION 397
Then we can show that my(f) can be extended to a bounded linear operator 7(f)
on L?*(R") and 7 is a continuous bounded *-representation of D(R™ x R™) on

L?(R™). We show that the continuous C*-seminorm r on D(R™ x R") defined by
r(f) = I7(f)ll, f € D(R™ x R™) is spectral. By the simple calculation we have

n n—1
f[n]fo...of(/f(z7x)dz> f, neN
RW,

and

‘/f(z,x)dz <1 ifr(f) <1,
R'ﬂ,

which implies that r is spectral. Similarly, we can show that the Schwartz space
S(R™ x R™) is also C*-spectral.

Next we shall consider to characterize the spectral invariance of A by the
notions different from (ii), (iii) and (iv) in Theorem 2.11.
We define the spectrality of x-representations and the stability of A.

DEFINITION 2.13. A continuous *-representation 7 of A is said to be spectral
if Sp 4(2) = Spew () (7(2)) for each @ € A, where C* () is a C*-algebra generated
by 7(A).

DEFINITION 2.14. If for any closed *-subalgebra B of A, any continuous
x-representation 7 of B on a Hilbert space H, admits a dilation to a continuous *-
representation 7 of A on a Hilbert space Hz in the sense that there exist a Hilbert
space Hz containing H, as a closed subspace and a continuous *-representation 7
of A on H;z such that 7(z) = 7(z)[H, for each x € B, A is said to be stable.

THEOREM 2.15. The following statements are equivalent:
(i) A is spectrally invarinat;

(ii) A is spectral and stable;

(iii) there exists a spectral continuous x-representation of A into bounded
linear operators on a Hilbert space;

(iv) every algebraically irreducible representation of A on a vector space is
similar to an algebraically irreducible continuous bounded operator x-representation
on a pre-Hilbert space;

(v) every algebraicaly irreducible representation of A on a vector space ex-
tends to an irreducible x-representation of the C*-algebra E(A) on a Hilbert space.

Proof. The equivalence of (i), (ii) and (iii) is shown similarly to Theorem 6.10,
Proposition 6.12 and Theorem 6.8 in [7], and Theorem 1.6 in [6].

(i) = (iv) and (i) = (v) Assume (i). Let 7 : A+— L(V) be an algebraically
irreducible representation of A on a vector space V. Here £(V) is the algebra of all
linear operators on the vector space V. Let v #0in V, M = {z € A: n(z)v = 0}.
Then w(A)v = V, and 9 is a maximal modular left ideal of A. We define a
representation o : A — L(A/M) by o(x)(y +N) = zy + M. Then we show that

(2.7 m is similar to o.

Indeed, the similarity is implemented by the bijective linear map U : A/M +— V|
U(y +MN) = n(y)v satisfying Uc(x)¢ = n(z)UE, VE € A/N, Vz € A. We show
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that there exists a pure state f on the enveloping C*-algebra F(A) such that 7f
is an extension of 7 in the sense that there exists an injection W : V' — H; with

dense range such that
(2.8) wi(j(x))WE=Wn(z)s, xzeAfeV.

This is proved as follows. Since 1 is a maximal left ideal of A, we have SINA" = ¢,
where A" is the set of all regular elements of A. By the assumption (i), j(9) N
E(A) = ¢. Now E(A) being a C*-algebra, E(A)" is an open set in E(A). Hence

J(N) (= closure in E(A)) is a proper subset of F(A), and so

(2.9) J(M) is a closed left ideal of E(.A)

and there exists a maximal left ideal 9t of E(A) containing j(91). Since E(A)
is a C*-algebra, 9 is closed, and by p. 56 of [12] there exists a pure state f on

E(A) such that MM = Ny = {a € E(A) : f(z*z) = 0}, and by p. 53 of [12] the
pre-Hilbert H; = E(A)/N7 is complete. Since j(91) C Ny, we can define a linear
map j : A/M— Hy by

TR —

J@+MN) =j()+ Ny, ze A

Since j(M) is a left ideal of E(A) and j(A) is dense in E(A), it follows that
F7EG (M) # A. Thus j~1(j(M)) is a proper left ideal of A containing N. By the
maximality of 9 we have 9% = j71(j(MN)). Further, j71(N}) is a proper left ideal
of A. In fact, suppose j~1(N}y) = A. Then, f(j(x)*j(z)) =0 for all z € A, and so
f(G(z)) = 0 by the Cauchy-Schwartz inequality. Since f is continuous and j(.A)
is dense in F(A), we have f = 0, which is contradition. Hence j~'(N}) # A.

Since M = j71(j(M)) C 571 (N}) # A, it follows from the maximality of 9N that

N = j71(GO)) = j71(Ny), which implies that j is an injection. Here we put
W = joU~!. Then W is an injection from V onto a dense subspace of Hy
satisfying (2.8). We put g = f o j. Then g is a pure state on A satisfying

g(y*z*zy) < |zlig(y*y), Va,y € A

Hence, 7, is continuous. Further, since 1 C N, C j71(WNy) # A, it follows from
the maximality of 91 that 9 = N, = j~!(N}), which implies that the restric-
tion 7y of 74 to the pre-Hilbert space A/N coincides with o. Hence it follows
from (2.7) that 7 is similar to the algebraically irreducible continuous bounded

*-representation 7, of A on a pre-Hilbert space A/Ny. We have thus shown that
(i) = (iv) and (i) = (v) hold.
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(iv) = (i) Let = € A. This follows from

Spa(x) = U{Sp(m(x)) : 7 is an algebraically irreducible representation
of A on a vector space}
(by [17], Theorem 2.2.9)
= U{Sp(w(z)) : 7 is an algebraically irreducible continuous
bounded *-representation on a pre-Hilbert space}
(by assumption (iv))
C U{Sp(m(x)) : 7 is a topologically irreducible continuous bounded
x-representation on a pre-Hilbert space}
= U{Sp(c(j(x))) : o is a topologically irreducible #-representation
of E(A) on a Hilbert space}
= U{Sp(c(j(x))) : o is an algebraically irreducible x-representation
on a Hilbert space}
(by Kadison’s transitivity in the C*-algebra E(A) ([12]))
= Spp(a)(i())
C Sp4(x).

This completes the proof. 1§

Some comments on the relavance of Theorems 2.11 and 2.15 are in order. At
the level of general %-algebras, Theorems 2.11 and 2.15 supplements Theorem 1.6
in [6] and Theorem 6.10 in [7]. At the level of Banach -algebras, it supplements
Corollary 2.7 in [6]. Further, it follows from Theorems 2.11 and 2.15 that a Banach
x-algebra A is hermitian if and only if every algebraically irreducible representation
of A on a vector space extends to a topologically irreducible *-representation
of E(A) on a Hilbert space. This is a non-commutative analogue of the well

known result that a commutative Banach *-algebra A is hermitian if and only if
o(x*) = p(x) for all z € A, for all complex homomorphisms ¢ on .4 ([10], Theorem

35.3). Also, Theorem 4.7.11 from [17] implies that if A is hermitian, then any -
representation of a closed #-subalgebra B of A dilates to a *-representation of A.

In Theorem 2.15 (ii) implies (v) provides a converse of this.
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3. K-THEORY ISOMORPHISM AND APPLICATION TO DIFFERENTIAL STRUCTURE
OF C*-ALGEBRAS

We begin with considering the K-theory isomorphisms of Fréchet x-algebras as an
application of Theorem 2.11.

THEOREM 3.1. Let A be a Fréchet locally m-convex *-algebra in which each
element is bounded. Let A be spectrally invariant. Then the K-theory isomor-

phisms K.(A) = K. (E(A)) hold.

Proof. Let (pn)52; be a sequence of submultiplicative *-seminorms defining
the given topology 7 of A. We have A = Aj. Assume that A is spectrally invariant.
By Theorem 2.11, A is hermitian and C*-spectral. Let ¢ be a continuous spectral
C*-seminorm on A. By Lemma 2.9, ¢ = s4 = | - |,. By Lemma 2.3, (A,7) is
a Fréchet Q-algebra. Notice that rad A = sradA. Let A, = A/rad A, which is
a dense x-subalgebra of the C*-algebra E(A) and is a Fréchet Q-algebra in the
quotient topology 7,. The C*-norm |- |, of E(A) is spectral. Thus A, is spectrally
invariant in E(A). By Corollary 7.9 in [15], K,(A,) = K.(E(A)). The maps

AL A, % B
induces the *-homomorphisms for each n € N,
M (A) =5 My (Ag) = [My(A)]lg — My (E(A)) = E(My(A)).

By the spectral invariance of A in Ag, j(inv(A)) = inv(A,). Let invy(-) denote
the principle component of inv(-). Since A and also A, are Fréchet Q-algebras,
invg(A) (respectively invy(.Ag)) is the subgroup generated by the range exp A (re-
spectively exp(A,)) of the exponential function. This gives j(invo(A)) = inve(A4,),
and in view of the spectral invariance of M, (A) in M, (A,) via the map j,, analo-

gous arguments give j, (invo(M,(A))) = invo(M,(A,)). Now the surjective group
homomorphisms

inv(M, (A)) — inv(M;,(Ag)) — inv(My, (Ag))/invo (M (Ag))
give the isomorphism of groups

inv(M,,(Ag)) \ inve (M, (Ay)) = inv(M, (A)) \ inve(M,(A)).
Hence by the definition of K7,

o inv(Me(A) o inv(Ma(Ag))
(3.1) B(A) =l ) — s Tavo (Mo (Ag)) — Lt (A
Further, for B to be A or Ay, the suspension of B is
SB={feC([0,1],B) : f(0) = f(1) = 0} = Co(R, B).

We use the Bott periodicity theorem Ky(B) = K;(SB) to show that Ky(A) =
Ko(Ay). We have rad (SA) = rad Cy(R, A) = Cy(R, rad A), hence

SA, = (R, Ay) = Co(R, A/rad A)
~ (R, A)/Co(R,rad A) = SA/rad SA.
Hence by applying (3.1) to SA,
Ko(Ay) = Ki1(SAy) = Ki1(SA/rad SA)
~ K (SA) = Ko(A).
Therefore we have K, (A) = K,.(Ay). This completes the proof of Theorem 3.1. 1
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In [9], Blackadar and Cuntz have developed an abstract theory of differential
structure in a C*-algebra based on the notion of differential seminorm. Next we
investigate the properties of C*-spectrality and spectral invariance of the Fréchet
algebra defined by a differential seminorm as a typical application of Theorem 2.11
and Theorem 3.1.

Let A be a *-algebra and || - || a C*-seminorm on 2A. Let A = (] - |)™
be the Hausdorff completion of 2. Following [9], a map T : % — [*(N) is said to
be a differential seminorm on 4 if T'(x) = (T (x))5 € 11 (N) satisfies the following
(i)~ (iv):

(i) T(x) 2 0, i.e. Tx(z) > 0 for Vz, Vk.
(ii) T(z +y) < T(x) + T(y) for Ve vy € A T(Ax) = |\T(x) for VA € C,
Vo € 2.

(iii) T(xy) < T'(z)T(y) (convolution) for Y,y € A, i.e. for Vk € N we have

Ti(xy) < 22 Ti(@)T5(y) -

i+j=k
(iv) There exists some constant ¢ > 0 such that Ty(z) < ¢||z| for Vz € .
)

(v) Ti(x*) = Tp(x) for Vo € A, Vk € N.

T is said to be a differential norm if T(z) = 0 implies x = 0, i.e. (Tk)F is a
separating family of seminorms. Following [9], the total seminorm of T is Ty (2) =

By (ii

each T} is a seminorm. We say that T is a differential x-seminorm if further

o0
> Tk(x), x € A. Throughout this section we assume that T is a differential -
k=0

norm. Then Tiot is a *-norm. Let Ar = (A, Tiot)™ be the completion of A with
respect to Tios. A7 is a Banach x-algebra. We construct a Fréchet x-algebra as

follows. For each k € N, we put pi(z) = Z T;(x), x € 2A. Then each p; is a

submultiplicative *-seminorm. On A, we have

PoS<p1r <Pp2 < K Pp S Prg1 S0,

and (px )5 is a separating family of submultiplicative *-seminorms on 2. Let 7 be a
locally convex *-algebra topology defined on A by (pk)§°. We denote A, = (A, 7)™~
the completion of 2 with respect to 7 and ;) = (2, pk) the completion od 2
with respect to pg. U, is a Fréchet x-algebra and 2(xy is a Banach x-algebra. Then
we have

Ar = b(A;) : the bounded part of A, = {z € A; : Tiot(x) = suppy(x) < oo}

By the difinitions, there exist continuous surjective x-homomorphisms ¢y, : () —
A, o : U, — A. Notice that even if each py is a norm on 2{, py, need not be a norm
on 2. Also, the identity map 2 — 2 extends uniquely as continuous surjective
*-homomorphism ¢y : A(x41) — (k) such that

W) = Ay < Ay <= Agzy — -+

is a dense inverse limit sequence of Banach x-algebras. Hence by the abstract
Mittag-Laffer theorem (e.g. [18]), the projections A, = lim®A) — Ay have

dense ranges. We summarize above discussion in the following.
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PROPOSITION 3.2. Let T be a differential x-norm on a C*-normed algebra
& - ). The following hold:

(i) ™A is a Fréchet x-algebra and A, = lim Ay,
(ii) the projections A, — Uy have dense ranges;
(i) if To(x) = c||z|| for Y € A, then Ap = b(A;) is dense in U;.

Proof. (i) and (ii) were shown in the above. We prove (iii) only. Since
each py is a norm, 2 is dense in ) for Vk. Hence if 7 : 2, — QL(k) be the

projections, then 7 (A7) = A1) by above. Hence 2 is dense in ﬂ (e (7)) =

N 77,:1(2[(;6)) ;. Therefore 27 is dense in 2. This completes the proof. 1
k

We define
T = {z € Ay : pr(z) = 0},
I={zeU :p(x) =0}
Tiot = {z € Ap : pr(z) =0},
where o1 = ¢[a,.
THEOREM 3.3. Let (] - ||) be a C*-normed algebra and A the completion
of (]| - |l). Let B denote Uiy or A, with respective topologies. The following

hold:

(i) Bis a hermztzan Q-algebra;

(i) B(B) =

(iii) B is C*- spectml and spectmlly mvariant;

(iv) K.(B) = K.(A) = K.(Ux)) for all k.
Proof. We have the following diagram:

A 2, E2 k)

o
A — A
L T
A, — B,

id| 1
Q(T — E(QIT)

Case 1. Assume that T is of finite order, say n, so that T;(x) = 0 for Vz € 2,
Vi > n. Then Tioy = pp. Hence A, = %, is a Banach *-algebra denoted by 2l7.
Since Z = kerp = {z € A : To(z) = 0}, Z" = {0} by [9]. Then Z is a nilideal,
hence Z C rad®r. Thus ¢ : Ar/T — Ap/radAp, Y(z +Z) = x + rad Ay, is a
well defined *-homomorphism. By standard Banach algebra arguments, for any
z €Uy,

SleT (Z) = SthT/radQlT (Z + rad Q[T) = SleT/I(Z +I) = Splmagega(@(z))'

Now let K =7 /Z, and let ¢ : K — A be the surjective x-homomorphism induced
by ¢ : Ay — A. Since T is of finite order, Tt is analytic (p. 264, [9]), hence the
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quotient norm « on K is also analytic (p. 264, [9]). Further (K, «) is a Banach
algebra and is dense in A via @. Since (2, | - ||) is assumed to be a C*-normed
algebra, Proposition 3.12 in [9] applies showing that K is spectrally invariant in .4
via . This with above equalities implies that Spg,. (2) = Sp_4(¢(2)) for Vz € .

Now let |z| = ||¢(2)| with z € 2Ap be the C*-seminorm induced by ¢ on
Ap. Then | - | is continuous in Tie. Further, let ¢ be any C*-seminorm on
Ar, and let my : Ay — B(H) be the *-representation defined by ¢ identifying
(Ar/kerq,| - |l;)~ with an operator algebra on an appropriate Hilbert space H.
Then for Vz € Ar,

q(2)? = q("2) = |7 (2) 74 (2) | = VB(20) (mg(2) "4 (2))
< VImagew(ﬂ—q(Z*Z)) < Yag (Z*Z) = ’)’A(SD(Z)*QD(Z))
= ()| = I2*.

It follows that | - | is the greatest C*-seminorm on 2Ap (the Gelfand-Naimark
pseudo-norm) and srad 2 = ker . Hence F(r) = A.

Case 2. Let T = (T;)&° be not necessarily of finite order. For each k € N,
let BT" = (Ty, Ty, Ty, ..., Tx,0,0,...) which is a differential *-seminorm of order
k, for which ®)T} . = py, hence 91(")T{oc = (U, pr)~ = Ay. By the Case 1, A
is spectrally invariant in A via ¢ and E(2y)) = A. Thus %) is a hermitian
Banach *-algebra and E(2)) = C*(Ay) = A. Therefore the C*-seminorm
induced on 2y by @i is a spectral C*-seminorm. Now 2, = h;n?l(k). Hence

Spa, (2) = USpy,, (¢(2)) for Vz € Ar, and E(A-) = lim E(A,)) = A. Thus A,
k —

is spectrally invariant in A via ¢, srad 2, = ker ¢ and 2, is a hermitian Q-algebra.
That 2, is a Q-algebra follows from the fact that on 2., the C*-seminorm | - |
induced by the complete C*-norm || - || on A is spectral, because for any z € A,

- (2) = 1a(p(2)) < lle(2)]| = |2,

and also from the fact that | - | < the Fréchet topology on 2. We also have, for
Vze U,

Spa, (2) = Spa,,, (M (2)) = Spa(e(2)) = Spaler(2))-

This prove (i) and (ii). Then Theorem 2.11 and Theorem 3.1 imply (iii) and (iv).
This completes the proof. 1§

It ought to be true, in the notations of Theorem 3.3, that B is closed under
the C*°-functional calculus of A in the sense that given h = h* in B and a C°°-
function f on Sp 4(¢(h)), there exists y € B such that f(p(h)) = ¢(y). However,
we leave it open.

As shown in the proof of Theorem 3.3, we have the following

COROLLARY 3.4. The following equalities hold:
(i) rad A(x) = srad Ay ;
(ii) rad A, = srad .

Following [9], a seminorm « on 2 is closable if for any sequence (zj) in 2
such that ||zg|| — 0 as k — oo, a(xg) — 0 as k — oc.
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COROLLARY 3.5. Suppose To(x) = c||z|| for Vo € A. The following hold:
(i) The following statements are equivalent:

(1) T is closable (in the sense that each Ty, is closable);

(2) = {0};

(3) A C A;

(4) 2, is semisimple.

In this case, {A()} is an increasing sequence of Banach x-algebras and A, =

N Ak
k=0

(ii) If T is closable, then Tiot is closable.
(i) Z C rad 2.

Proof. (i) It is clear that py is closable if and only if Z;, = {0} if and only if
2y C A for VE. From this it follows that T' is closable if and only if Z = {0} if
and only if 2, C A. That 2. is semisimple if and only if 2, C A we shall prove
using (iii).

(iii) Let x € Z. Then x € A, and ¢(x) = 0. Hence there exists a sequence
(25,) C A such that 2, — « in 7. Therefore for all k € N, py(z, —z) — 0. Hence
Wk(xn) — Wk(df) in Q'[(k) Then

To(mx(2)) = i To(mi(a)) = lin To(,) = elim []| = (@) = 0,

where T(; is the extension of Ty to .. Hence for Vk, mp(z) € Zj C rady,.
Therefore z € (7}, ' (rad A;,)) C rad .. Thus we have Z C rad 2.
k

(i) We prove 2, is semisimple if and only if 2, C A. Let 2, be semisimple.
Then rad 2, = {0}. Hence Z = {0} and so 2, C A. Conversely let A, C A. Then
(A;)” = A. Now 2, is a hermitian Fréchet Q-algebra having F(,) = A. Hence
Rep2, = Rep A for *-representations. Therefore srad2l, = 2, Nsrad A = {0}
as A is a C*-algebra. Hence rad?, = {0} as rad®?, C srad2.. Thus 2, is
semisimple.

(ii) follows from the definition. This completes the proof. 1

Acknowledgements. Thanks are due to the referee for his suggestions.
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