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Study of self-similar and steady flows near singularities

II. A case of multiple characteristic velocity?
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University of Rajasthan, Jaipur, India

AND PHOOLAN PRASAD]

Department of Applied Mathematics, Indian Institute of Science,
Bangalore-12, India

(Communicated by M. J. Lighthill, F.R.S.— Received 23 June 1970)

We consider here a system of first-order quasilinear partial differential equations in two
independent variables: ¢, time and x, spatial coordinate. In many physically realistic
problems in fluid mechanics, a singularity of the system of ordinary differential equations
representing the steady solutions represents a critical state where one of the characteristic
velocities vanishes (e.g. sonic point in fluid mechanics). Kulikovskii & Slobodkina (196%)
have shown that the stability of all the steady solutions near a singularity can be studied with
the help of a simple first-order quasi-linear partial differential equation. The simplicity of
their method lies in the fact that all the results can be deduced from the phase-plane of the
steady equations. The analysis of Kulikovskii & Slobodkina is valid for any system of
equations, totally hyperbolic or mixed type with the only assumption that the characteristic
velocity under consideration is real and not multiple. We have earlier (1970, to be referred to
as part I) extended their treatment to self-similar flows. In this paper we have shown that in
the case of a characteristic velocity of multiplicity s (s > 1), it is still possible to approximate
the system provided there exists exactly s linearly independent eigenvectors corresponding
to this characteristic velocity. The approximate system consists of s quasi-linear equations
and we have to consider the s+ 1 dimensional phase-space of the steady equations. In the
end we have also discussed two illustrative examples.

1. INTRODUCTION

In this paper we consider a system of first-order quasi-linear partial differential
equations in two independent variables. In order to identify our results with waves
propagating in one dimension, we shall denote one independent variable by x and
the other by ¢. However, the results can be applied to a two-dimensional steady
phenomenon or anywhere else with proper interpretation of the terms ‘steady
solutions’ or ‘non-steady solutions’, etc., used in this paper, provided there are
only two independent variables. Thus we consider the system

du; | o ous | y
Ajylug, @)+ Byl ) 52+ Ol @) = 0 (6,5 = 1,2,3,.m), (L)

ox
where the elements of the matrices A" = [4};], B’ = [B};] and the column vector
¢’ = [(}] do not depend on time ¢ explicitly. The set of equations (1.1) admits two
1 Part I has appeared in Proc. Roy. Soc. Lond. A 315, 569 (1970).
1 Now at School of Mathematics, University of Leeds, U.K.
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distinct types of solutions: (i) steady or similarity solutions where in a steady
solution the dependent variables are functions of « only and in a similarity solution
they depend on ¢ and a properly chosen similarity variable £ = £(x, ¢), and (ii) general
non-steady solutions. In the case of a steady or similarity solution, the system (1.1)
reduces to a system of ordinary differential equations. In the case of a self-similar
solution a singular point of these ordinary differential equations corresponds to
states on one of the characteristics of the system (1.1) (Zeldovich & Raizer 1967)
and in the case of a steady solution it corresponds to the point where a characteristic
velocity vanishes (Kulikovskii & Slobodkina 1967). These authors have shown that
the propagation of small perturbations of steady solutions in the neighbourhood of a
singular point is governed by a first-order quasilinear partial differential equation

%+cg§=ac+ﬂx, (1.2)
where ¢ is the characteristic velocity under consideration and « and £ are two
constants independent of the steady solution. Bhatnagar & Prasad (1970) have
shown that Kulikovskii & Slobodkina’s method can be immediately generalized to
study the stability of self-similar flows in the neighbourhood of a singular point.
Following this method we can show (Tagare & Prasad 1970) that the similarity
solutions by Hunter (1963) for the flow into a cavity with variable speed of the
cavity boundary are unstable for radially symmetric disturbances. However, when a
steady or self-similar flow is stable in the neighbourhood of a singular point, we
cannot conclude definitely that the flow is stable since the source of instability may
be in a region away from the singular point. We come across this situation in many
important problems (Bhatnagar & Prasad 1970; Tagare 1970).

The simplicity and hence the importance of Kulikovskii & Slobodkina’s method
lies in the fact that the propagation, the growth and the decay of perturbations can
be studied from the phase-plane of the steady-state equations. Further, their
approximate equation (1.2) conforms to the general feeling that it is possible to
approximate the system (1.1) in the neighbourhood of certain curves in (z, ¢)-plane
(which may be characteristic curves corresponding to lower order terms) by an

equation of the type P P P op
ai5+c—¢=f‘(x ¢,—¢, ...,-——qé), (1.3)
13 0 ox ox®
where ¢ = c(x, @) (1.4)

is the characteristic velocity and p is a positive integer. The investigations of
Whitham (1959), Taniuty & Wei (1968) and Asano & Taniuty (1969) are aimed to
achieve such an approximation. The analysis of Kulikovskii & Slobodkina is valid
for any system of the type (1.1), totally hyperbolic or mixed type, with the only
assumption that the characteristic velocity under consideration is real and not
multiple.

In this paper we have shown that in the case of a characteristic velocity of
multiplicity s (> 1), it is still possible to approximate the system (1.1) in the
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neighbourhood of the singular point of the steady equations provided there exist
exactly s generalized eigenvectors corresponding to the characteristic velocity c, i.e.
the rank of the matrix B’ —cA’ is exactly n —s. In this case, the system (1.1) reduces
to a simple system of s quasi-linear equations. Throughout the paper, we follow the
convention that a repeated suffix in any term will represent a summation over the
range 1,2,...,n. Whenever we come across a summation over a different range
(e.g. 1,2,...,p) we indicate it clearly by the symbol pE .

=1

2. APPROXIMATE EQUATIONS

We consider a system of » first-order partial differential equations (1.1). The
characteristic velocities are roots of the polynomial equation

| Bis(ug, @) — Ad 5w, )| = 0 (2.1)

in A. We assume that A = c(uy, ) is a real root of this equation of multiplicity s over
some domain D of variables « and ;. We do not make any assumption about the
other roots except that they are distinct from c¢(u,, z) so that they may be real or
complex. We further assume that there is a continuous steady solution, given by
Uy, = Ug(x), of the system (1.1) such that the points (z, u;(x)) lie in the interior
of the domain D and c(u.e(), #) vanishes at some point in D which we choose to
be (0, u;,(0)) without any loss of generality. The wu(x) satisfy
Bt ) S0 4 Gy, 2) = 0. (2.2)
The matrix [B}; —cA4;;] is singular and we assume that its rank in the domain D is
n —s. Then there exist s generalized left eigenvectors

ﬂ(k) = [ﬁglk)> ﬁ(Zk)9 ceey 1(1,10)]7
satisfying By = cfA; (k=1,2,...,85=12,...,n). (2.3)

Multiplying (1.1) by B¢* and contracting with respect to the suffix 7, we obtain the
following s characteristic combinations in the form

0 0 .
Aif{a—t"‘c%}uﬁ@ =0 (1=12,..59), (2.4)
where Ay =pPA4;; and C; = pUC. (2.5)

Since the rank of the matrix, whose element in the ith row and kth column is
B, is s we can always solve

BiPAL; = Ay and BICL=0; (i=1,2,...,5j=12,..,n)

for Aj;and Oy, (k= 1,2,...,8;5 = 1,2, ...,n). Using these values of 4;; we can solve
the system (2.3) for Bj; (i =1,2,...,s; j = 1,2,...,n). Thus the system (1.1) is
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equivalent to another system of equations in which the first s equations can be
replaced by equations (2.4). Therefore, in the remainder of the paper, we shall
consider the following system of n equations

Aij%zz"#Bﬁ%%—l—Oi:O (6,j =1,2,...,m) (2.6a)
with Byy=cd; (1=1,2,..,87)=12..,n). (2.60)
We arrange the variables u,, ,, ..., %, in such a manner that the (» — s)th order
matrix By B o Bl
W= Bfig o1 Biia s o Biian (2.7a)
Bisn  Bise o Bia
is of rank # —s. Here Bf; = Byj(u(0), 0). (2.7b)

This is possible since by substituting z = 0 in the matrix [B}; —cA4};] we get the nth
order matrix [B;}] with rank n—s.
The functions C,(u,(x), z) (for i = 1, 2, ...,s) must vanish at = 0 in order that

the dependent variables u;,(x) in the steady solution are continuous functions at
x = 0. Behaviour of perturbations
?)k(.%', f) = u,c(x, t) - ulco(x) (2.8)

of the steady solution is described by the system of equations
ov; ov; .
A (g, ) -3?74— Bj(uy, x)—a;’+lf; =0 (t1=12,...,n), (2.9)

where  F(vy, 2) = Cy(uyo+ vy, ) + (0 + 0p, ) Ay (Ugo + 0y, @) datso/d
(i=1,2..5). (210a)

and Fy(vy, %) = Oy + vy, ) + Byt + vy, @) duye/da
(G=s+1,5+2,...,n). (2.10b)
We wish to retain the most dominant terms in (2.9) keeping in view that we wish
to study only those waves which remain in the neighbourhood of the singular point
for a time interval of the order of unity, i.e. those waves whose velocity of propaga-
tion is of the order of the magnitude of ¢ which vanishes in the steady solution at
2 = 0. Therefore, if § is a small quantity of first order, the quantities

V=2 @ =2 ¢ =t 2.10
i S’ € = S’ - ( . )
are all of the order of unity. The various terms of equations (2.9) have the following
expansions Ay, ) = A%+ 0(8), (2.11)

oy, @) = ma +m,(u; —uy) + O(6?)

duyg) *
= mr+m; |\~ x +m;v;+ 0(0%), (2.12)
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Ci(uy, @) = o+ otg(up,—us) +0(02) (3 =1,2,...,s), (2.13)
Fy (v, @) = ;2 + ctype( g — i) + {ma +my (g — wif )y A dd’LZO) +0(8?)
N\
= {zx,;k+mkA§"j (%%0) }vk+0(62) (t=1,2,...,8) (2.14a)

and Fi(vp, ) = OF + o, + otgg(wp, — ) + [BY + v
dug\*  (dPu)*
+ YVign(r — k)] [(ﬁf) + ( dZé“) x] +0(8?)

[ %ot Vi (d(;zo) ]vk+0(82) (t=s+1,8+2,...,n), (2.14b)

where m, m;, a;, a;, v;; and ¥y, are constants and the star on any quantity denotes
its value in the steady solution at = 0. In deducing (2.14) we have made use of the
steady equations in the form

\ »
{mm—i—mk(u,w—u;c")}A;’}(d;ZO) tax+ag(up—ul) =0 (i=1,2,..:5) (2.15a)
and

du; duie) *
OF + vz +ouling—ut) + B (G2 v (2) e

2,

+B'?=j( dszo) @ + Yy (tgo — uE) (?‘ég)

=0 (i=s+1,8+2, ...,n). (2.15b)

Substituting (2.10) in (2.9) we get

;1 v; ,
A“at'J“(sB“a I+ F, =0, (2.16)
where F; = (1/8) F; is of the order of unity.
The terms of the order of 1/8 give
B;’;aal~0 (t=1,2,..,n), (2.17)
whose general solution is

- zjlwi(x, HYI* +g,(8), (2.18)

where b®(; =1,2,...,s) are s generalized right eigenvectors corresponding to
the generalized eigenvalue A = ¢ of multiplicity s and w,(x,?) and g,(t) are arbi-
trary functions of their arguments. At the point 2 = 0 the right eigenvectors b®
(k=1,2,...,s) satisfy

BEBE* =0 (i=1,2,...,n). (2.19)

The equation (2.18) shows that in the neighbourhood of the singular point, the
significant variation in vy,v,, ...,v, with 2 is only due to the variation of s new

4 Vol. 322. A.
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dependent variables wy, w,, ..., w,. Since the first s equations of (2.19) are satisfied
for arbitrary values of b{** and the matrix M is non-singular, we can choose the

eigenvector b(%* in the form
B = [By Oy s O BYRY, ., D% (2.20q)

where 0;;,are Kronecker deltas. The last » — s components of b¥* are determined from

n
Y B = —BY (G=s+1,s+2,..,nk=12,..,53). (2.200)
j=s+1
The terms of order of unity in the first s equations of the system (2.16) give us
ov;
A% at’+ABw o T4 F, v, =0, (2.21)
where . ABy; = By(w, x) - Bj;. (2.22)
Using (2.60) we can write (2.21) in the form
0 .
A% [‘%’Jr gi] FFE v, =0 (i=1,2,...,8). (2.23)

Substituting (2.18) in (2.23) we get

8
% sz[ +{C r+ Z : Oy s +o0 }au;k] X Lywp+fi(1)  (i=1,2,...,9)
=1 L k=1

(2.24a)
where K, = A{bP*, Ly = —FEp0% ¢ —m+m-(du"°)*
ik T ik T w7 j ) x = 1 dz )
(2.24b)
Copr = M;0% B(t) = m,g,(t), [fi(t) = {A* dgy(¢ )+F (t)}
wy 771 2 [ 7 17 dz 1w 9

Thus the s equations (2.24) govern the behaviour of perturbations of the steady
solution in the neighbourhood of the singular point. In this region we can replace the
ndependent variables v, by a new system of n variables w,, w,, ..., w,, ..., w, which are
linear combinations of v;, and in the second set only w,, w,, ..., w, vary significantly
with 2. The functions w;, w,, ..., w; are the s Riemann invariants corresponding to
the characteristic velocity c. The other variables w,,,, w, ,, ..., w, are functions of
time only and they can be determined from the solution of the problem falling
outside the small neighbourhood of the singular point. The functions f;() and ¢(t)
in (2.24) can be expressed in terms of wy, , w,,,, ..., w,. If we wish to get n equations
governing the variation of all the n variables w; ( = 1,2, ..., n) we have to make use
of the last (n— s) equations in (2.9). However, if we are interested in disturbances
bounded in space and in the neighbourhood of the singular point, the functions
Ji(t) and ¢(t), being zero outside the small neighbourhood of = 0, can be neglected
from the equations (2.24) and the history of all such disturbances can be obtained
from the equations

ZK”[ (c x+ 2 Cuy g) aa@;] = SZLl-,.wr (t=1,2,...,8). (2.25)
r=1
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It is possible to get rid of the functions f;(f) and ¢(t) in (2.24) by the following
transformation: wy = Wi wk(l), @ = E+ar(l), (2.26)

where wj(¢) and x*(¢) satisfy the ordinary differential equations

$ d
38,5 2 5 Lt ) (2.27)
k 8
and dz*(t) =, &%+ 3 ¢, Wi+ P(t). (2.28)
dt 1 Ok

The constants c, and L, in (2.25) contain the derivatives (du;,/dx)* and hence the
equations (2.25) for the perturbations of a steady solution depend on the particular
steady solution. In the next section we shall show that it is possible to remove this
dependence by a suitable transformation.

3. TRANSFORMATION TO A SYSTEM INDEPENDENT
OF THE PARTICULAR STEADY SOLUTION

Let the inverse of the matrix M, defined by (2.7a), be

Dsi1,s41 Psir,sv2 -0 Psrin
P = |Pst2st1 Psizsrz -+ Psign ) (3.1)
Solving (2.20) we get Pras Prsee v P
bi* = — Z pr (k=1,2,....,8;0 =84+1,84+2,...,n). (3.2)

j=s+1

From the last n— s equations of the system (2.6a) we get

5 B*(du) . EB*(d”’“’) G=s+154+2,...,n)  (3.3)

j=s+1 dw dx
so that
duge) * _ % s (Lo -
(-d—x~) =— 2 pw{C’ + EB dx) (t=s+1,8+2,...,n). (3.4)
From the expression for ¢, in (2.24b) we get
n
Oy = My— 2 mkpij;l;- (3.5)
Jyk=s+1

The expression in (2.245) for ¢, becomes

S duio *
¢y, =R+ Elcwi( du ) , (3.6)
where R=m-— Z m; Oy p,;. (3.7)

i, i=s+1
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We define a new set of dependent variables 77, 7y, ..., 7, in terms of wy, w,, ..., w,by
duse) * .
S = v : : =12,..s). 3.8
; (dx) x+w; (¢ ,2,...,9) (3.8)

Substituting (3.8) in (2.25) we get

s 0 0 B 8 du,o\ *
2 K (’aﬁf“é&) ™. =& [E;"ir( o ) P

S s dgg) * ™ datgg) *
+j§1[Lﬁ+c“"ir§1Ki"<dx) Jﬂj—k Li’“(dx x. (3.9)

=1

Using the expressions for ;; and K;; we can write (3.9) in the form

s 0 ﬁ s (e B [s (du“’)*J
P (éz“ax) M+ 3 (b m = R| XK (g2 |

P=

s s du & n d’Ll, ES
()% o) _ * 0 .
+j§1 oy {rzl( §+1A i ) ( dw ) r:§+1Aw( d%) }ﬂ]

$ du,o\ * s du,\ * du;
W AVIES r0 70 50
+:’.§1(06“b] ) ( dx ) }x+ {rﬁlcwr ( dzx ) }A“ ( dx ) h (3'10)

In the neighbourhood of = 0, the steady equations corresponding to the first s
equations of (2.6a) give

s & L\ R L\
z{oc“bm*}(d”“’) {Elcw?(d;‘;“) }A;!;. (‘f{‘;’) = —RA} (‘%’Zﬂ) +R,  (3.11)

where B, =—o,+ Z . 01 CF - (3.12)
Jslk=s+1

i

Substituting (3.11) in (3.10) and rearranging some terms in the result we find that
the right-hand side of (3.10) can be written as
8 n dat,g\ * du, $
* plr %0 _ * kO
{ S ( 3 Aikbk)*> ( = ) S 4 ( o ) }{ 5 cwjﬂj+Rx}+Rix. (3.13)

r=1\k=s+1 k=s+1 J=1

If we use the expressions (3.2) of b{** and (3.4) for (du,o/dz)*, the coefficient of

2_, Cury T + Bz in (3.13) becomes

=1
& %
Y Afpi,CF.

7y k=s+1

Therefore, equation (3.10) finally reduces to

0 0 s .
2‘ K, (6—7;+ -ZT—) = Zlggrwﬁ-h;x (1=1,2,...,8) (3.14)
re

S
where c=Rx+ 3 Cuy T (3.15)
i=1
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Jik=s+1

g;lr = - [(O‘ijb(jr)*) =+ ( Z Azkpk] 7 ) Co J
n (3.16)
and h,=R,+R Y Azkpij*
i k=s+1

In the system (3.14) of s equations, the coefficients are independent of the particu-
larsteady solution passing through the singular point. Therefore, this system governs
the propagation of perturbations of any steady solution through the singular point.
Up to the first-order terms

w;—uf & (duge/dx)*x+v,. (3.17)
Substituting the expression (2.18) with f; = 0 we get for 2 < s
w—uf R (dug/dw)*e+w; = m;. (3.18)

Thus, up to the first-order terms the variables 77y, 7,, ..., 7 are equal to the deviations
of the first s dependent variables from their values at the singular point. When
w;, =00 =1,2,...,8),m;becomes equal to u;, — u; up to the first order. We have been
able to identify 7, with the first-order term in u;—u} (1 =1,2,...,s) due to a
proper ordering of the variables in such a way that the matrix M in (2.7a) is non-
singular. The system (3.14) governs not only the propagation of the perturbations
of a steady solution but also the steady solution in the neighbourhood of the singular
point. In fact, for the perturbations bounded in space and in a small neighbourhood
of the singular point, the system (3.14) is equivalent to the original system (2.6a).
The system (2.6a) need not be totally hyperbolic but the system (3.14) is totally
hyperbolic.
If the matrix [K,,] is non-singular, we can write equations (3.14) in the form
%’;~+ 8(,)7; Zg“.ﬂ the (G=1,2...9) (3.19)
where the constants ¢,, and &; can be expressed in terms of K, g;. and ;. To obtain
the coefficients g,,, &; it is not necessary to work out the complicated algebra of the
general theory given here. It is sufficient to eliminate the derivatives (du;o/dx)
(¢ =s+1,8+2,...,n) from the steady equations and solve for

dusfdze (2=1,2,...,8).

Approximating the equations thus obtained in the neighbourhood of the singular
point and comparing with

Co d.’l) = 2 gw(ur() )+hix3
we can easily determine the constants. The system of characteristic equations for
(3.19) are dr,

% g“.ﬂ +hx (t=1,2,...,8) (3.20a)
IS U
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and de = E] Cpp Ty + L. (3.200)
de r=1

The equations (3.19) and (3.20) remain unchanged under the transformation
my =m0 and « =28
and, therefore, the variables 7, (¢ = 1, 2, ..., s) and « can be taken to be of the order of
unity.

It is well known that any linear approximation in the neighbourhood of the sonic
point (a singular point of the steady equations) breaks down. But the system (3.19)
is quasi-linear and the nonlinear effects of the system (1.1) will be fully taken into
account by this approximate system.

4, GENERAL DISCUSSION ABOUT THE STABILITY
OF STEADY SOLUTIONS

A solution of the characteristic equations (3.20) in the form m; = m,(f), ® =(¢)
gives a steady solution of the equation (3.19) in the parametric form and represents
a curve in (s + 1)-dimensional space (y, 7, ..., 7, x). (A detailed discussion of the
results in this paragraph can be found in part I and in the paper of Kulikovskii
& S’lobodkina for s = 1.) Any integral curve of (3.20) which is single-valued in x
(i.e. for which no two values of ¢ give the same value for x(f)) can be taken to be a
physically realistic steady solution. Any integral curve which crosses the hyperplane

s
c= Yo, m+Rr=0
r=1

will cease to be single valued in x except when it crosses the plane at the singular
point which, is the origin here (figure 1). A perturbation of a steady solution

My = Tyo()
at any fixed time will be represented by a curve
;= o) + Amry(x). (4.1a)

If the perturbation is bounded in space it can be geometrically visualized as a
deformation of an integral curve of (3.20) between its intersection by two planes
x = x; and & = x,. For a steady solution, the space rate of change of the variable
7;, is given by dar 1T s

2R g, )

d.%' CO Lz-llgwﬂro_}'kzx] > (4‘16)
and the equation (3.19) tells us that in any unsteady solution the space rate of
change of 7; as we move with velocity c is again the same as (4.18). Thus, as time
increases, the two end-points at * = x, and x = x, of the deformation will move along
the integral curve. The various points of the deformation (4.1a) betweenz, < x < x,
will move along the integral curves of (3.20). Thus the propagation of any perturba-
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tion of a steady solution can be geometrically visualized in the phase-space of the
autonomous system of equations (3.20) as the movement of a curve (4.1a) whose
different points move along the integral curves. The sense of propagation of the
disturbance can be shown by arrows indicating time increasing direction along the
integral curves. In the domain ¢ > 0 the arrows will point in the a-increasing
direction and in the x-decreasing direction where ¢ < 0. If an arbitrary small
deformation of an integral curve tends to coincide with it or remains in an arbitrary
small neighbourhood of it, as ¢ tends to infinity, the corresponding steady solution

<
S
I
S 070
c”0
c<0

Ficure 1. For the integral curves crossing the plane ¢ = 0, m; ceases to be
a single-valued function of x.

is stable, otherwise it is unstable. In the case of s = 1 and s = 2, it is easier to visualize
the propagation of perturbations, since the phase-space of the system (3.20) coin-
cides with two- and three-dimensional spaces respectively. The case s = 1 has been
discussed completely by Kulikovskii & Slobodkina. If we go through every minute
detail, then in the case of s = 2, the singular point (7, = 7, = £ = 0) of the system
(3.20) can be any one of the 49 types of singularities discussed by Reyn (1964). Reyn
has drawn the three-dimensional phase-space for each of these 49 cases. The dis-
cussion of Kulikovskii & Slobodkina can be easily extended to each. of those 49 cases
where a physically realistic steady solution is possible and, therefore, we shall not go
into the detailed discussion of individual particular cases.

Let us consider anelement of volume V in (s + 1)-dimensional space (7, s, ..., 7, )
bounded by a closed simple s-dimensional hypersurface S whose points move in
accordance with equations (3.20). Using Gauss-divergence theorem in (s+1)-
dimensional space we can show that

1dv .. (dm dm, dm, dz\ i
yar = (@G G = R S 2
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which gives the rate at which elementary volumes change if the motion of the
boundary points is governed by the equations (3.20). Since the system (3.20) is
linear, by superposing the results for volume elements, we find that it remains
valid even for finite volumes. In the case of s = 1, V becomes an area in a plane
whose boundary may be taken to be the curve (4.1a) and if V, given by (4.2), tends
to zero as ¢ tends to infinity, it is found that any perturbation will die out and all
steady solutions are stable (Kulikovskii & S’lobodkina 1967). Fors > 2, if V tends to
zero as ¢ tends to infinity, we cannot say definitely that the deformation ultimately
coincides with the steady solution.

The theory of stability of solutions of ordinary differential equations has been
studied extensively during the last few years (Hahn 1963; Cesari 1963; Lefschetz
1957; Brauer & Nohel 1969). Asolutionn, = #%(t),x = «°(t) of (3.20)issaid to be stable
in the sense of Liapunov if for every ¢ > 0 and every £, > 0 there exists a § > Osuch

that whenever

[i:il {mto) —s)* +{2°(t) — y}zJ : <9,

a solution 7, = mi(¢), = x(f) exists satisfying the condition 7i(t,) = 7;, 2X(f,) = ¥

and satisfies s 1
| 5 o -mop+ eo-20p| <o
i=1

for all ¢ > ¢,. Thus the stability of a solution of (3.20) in the sense of Liapunov

implies the stability of the corresponding steady solution. The following example

from Kulikovskii & Slobodkina shows that the converse is not necessarily true:
For s = 1, the equation (3.19) can be written in the form

dc  oc

37+c%=ac+ﬂx (4.3)
with characteristic equations de/dt = ac+ fx (4.4a)
and da/dt = c. (4.4b)

If & > 0 and the two roots of the equation A2—ad—f = 0 satisfy A, < 0 < Ay,
then the steady solution ¢ = A;x of (4.3) is stable since any perturbation of this
solution ultimately coincides with it (figure 2).

The solution ¢ = A, x of (4.3) corresponds to the solution

c=Aeht, g =elt (4.5)

of (4.4) and all solutions of (4.4) are unstable in Liapunov sense, since one of the
eigenvalues of the matrix of the coefficients on the right-hand side of (4.4) is positive.

The system (3.20) is linear, homogeneous and with constant coefficients and for
such systems we have a complete theory of Liapunov stability. In fact, we have the
important theorem:

If all the eigenvalues of the (s+ 1)th order matrix J of the coefficients on the
right-hand side of (3.20) have negative real part, any solution of (3.20) is stable
in the sense of Liapunov and, in turn, this implies the stability of all steady solutions

of (3.19).
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When the system (1.1) is linear, the coefficients 4;;, Bj;, O are functions of « only.
In this case gij=0, ¢ =0 and R=m (4.6)
and the system (3.20) reduces to

dﬁ?:kix (1=1,2,...,8); ggfzmyc. (4.7)

Ficure 2. 0 = 1, § = 2.

The general integral of (4.7) is

ﬂl-alzwz“.:fi;%:fc_:%emt (4:8)
hy hy hy m ’

where a,,as, ..., a4, @, are arbitrary constants. The integral curves (4.8) form a
family of parallel straight lines with direction ratios (hy, ks, ..., k,, m) in (7, x)-space
and passing through. an arbitrary point (a,, a,, ..., a, 0) of the x = 0 plane. Thus the
steady solutions of (3.19) are

Ty = a’i+ (hz/m)a’ (7/ = 1> 2> "~78)' (4:9)

Any perturbation lying within a cylinder (a s-manifold of points) of radius ¢
with the straight line (4.9) as its axis remains within the cylinder. For m > 0, the
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perturbations move away from the singular point # = 0 with increasing velocity,
and they spread over larger regions but the amplitude

S
> (m;—1m)?
i=1

x remains constant. For m < 0, the perturbations tend to approach the point x = 0
from either side as ¢ tends to infinity and ultimately die at z = 0. As the amplitude
of a disturbance remains constant, all steady solutions (4.9) are stable.

5. EXAMPLES
BExample 1

Let us consider the following system of three equations

Ay A, Ay U 0% cA,; cd,, cAyg O, [0
Agy Agy Ay Ouy[Ot| + Ay, €Agy CAgg 6u2/8xJ

Az Az Ay a0k By, By, By Oy 0z
%113 Gp O3 Uy
T % Agg| |Usf =0, (5.1)
0 o 0 Uy
where C = My Uy + My Uy + Mg Usg (5.2)

and 4, B;; and m, are constants. The matrix M of (2.7a) is of order one:
M = [Bg] (5.3)
and | M| # 0 implies Byg + 0.
¢ is a double characteristic velocity so that s = 2.
The system (3.19) reduces to

omy  omy
T T = Tt i s (5.4)
omy Oy
ot +C‘3}E = J2171+ G227, (5.5)
where
| B B B B |
Ay -5 4 ) & -2 { A, -32A4 , 0 — 82,
g = 1 B, W BT oo = 1 u=p 1w ST p %
A B B C IR TA B B
!AZI_F:A%’ 0621~§:?;—;a23! AZI_‘BTZ';Azm 0‘22“1—3230623
B B B B
1 0011~Fua13, AIZ_B—szA13 1 0‘12”“373‘2‘0‘13, A12—E3—2A13
Goy = — 33 33 PO 25 a3 (5.6)
21T A By, B, » =g B, B,,
e E;a%’ A22~EA23 a22_B—330‘23> Azz“ﬁ?;’Azs
and
B B
All_EiAlti A12*§Z§A13
A= .
Ay By 4, Bry
21 B33 23 22 B33 23 J
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The characteristic velocity c is given by
'E 31 ) ( ‘B 32 )
C = |\ My— 7= Mg | T+ | Mg— 5 Mg | Ty. 5.7
( 1 B33 3 1 2 B33 3 2 ( )

In order to show clearly the use of the theory presented in the previous section, we
consider a very simple case. The total number of constants in (5.1) and (5.2) is 21
with only restriction that By, + 0. Therefore we can choose these constants in such a
manner that

Ju=1 012=3, gn=3, gau=1 (5.8)
and ¢ =T+, (5.9)

The system of characteristic equations (3.20) reduces to

dm,[dt = 7, + 3, (5.10)

dm,/dt = 3w, +m, (5.11)

and do/dt = m + 5, (5.12)
with general integral X1 = Ty + Ty = ayet, (5.13)
Xo = Ty — Ty = age™ %, (5.14)

and Xy =Ty +Ty— 4 = ay, (5.15)

where a,, a,, @, are arbitrary constants. In this case theline 7, = 0,7, = 0 (or y, = 0,
Xo = 01in (3, X2» X3)-SPace) is a line of saddle points (figure 3). The integral curves are
plane curves and they lie in the planes parallel to the (y;, x,)-plane, i.e.

T +me—4x = 0.
For any integral curve which crosses the plane
M+ =0, (5.16)

m, and 7, cease to be single-valued functions of # and hence such integral curves do
not represent a physically realistic steady solution. Fortunately in this particular
problem no integral curve intersects the plane (5.16) but all integral curves obtained
by putting @, = 0in (5.13) to (5.15) lie in this plane. These integral curves (for a, = 0)
do not represent any steady solution as dr, /dz and dm,/dx do not exist (or are infinite)
for them and they are excluded from any discussion in the following paragraphs.

All other integral curves represent a possible continuous steady solution given by

my = 3[(a; + 42) + agfay/(a, + 42)}], (5.17)

and Ty = $[(a, + 42) — as{ay/(a, + 42)}3]. (5.18)
Let us consider the integral curves in a plane given by a constant value of a, in
(4.15) and passing through the point 7'(0, 0, @,) in (y;, Xs, X3)-Space as shown in the

figure 3. In this plane there is only one steady solution aZ'b with a continuous
transition through the singular point 7'. This steady solution is given by (5.17) and
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(5.18) for a; = 0. All other integral curves (except 17'f) represent steady solutions
for which the characteristic velocity does not change sign. If a, > 0, they extend
from z = — }a, to x = co and if @, < 0 they extend from = — oo to x = — 1a,. In the
parametric form (5.13) to (5.15) of the steady solution, the end = — }a, is attained
as t tends to —co. When the parameter ¢ tends to + o0, all integral curves tend to
coincide with aZ'b: = g = My + ). (5.19)

A perturbation of a steady solution can be specified by its three independent
components Ay,, Ay, and Ay,. Ay, being a component perpendicular to the plane

Ficure 3. The y; axis is a line of saddle points.

s = constant in (), ¥s, ¥3)-Space, it remains constant in magnitude. The com-
ponents Ay, and Ay, give the deformation of the steady solution in the plane
¥3 = constant. An area § bounded by a deformation in this plane changes according
to the law § = S, e%, but looking at the phase-space we find that any two integral
curves on the same side of 17'f ultimately coincide with aZ'b as ¢ tends to infinity.
Therefore, if we consider a small perturbation of any steady solution such that the
initial deformation due to the perturbation lies completely on the same side of the
plane 7y +m, = 0, then the deformation tends to coincide with the steady solution
and therefore all steady solutions are stable.
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Example 2

We consider magnetohydrodynamic flow of a perfect gas through a channel of
slowly varying cross-section so that the flow can be assumed to be one dimensional.
Assuming the conductivity to be infinite and that the direction of the magnetic field
is perpendicular to the axis of the channel, we can write the equations of motion in

the form
Wy 0P\ P (B, 2B) pudd 5.20
o “ox) Bl\ot ' Tox) Adx 7 (5.20)
op . op op  Op
—a2 | Ly TP o
a (3t+u3x)+(8t+uax 0, (5.21)
0B 0B ou
it T By =0 (5.22)
ou ou\ Op BoB
and p(5+u—é§)+%+;~a—x— =0, (5.23)

where p is mass density, p gas pressure, » particle velocity, B intensity of magnetic
field, 4 cross-section of the channel, 4 magnetic permeability and a is isentropic
velocity of sound = 4/(rp/p). We set

Uy =P, Ug=7P, Ug=7u, Uy=2D, (5.24)
1 0 0 —p/B vw 0 0 —pu/B
—-a* 1 0 0 —ua® w0 0
sothat A4 = o 0 0 1 , B= 0 o B w (5.25)
0 0 p O 0 1

The characteristic velocities given by | B — /\A| = 0 are

w, u, wtlat+ (Blop)), u—ylat+ (BEop)}.

Thusu is a double characteristic velocity so that s = 2 and we take ¢ = w.The vanish-
ing of u at any point in a steady flow implies that the mass flux is zero everywhere
and hence u = 0. Thus % can be zero only in a state of equilibrium given by

uy = 0, p, = arbitrary function of x}

and Po-+ B3/2u, = constant (5.26)

in the channel. Therefore, we can study local stability of a gas at rest in a channel
with respect to disturbances in the direction of the axis. We can choose the origin of
at any point and denote the value of the quantities at origin by a superscript “*’.
Here o;; = 0 for i = 1,2;j = 1, 2, 3, 4 except a3 which is given by

Ed dA E3
a13=%(a—x—) . (5.27)


http://rspa.royalsocietypublishing.org/

Downloaded from rspa.royalsocietypublishing.org on July 29, 2010

62 P. L. Bhatnagar and Phoolan Prasad

In this case we find that

Ky =1, Kyjp=—p*u/B*?, K, =—-a* Ky=1,
Jiy =0, Cp=h;=0 for i=1,2;j=12, (5.28)
R=0,
so that the equations (3.19) reduce to

om ot = 0, omyot =0,

showing that whatever disturbances are created in 77, and 7., they remain stationary
and as time passes they do not increase or decrease in magnitude.

The above result can be explained in the following manner: 7, and 7, are two
Riemann invariants corresponding to the characteristic velocity ¢. They represent
deviations in density and pressure. Any perturbation in these two quantities leaves
the particle velocity unchanged. Therefore, if we wish to study the propagation of
disturbances only in p and p due to waves moving with velocity % we find that these

disturbances neither propagate nor grow or decay.

The authors express their sincere thanks to Mr S.G.Tagare for checking the

calculations.
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