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Families of Bose Rays in Quantum Optics

N. Mukunda,' E. C. G. Sudarshan,”> and R. Simon*
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Having known classical wave optics and wave mechanics, can we reverse
Schrodinger’s path and extend the concept of families of rays of light to provide a
new exact rendering of quantum optics including the Bose nature of photons? This
question is answered in the affirmative, and the implications of the Bose symmetry
for certain nonlocal correlations of the many-ray distribution functions are worked
out. The similarities and the differences between classical and quantum wave optics
are brought out. The ray-ray Bose correlation is analyzed. The generating
Sfunctional for the many-ray distribution functions is formulated; and the notion of
paraxial illumination for quantum optics is made precise.

1. PREAMBLE

Schrodinger,") in his discovery of wave mechanics, was much inspired by
Hamilton’s work® on the analogy between optics and mechanics.
Hamilton first worked on and discovered the usefulness of the “charac-
teristic function” in geometrical optics, based on Fermat’s least-time
principle in optics. Later Hamilton arrived at his “principal function” in
mechanics.

In optics Hamilton found, as an infinitesimal expression of Huygens’
principle, the simplest instance of the eikonal equation:

|VS(x)| = n(x) = refractive index (1)
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Here, S{x) has the dimensions of length, so both sides are dimensionless,
(To keep track of dimensions of various things, # and ¢ wiil appear
explicitly.) In mechanics he found the Hamilton-Jacobi partial differential
equation (P.D.E.), which, for the simplest case of a particle of mass m and
energy E moving in a potential V(x) in three dimensions, is

IVS(x)| = \/2m(E - V(x)) (2)

Here S(x) has the dimension of action, so both sides carry dimensions
mit~'. Hamilton’s discovery was the similarity of the above two P.D.E’s in
different contexts.

The P.D.E. (2} describes special families of classical particle trajec-
tories in phase space suitable for mechanics. The most elementary notion in
mechanics is that of an individual trajectory traced out by a mass point
following Hamilton’s ordinary differential equations of motion. In optics,
though, while (1) describes a bundle of rays in the geometrical optics limit
of wave optics,™® this bundle or family is not in any physical sense built up
from individual trajectories of some localizable physical object or entity. In
optics in this limit, the family of rays is the really primitive concept, even
though formally one can imagine a hypothetical “point” tracing a path in
space according to Fermat’s principle, formally “quantize”™® such a system
with the wavelength playing the role of 4, and thus arrive at classical wave
optics.

In any case, it is seen that in the geometrical optics limit of wave
optics, the basic notion is that of a bundle of rays, the bundle described by
the single function S(x) of (1). Schrédinger asked whether the bundle of
classical particle trajectories described by (2) could similarly be the
“geometrical” limit of an underlying wave theory, and was led to this wave
mechanics. The “geometrical” limit now corresponds to # — 0 rather than
wavelength 4 — 0; and in this limit of wave mechanics again the primitive
notion is that of a bundle of trajectories tied together by one principal
function S(x), not individual phase space trajectories.

One can now “reverse” Schrodinger’s point of view in a certain sense
and ask: having known classical wave optics and having now learned wave
mechanics, can the concept of rays of light be extended so as to provide an
exact new language in which to describe all of wave optics, both classical and
quantum, and not just its geometrical limit? It is appropriate that methods
learned in wave mechanics guide us in this task. The proper framework for
considering these questions is statistical optics, and we here restrict our-
selves to time stationary states. For a review, see the classic work of Man-
del and Wolf.*®» We have already done quite some work at the level of the
two-point function, ') and shown the usefulness of the idea of generalized
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rays at that level. A statistical state in classical (quantum) optics is
described by a hierarchy of correlation functions '™ (... }(G""™)(--.))
which will be defined explicitly later. Throughout, for simplicity, we deal
with scalar waves and ignore polarization. [A systematic procedure for
passing from scalar optics to vector optics was developed in Ref. 9 and has
been applied to several interesting problems.> '] At the level of IV
and G*"), there being no distinction between classical and quantum cases,
a partial generalization of rays of light, allowing for light and dark rays,'®
has sufficed. Their usefulness comes from their simple behavior under
various conditions.”"'") Now one can raise several questions:

(1) Is it possible to totally transcribe all the complete information of
a classical statistical state contained in the entire collection {I™™} for
n,m=90, 1,.., co, into a generalized ray language?

(2) Similarly, for a quantum state and the collection {G"™} for
n,m=0,1,.., o?

(3) What are the differences between classical generalized rays and
quantum generalized rays, which must exist and which could not be seen at
the n=m=1 level?

(4) What are the consequences of “Bose statistics” for generalized
rays, classical or quantum?

(5) While the collections {I*™}, {G"™} can be neatly handled via
generating functionals, are there similar characteristic functional methods
for handling collections of joint distribution functions for generalized rays
by working “up in the exponent”?

(6) What is the ray distribution function for a black-body cavity in
thermal equilibrium?

(7) In the quantum case, what is the most convenient definition of
the practically important paraxial situation?

In order to investigate these and other questions, we must establish
our notation and introduce the primary correlation functions in both
classical and quantum wave optics. Since much of the development is
parallel, we shall use similar notations. Without any essential loss of
generality we will work with a complex scalar field 4(x, t)=¢(x) and
distinguish operators by putting a caret on the field symbol. We shall also
restrict our attention to free space so that ¢(x) satisfies the free-wave
equation. Its positive frequency “analytic signal” part will be denoted by
¥(x). Then the classical correlation functions are given by!!>!¢

F(n'm)(xla Xseees xn; .yl, V25w ym)

= Y*p1) A F () Ylx) - (x,)) (3)
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Of the several choices available in quantum theory, we will stick to the
normal ordered correlation functions

G(n‘m)(xlv Xosews Xy V15 Vaseos ym)
= )T ) Y1) ()
=Te{dh(x)) - $(x,) AT () -9 (1)} (4)

For the (quasi) monochromatic situation, each of the x’s and y’s which
stands for both a space vector x, y and a time ¢, ¢’ can just be replaced by
the space part alone. For the full three-dimensional case, every x,,.., X,,,
Yi, ¥Ym 18 @ 3-vector, but if one wants to study paraxial propagation
problems, one simplifies further to x’s and y’s which are 2-vectors on a
transverse plane. Detailed definitions of ¥, are given in the sequel. Note
here that 7™ and G™™ have the same physical dimensions.

Now in dealing with 7'V (or G'"V) the Wigner—-Moyal transform!'”
of quantum mechanics has played the key role. Its usefulness has been
established beyond any doubt,"'®'") so we must exploit it. Even though
'V is purely classical, we have treated it “as though” it were the (unnor-
malized) configuration space density matrix of a suitable single particle in
quantum mechanics, and then exploited the Weyl-Wigner Moyal methods.
Now we make some observations:

(1) Ttis impossible to have a classical looking description of quantum
mechanics at the level of the wave function v, linear in the wave function;
while in the WKB /imit classical pictures can be used, in an exact sense any
classical-like version of quantum mechanics must use bilinears ~ynj*.

(2) Similarly, while in the eikonal /imit a classical wave is describable
in ray language, there is no exact ray-like descrition of the classical wave
which is linear in the wave amplitude. What has been earlier demonstrated
in this direction is at the 7" level.

(3) Hence a generalized ray language is not possible for all I and
G'"™); it can be achieved only for all diagonal I'"*" and G"".

(4) To handle, say, '™ and G™™), we would compare them
with unnormalized quantum-mechanical density matrices for N particles,
moving in two or three dimensions as appropriate, and then borrow the
technology of WWM (Weyl-Wigner-Moyal) to talk of N-fold joint quasi-
probability distributions of generalized (classical or quantum) rays.

(5) Thus a// the information about a statistical state in optics cannot

be recast in ray language; only that part relevant for photon counting or
intensity correlations, for example, can be given a generalized description.
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{6) In this context, it is but right to view the state space of N
identical quantum particles as a subset of the state space of N possibly
distinguishable quantum particles. Therefore to deal with I™™¥ and GV
the way we have handled 7" previously, we must develop WWM for N
possibly distinguishable particles, and then impose the “Bose statistics”
requirement.

(7) We will see later how I"*" leads to an N-fold ray distribution
function w(...); and similarly G*™") to a function W ,(...). It will turn out
that the “Bose condition” on w(...) and Wy(...) is essentially nonlocal in
terms of ray variables.

(8) We can obtain a generating functional for the ray density
functions.

{9) It is clear that the collections {wy}, {W,} cannot give a
generalized ray description of @/l features of a statistical optical state. What
then can be done for this purpose?

(10) We can fall back on the following general principle: for any
quantum system based on canonical §’s and p’s, the Wigner distribution is
always available for a classical-looking descrition of a general state. For the
quantum optical field, then, we can define the Wigner distribution
functional for the entire field, and this certainly contains all information in
the full density operator p. How are W,(...) and G**" and even G"™
obtained from the ficld’s Wigner distribution?

This essay, undertaken as an offering in homage to the memory of
Erwin Schrodinger, has thus exceeded our original limited purpose of
seeing how reversing Schrddinger’s path leads us to use the concept of
generalized bundles of light rays to provide a new language of descrition.
By the first fundamental theorem of quantum optics"'® the two point
functions G*" and '™V are in one-to-one correspondence and hence
(apart from the generalization to dark rays needed in wave optics!) no
specific quantum features come into the ray distribution function. But the
situation is radically different even for the four point functions G*? and
I'*?; and the correlated distribution of light rays reveals a rich structure
which we are only able to outline in this paper due to limitations beyond
our control.

2. QUANTUM MECHANICS FOR ONE DEGREE OF FREEDOM:
THE WEYL-WIGNER-MOYAL METHOD

Let ¢ and p have dimensions of length and momentum, respectively,
and obey

L4, pl=ih (5)
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g and p are corresponding classical real variables with the same dimensions

as ¢ and p, respectively. For any classical function f(g, p) with the
representation

f(qap)zjw on dO'd‘Cf(a‘,r)ei(“‘l“*w) (6)

~o0 Y -

the Weyl-Wigner-Moyal method (WWM)"7 associates the quantum
operator F:

F= fo jw do di J(o, 1) iei P )

Therefore dimension of /= dimension of F. To relate f and F directly,'”
let us introduce the family of operators:

Wig; P)‘z_h‘Jd“JdT ol a)—it(p—p) (8)

Here —co < g, p< c0. The important properties are:
Wig; p)" = Wi(q; p)
Tr Wig; p)=1
Tr Wig; p) W(q'; p') =2t 5(q' — q) 8(p' — p)
W(q' p) is dimensionless

1{q or p, W(g; p)} = (g or p) W(g; p)

[ or f. W(g; p)1= —if (7 or —@%) W4 p) ©)

We also recall that the trace operation in quantum mechanics (QM), and

also the density operator p, are both dimensionless. Using the above we
now have:

WWM rule

d
f 9 pf(q, p) W(g; p)
 flg, p)=Tr FW(q; p)

=qu’ei""'/”<q 1q'|Flg+1iq">

in the position representation {10}
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Then for two operator F and G
TrF6 = [[ U9 g p) 4. ) (1)

and if FG = H corresponds to A(g, p), we have

h(q. p)=(f * g)(q, p)

¢ 0 0 0

ih
= €exXp [l <3{;5p—~554 ﬂf(q, P) e PNy g p=» (12)

In all the above, % is explicit. But if we want to use WWM in a purely
classical context, we retain ¢ as position with dimension of length, and
replace momentum p by %k, the wave number & being an inverse length.
Then # disappears completely. If we wish, in that context we can work with
operators W(qg; k), which are really the same as W(q; p):

W(‘ﬁ k)z"z}y"ijdﬂjd‘c eiold—a) — ik —k)
(13)

5 L

{Q7 ’C] = i} l€ etc.

w]»—-
Sl

WWM in complex representation

For ray distribution functions, we would generalize the above to many
degrees of freedom. But for handling the scalar field analytic signal, it may
be useful to develop WWM in a different notation, but with no essential
change. To make the necessary changes, let a mass m and a frequency w
with appropriate dimensions be given. Then define:

. mof+ip o mod—ip
a= s 4=
2mw 2mw
[4,a"1=# (14)
ci—Hi+ maw

So @ and a both have dimensions of (action)"?, but no # is included in the
definition of 4 and 4' in terms of § and B, so that these equations make
sense classically too.
To accompany (14) we also define at the c-number level
:qu+zp, gt mwg—ip (15)
2maw 2mw
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and replace the integration variables ¢ and 1 by

mwt + i mwt — i
(= C¥ = e (16)
2mw 2mw
Hence,
dimension of a and a* = (action)'?, and dimension of ¢ and
&* = (action) ™12 (17)
Then
y .
dzaEdReadIma=§dqdp=—;-da* da
| . (18)
d*t=dRe&dImé=>do dz:-;-dg*dg
Hence
W(q; p) as defined in Eq. (8)
= W(a; a*) (abuse of notation!)
=ﬁjd2§ ol —Era+ ta—gat
T
h T T * E¥ g Eok
=—jd2§€éa e, (H/2YE* L+ E*a~Ca (19}
T
If f(g, p)= f(a, a*) &% F, then
- i -
fla, a*)=Tr FW(a; a*), F:-n—ﬁjdzaf(a, a*) Wa; a*)
(20)

1
Tr FG=— | d* * *
T 7Tﬁfdaf(a,a)g(a,a)

After generalization to many, in fact infinite, dimensions, this will be useful
in handling the field after quantization.

3. WWM TECHNIQUES FOR MANY DEGREES OF FREEDOM:
BOSE SYMMETRY

Now, going back to the real g — p formalism, we generalize WWM for
N particles each in n-dimensional space. The basic operators are
Gaj» Doy =1, 2,..., N = particle label

J=1,2,.., n=Cartesian component in #-dimensional space

(G o) =i 0,50 (21)
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The compressed notation is

(22)
Qa = {é:xi, éaza'", éan}’ Simﬂaﬂy fOI‘ p
Then
h nN
i) o) =(5z) [avoans
xexp [z’ » (sa-mu—qa)—ca-(m—pa))]
z=1
=W({q}; {p})"
%{40:] or ﬁaj) W({q}7 {p})} = (Qaj or paf) W({q}v {p})
Ly o . W({a)s (011 =8 = 0r === W(la): (p))
Tr W({q}; {p})=1
Tr W({q}; {p}) W({a'}; {p'})
= (2nh)™ 11 6“(q, —q,) 6" (p,—p.) (23)

a=1
Again, W is dimensionless; and the WWM correspondence is

F=| I (a;g);;) S} {p}) W{a}; (p})

a=1

fa}, {pH)=Tr Fi({q}; {p})
=[ 1 d'a.ew (z’ > p -q;/h)
x{{q—3q'}IFl {q+3q'}> (24)

For products of operators we get

FG=H: h=fx*g

h({q}, {p})=exp[ Zi 21 (@%‘52‘;%”
f({q}s {P}) g({q }s {P })lq'ﬁqﬁp&p
Y (dq.d"p,
TerG= | [1 (Tal) sttal (o)) gllad o) 29)

a=1




286 Mukunda, Sudarshan, and Simon

So far the N particles have been treated as distinguishable. How are
particle permutation operators to be described in WWM? It is quite
straightforward. i

Consider the operation P,, which interchanges particles 1 and 2 and
leaves the rest alone. Its definition and properties are

}3121{‘11, 92, Q3o Qv ) = [{€25 Q15 G300 Qv } D
Plz(éy or py;) szl =gy 01 py
Plz(‘?zj or py;) ple =gy 0r py;
P,= Pl =Py (26)
To find the WWM representative of P,,, we just use the last formula of
(24): calling the representative function P, again, we find

Putial (o) = 1 daexo (7 2 pu-ac)

e

x<{q~§q}|P12t{Q+sq}>

A N i N
=| [T @"q;exp (5 )) pa-q;)
w1 o= |

0" (q, —q,— 3(q] +45)) 6"(q: — q; — (g5 + q7))
x 0"(g5) - 8"(qy)

=84, —1) | d"gyd
x e/fPrait e a) §0(gh 4 q5)

= (2nh)" 6"(q, — q2) 3"(p; — p2) (27)

For any other pair of particles o, § with a # f, the WWM representative of
P is

Ps({a}, {p})=(2nh)" 6(q, —q5) 6" (. — Py) (28)

Pw is an element of the group Sp(2nN, R) acting on the nN canonical
pairs, since it just interchanges the §’s and s of particle « with those of
particle . Thus, if an operator F is transformed to F’ by

F =P FP (29)

then the corresponding WWM representatives f'({q}, {p}), and
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f{q}, {p}) are related by a simple exchange of arguments q, < g,
P, < P;- In fact, every element of the permutation group S acts in this
simple way: conjugation of F by any element of §, amounts to simple
permutation of arguments in the WWM representative f of F.

However, if ") is a density operator for N identical Bose particles in
n dimensions, while it is true that

Pyp™MP=p™  for each pair «f (30)
this is not the most primitive relation. Rather the primitive relation is

5V}

P =p for each pair o, (31)

from Whic? (30} follows by hermitian conjugation and the hermiticity of
p® and P,;. That (31) must hold is clear since 4" has to be built up
from vectors [y > which are themselves invariant under P _;:

P~ Puglyy =19 (Bose symmetry)
apaﬁ/_;w):/;w)
=pMPy=p", and P p"M P =p" (32)

In fact, if F is any hermitian N-particle operator obeying (31), what is the
expression of this property in terms of the WWM representative f of F?
We must use {28) and the first part of {25)! For a =1, f =2 for simplicity:

P,F=F<FP,=F
<4, Qoo Gl FIQ, Qoo @D
= {42, 41, nl F 11, Qo gy
= 41> G5, Gl F 192, oy G )
S PLoxf=f*PL=f (33)

In the WWM description this is transcribed as follows:
S5 Q25 Qs Prs Pasess P)
=(Piz# f)(91; G20 Qs P15 P2ses Pv)

A R R B
enl8E £ ()
2¢:1j:1 5%]-51%(; aprxjaqw
(2nh)" 6"(q; — q5) 0 (py — p,)
S5, Q2ses Qs PLs P2 P cqp=p (34)
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The right-hand side of this equation is really nonlocal in the arguments of
J, and by putting in Fourier representations for the delta functions we find

P,F=F
< (41, Q25 Qs P15 P2ses Pu)
d}‘lq/ dﬂpl l , ,
—JWGXP [E (p'-(4,—q2)—q ~(P1~pz))}
f(‘h _'%q,’ q> + %qls Q35 Qus
Pi— 3P, P2+ 3P, Py Pa)

< f(q1,es Qs Proeess Pw)

d'l rdn 12 .
- (gnh)”p e"p[%(P’-(quz)—q’-(pl—pz))]

@t+e 1 q+q 1,
f( 2 2q5 2 +2qaq35"'3qN’

ptp, 1 pitp, 1 (

2 zp’ 2 +2psp37'-'1 pN) \35)
The second step follows by a simple translation of ¢’ and p’. It follows that
given this primitive nonlocal relation for f, essentially a double use of it
will lead to a local but nonprimitive relation

f(qla ‘12: q3, qns Pis P2, Pi3seos pN)
Zf(an q17 Q3,~--> qN’ p29 pl’ p37"~, pN) (36)

and similarly for the other elements of S,.

4. BOSE SYMMETRY OF THE HIGHER-ORDER CORRELATION
FUNCTIONS

Let us now consider the classical and quantum diagonal correlation
functions '™ and G™*) as defined in Eqs. (3) and (4). We suppress the
time components of the arguments and imagine the space components to
be n-dimensional vectors with n =2 or 3 (paraxial or not). Then, as noted
before, both '™ and G™ have the same dimensions and, formally,
though not in terms of physical dimensions, we can say there is a similarity
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between them and the configuration space matrix elements of density
operators oY) for N Bose particles in quantum mechanics:

NN .
F( )(Xla x2""a XNa y17 y29"': yN)
or
N.N .
G( )(Xls Xose, Xy Y15 Yoouos yN)

~ (X1, Xgp0 Xyl ﬁ(N) [¥is Yoo ¥u0

within the framework of the Hilbert space H™) = L}(R"x R"x --- x R").
Now this Hilbert space is appropriate for N particles, indistinguishable or
not. So the position eigenkets |x,, X,,..., Xy » are nontrivially acted upon by
P, Pys,.,any PeSy. On H™ a general operator O has a general kernel
O(..x...;..y..)=<{..x...| O]...y...>, with no simple behavior under S .
For such quantities the WWM methods must be introduced independently
for each “degree of freedom.” Having done so, we then impose the Bose
condition! To this end, regard I'™" as the kernel of an operator 'V
on H™:

F(N’N)(xla X5y X5 Y15 Yo Y)
= <Xl’ X350y XNI F(N) Iyla yZ,"" yN>
G(N,N)(xl’ XZ’---s Xns YIs Y2,---, yN)

= <X1, X550 XN' G(N) [yla y27"~’ yN>

(37)

Now we know that I'™") is separately symmetric in each set of arguments,
and so is G'™™), In operator form this means, at the primitive level,

Py ™) = [

L . 38
P,GM=G™  1<a <N (38)

We now define the ray density functions for the classical and quantum
fields, wy and W,. For the rays we will use position vector and wave
vector description, rather than position and momentum, so # will be
absent. Patterned after Eq. (24) but rearranging the arguments, we define
the N-fold joint classical generalized ray distribution function for one ray
with parameters x,, k;, another with x,, k,,.., and the final one with
Xp, Ky as

on(xy, k3%, ks xy, ky)

s(zn)*"Nj ﬁ d"x, exp (z‘ f ka-x;>

a=1 x=1

N,N 1 1 . Ry —
TN = AKX ey Xy — 31X X+ 3X o Xy +3XY) (39)

825/18/3-4
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Similarly, we define the N-fold joint quantum generalized ray distribution
function

WX, ki X, ka5 s Xy, kiy)

z(zn)-*"Nj [N{ d" X, exp (z‘ ﬁ ka-x;)

a=1 o == 1

(N.N) 1y’ Lyl + 1 |
G (X1—§X1,---,XN“QXN,X1+5X;,--., XN+7X;V} (40)

It is true that both w, and W, are invariant under any permutation of
complete sets of ray arguments, ie., for example

(x4, k) o (x,, ky), ete.

But the more basic conditions (38) tell us that generalized rays, whether
classical or quantum, are correlated in a nonlocal way, which must thus be a
partial rendering of the Bose nature of light: from (35)

{w, or Wy(x,, ki; x5, k5o X, k)
zjd”x’ d”k’e
(2n)"
(yor Wy)(3(x; +x,) — 5%, 3(k; + k) — 3k';
X +x0) + 3%, 3k, + ko) + 5K x5, Ky o xy k) (41)

K - (xp—x2)—ix" - (ky — kg)

and similarly for any other pairs of rays. It is then a consequence of this
nonlocal correlation (41) that we have local relations like

(wyor Wi xy, ks Xo, ko Xa, Kas s Xy, kiy)

=(wyor Wyl(x,, Koy Xq, ki3 x5, kys oy X, ky)

This relation holds for both “bosons” and “fermions,” so (41) is the basic
result!

The nonlocal relation (41) contains within it the Bose effect which in a
normal Bose gas exhibits itself as distance correlations.®® In addition to
this, we know from photon number fluctuations®'? that the quantum fluc-
tuations must include both the particle fluctuation ~<{#n> and the wave
fluctuations ~ {n )% We shall take up these two questions in the following
two sections. But before that we wish to make a number of observations:

(1) For any fixed N> 2, the set of all I'™¥)(x;y) is a proper subset
of the set of all G™V)(x,y) = the set of all (unnormalized) N-particle boson
density matrices (x| p™ |y>. This is so for the following reason: While
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Ir'™Mix,y), G™Y(x,y), and (x| p*" |y) are all hermitian, positive semi-
definite, and Bose symmetric, 7""(x;y) has to be an ensemble over
realizations of the special form

YY) by a) (X)) - (xy)

For instance, an allowed G*? and 3, but not I'>?, is

$*(y1,¥2) (x4, x2)
(X, X2) = u(X,) v(x,) + u(x;) v(x;)

(2) We recall that G™™ and I'™™ have ecigenmode decom-
positions; but while an eigenmode that enters in 7" must enter all ¥

it is not necessary that the eigenmodes that enter G‘“! be present
in G (2)

(3) The set of all I'™(x;y) can be realized as moments of a
probability functional; but the corresponding generalized diagonal weight
functional is not pointwise positive for the set GV (23.16)

Many of these questions would benefit from a detailed analysis of the
multivariate ray density functions. In this paper we shall attempt only the
implications for the pair correlations of light rays.

5. CORRELATIONS OF LIGHT RAYS

For the case of N=2 we get the bivariate light ray distribution
d"x d"k'
—
(2m)"
Wa(5(x +x2) — 3x’, §(k, + k,) — 3K';
2% +%2) + 3%, 3k + k) +3k)

W, kys %o, k) = |

k- (x1 = x3) o —ix"- (kj — k)

An identical relation obtains for w,. This somewhat untidy relationship
would look much more satisfactory if we use the average and relative coor-
dinates

x=1 k=3(k, +k;)
E=(x;—x,), n=(k, ~k,)

and abuse notation by writing

Wix, k; & n)=W,(x;, k5 x5, ky)
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Then the Bose property demands
dn é/ dn ’1 ’
(2n)"

For each x, k the distribution in the relative coordinates and momenta &, y
is self-conjugate in the sense that

Wix k; & m) = | e EN W KT, ) (42)

dné/ dnrll
(2m)”

This symplectic-invariant transformation would take us from the Wigner—
Moyal function to the ambiguity function® in the normal case, but here
the two coincide.

There are many solutions to this functional equation. If g(&, ) is any
solution, then so is the function

f&m=| e i€ M-Em) f(E, 1) (43a)

52
g:(&, n)—(+ﬁ2 e th 22 ) <iﬁzé?+ﬁ2n2) g(&n)
A set of distinct solutions is provided by

Z EomPm(E/B) ,(1B) (43b)

b =exp (3¢ H ) (430)

gm= (1"t g ifm+n=even, g,,=0 ifm+n=odd

Here H,(¢) are the Hermite polynomials and S has the dimensions of a
length.

All these functions ¢,(¢) are bell shaped and show that the beam
spreads extend over a phase cell. This is the spread in the relative wave
vectors k and position x and is over and above the beam spread inherent in
the wave nature of light.

This additional correlation between the light rays is a manifestation of
their inherent Bose symmetry and is an alternate manifestation of the
positive distance correlation in an ideal Bose gas.*® Since it depends only
on the symmetry of the (N, N) order correlation function valid for both
'™ and GV, we see that this aspect of the Bose symmetry of light rays
is valid for both classical wave optics and quantum wave optics.

It is now useful to consider the relation between the various mul-
tivariate many-ray correlation functions especially since this would bring
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out essential quantum field theoretic differences. As a preliminary to this,
we need to consider the WWM formalism for many degrees of freedom in
its complex form and its limit for dealing with operator analytic signals.

6. WWM IN COMPLEX FORM FOR MANY DEGREES
OF FREEDOM

We start with 2M hermitian operators

obeying
[g4,, p,1=1ih6,,, rs=1,., M {44)

Then, using M masses m,, m,,..., m,, and M frequencies w,, ®,,..., ,, (for
keeping dimensions correct) we arrive at 4, and 4! obeying

[an :] h 5”’ [dr’ ds] = [d:’ d:] = O (45)

Then we generalize Eqs. (19)-(20) thus: If g={(a,, a5,..., ay)=3a set of M
complex numbers, {=(¢, &,5,..., &) =similar set, with g having dimen-
sions (action)?, and ¢ having dimensions (action) ',

. Mo (f
Wig: a* =J‘ P a2E Vot d ot o e fretg—g gt
wie9)=[ 1 (Fa¢, e d e (46)
The dot means product and sum over M terms. Then any operator F has a
WWM representative f:

fla; a*)=Tr FW(g; a*)

r= jn( ) flai ) Wiasa®) 47)

TrFsz H (d2 )f(a a*) gla; g*)

r=1

In the above we can connect to real ¢'s and p’s by

4 _~mrwr(jr+£ﬁr é%_m’w’é’_tﬁ’
’ 2m,w, ’ " Zm,w,
Ve Ve (48)
_m,qur+lpr a*__mrqur—lpr

a,= s ro—
2m,w, N 2m,w,
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Now the WWM rule associates, for any A= (4;, 43,..., 4a/),

e}“f‘ﬁ“é <____.)WWM et ¢ —i%-g

or

emﬂ“‘gﬂ‘ e“}*'é D e

AM 0 0N e
en A

Therefore, expanding the exponentials and comparing terms, we see that

. WWM [;@M@@
P9

it --dl a
ar .- at dy e—ex
day da,

eM2)d% 2 phog* — 4% g

s s, . (49)

* #*
]arl...armaﬂ...as

yoe=1

Thus, for any operator F with WWM representative f, we have
Tr(Fal, ---af d,, - d,,)

—Jﬂ(dz )f(a *)cx[ Z o ]a —ata,---a, (50)
- nh = P 8a*@a s o

ra=l r—l

In the case F= p = density operator for some state, we will write ¥ instead
of f, and associate the factors of # in the volume element with W: ie., we
will say

. WWM
p e

s 1M W(g; g

_h M
)W(Q;Q*)exp[—z—hz Z/Ea*aa] ata,--a,

1

Wig: a*) = TrpW(as a*)) (51)

This is arranged so that the volume element [](d”a,/z) in this case remains

acceptable classically.
Now we can set up the formulas for the spinless scalar field. Start with

the classical Lagrangian, then proceed. Just to have all factors in place, we
write
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L= 40,8 9=~ LYY

8oo= —1

x°=ct
é(x) = ¢(x, t) =real scalar (52)
7(x} = canonical momentum = —6—5 = E— ¢(x 1) (53)

The equation of motion and equal time Poisson brackets are

DZ¢(x)s(V2—§§;)¢=o

(54)
{d(x, 1), m(x'; 1} =8P (x—x'),  rest zero
The general solution is
=L L gt cree), K= =ae
(2my” ./2k°
(55)

-l 3 ko ik ox
n(x)szd k\/-;—(a(k)e —¢.C.)

So ¥(x), the analytic signal positive frequency part of ¢(x), is given by

(27:)3/2J alk) e

$(X) + e () (56)
=3 (#00+ o)

Y(x) obeys a first-order equation of motion®%%¥;

—w = —ie/=VIy(x),  Yx=e VY%, 0)  (57)
It follows that
P(x) < g (x, 0) = (x) <SS g(k)
{8(x, 0, 7(x', 1)} = 6O (x = x) & {a(k), a*(K')} = —idP(k —K')

rest zero rest zero

lC ik (% %"
= 0 )} = j%oe (x=x)

—ic

1
=7 et (X = AT =x50), sy (58)
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In the spirit of an earlier paper” by two of us, we define a space S of
solutions ¥/(x) as foliows:

)
=W 11912 = [ klathor < oo (59)
This norm |¢|* can be written as

)2 = j d>x ¥ (x) B (x)
_ X = [ @ x@opx) i)
zé [ @ x g~V 2 yix)
=§ | @x((=92)2 p(x))* d(x)
(W', ) = | dka'(k)* a(k)
=% [ @y 0% (=922 pix)

=2 [@x(- vy i) (60)

So
s={oe0livP=2 [ expe (VP u<mf 6D

Let us introduce a complete orthonormal basis in S, based on {f,(k)},
r=1,2,.,©

j d*k f(k)* f(k) =3, i f(k) f(k)* =06k~ k')

BN
dlr(x)”“(zn)g,/zfﬁk‘of( )ek

(o) =2 [ 23,008 (=T px) =6,

3
Z W (x) ¥ x)*~(22)3j§k§ Kox) A (x—x30) (62)
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So {¥,(x)} is an orthonormal basis for S. If a general ¢ € S is expanded as

V=Y a(x)a,= (b, )
r=1 (63)

©
Hlp”zz Z 'ar|2a {am as*}PAB_Z _iérs
r=1

To quantize, we promote a,, a;f to operators and set up the analytic signal
field operator

J(x)=3Y 4y.(x), 4=, ¥

Pi(x) = Z atyr(x),  al=0hy,)

[d,, al]1=hé,; [Y(x), §'(x)]=ih 4T (x—x'; 0) (64)

It is consistent that 4,, d,, a], a* all have the dimensions (action)'/2
Now, to set up the WWM machinery, we pick a sequence of complex
numbers {a,} and define formally

Mla)s o2)1= fim [ 11 (706 Joro (Y. )rp (S era

r=1
h M M
ep| 52 e+ (era,—tat) | (65)
1 1
This is nothing but (46). Formally taking the limit M — co, we identify

Y(x)=Y a,y,(x)eS

&x)=Y & (x)eS
’ (66)

YERE=(0)

Y &ai =, ¢), ete.

Now we define in a heuristic way

WIy(-);¥*(-)]=an operator functional of Y(-)e S

= L DE* DE exp(, &) exp[ — (&, §1)]

exp[ (& 8+ (&) — (s é)] (67)
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W is a functional of Y(-)e S, and the integration variable £(-) also runs
over S. If Fis an operator,

&M FLW(-): ¥*(-)] = functional on §
=Tr FWY(- ) ¢*(-)] (68)

Also the WWM treats elementary exponentials as follows. For any (.)€ S,

exp(¥. 1) expl — wjmexp[ h(w]exptw — ()]

exp [g (l’ A):] = limit of €Xp [‘2‘ Z )v:k )“r}

2

—h 0 .
—exp[ Z&a* P ] acting on exp[ (¥, 1) — (4, ¥)]

= exp (%h A) acting on exp[ (¥, 1) — (4, ¥)]

In detail:
T WWM ﬁ
exp(, 1) expl — (s )] &% exp (—§A>expw D= ()
8
— 3 3,0 A4+
a=i[ @y [0y 0=y g ()

Comparing coefficients, we have

QZ}T(YL\’"'J)T(ym)l]}(xl)“'l];(xn)
WWM Wh
S exp (54 ) )WY b (10)

We can use this to express the G for a quantum state p. Notwith-
standing troublesome infinite powers of #, we can formally define the
Wigner distribution function for the whole quantum field as a functional

on S:
WY ¢*())=Tr pWTY(-): ¥ *(-)] (71
Then the hierarchy of quantum correlation functions is
G (X5 Xa s X3 Y15 Y2 s Yom)

=Tr(pd ()07 (v) B(x1) -+ $ix,)
= | D Dy WLH( ()]

-exp("zr)w*(y,) R U)oU) (72)



Families of Bose Rays in Quantum Optics 299

In this form, since the WWM method treats the two factors in the Trace
FG symmetrically, we see that the quantum features reside in /wo places: in
WLy (-); ¥*(-)], which is a real but not necessarily nonnegative functional,
and in exp((—#/2) 4). The factor exp((—#/2)A) reflects the normal
ordering in definition (4).

This is reminiscent of the “excess fluctuation” of the photon counts?!
including the particle-like Poisson noise in addition to the wave noise:
(n?y—<{ny?=<nd*+<{ny. We may compare (72) with the heuristic
classical case:

T (X ey X3 Y g ey Yot)
= YH(y) YY) Y(x) - Y(x,))

=L Dy D PR ) * ()19 (y ) - ¥ (yn) w(x)) - d(x,)  (73)

We see that W is replaced by P which is a “pointwise” nonnegative
functional on S, and exp(( —#/2) 4) is of course absent. If, however, we use
the diagonal representation®” of Sudarshan, then in place of (72) we have
the formally simpler expression

G(n,m)(xl 90 xn; yl 3y ym)
I

= JS Dy* D ®LY(-); y*(-)]
W) YY) Y(x) - Y(x,,) (74)

so the factor exp((—#/2) 4) is removed, and W gives place to the more
singular (in general) functional @. Now comparing the classical (73) with
the quantum (74), the only change is the replacement P[y; U*] -
D[y y*]. All quantum effects are now in @: again all this is because we
have normal ordering in (4).

7. THE N-FOLD RAY DISTRIBUTION FUNCTIONS

In this notation what do the N-fold ray distributions w, and W, look
like? The expressions are quite nice. From (73) we have for the classical
ray distribution function defined by (39)

opmxy, kX, kyi Xy, ky)

=f Dy* Dy PLY(- ) ¢ *()] 0 )(x1, ki) 0 (x5, ko) -+ 0P (xx, kiy)

= <w(1¢)(x1, k,) wﬁ‘“(xz, k,)--- a)(l‘/’)(xN, ky)>s (75)
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the ensemble average being over the classical ensemble defined by

PLy(-);¥*(-)]. Here
0%, k)= (2m) " [ d'x e* T Y(x IV YHxH3X), YeS  (76)

is the random-valued generalized ray-distribution function we would have
defined at the level of I''“Y for a random-valued pure state e S!
Moreover, from (74) the same w{*) suffices to express the quantum ray
distributions W, provided we use the weight functional @:

Wx, kX, kas s Xy, kiy)

= [ DY D SLY () Y ()T 0P (x,, ko) - 0 (X, k)
= (OP(x1, k) 0P Xy, Kn) (77)

The quantum nature is partially rendered in the relations between the
different Wy's. From (75), since P>0, if we have a nontrivial field of
illumination so that the classical ensemble has some nonzero ¢, then

0 (X, K)#0 - wy(x, ki Xy, ky) #0 forall Nz=2

But in the quantum case we can have a state g with a finite number of
photons, and then W, wvanish for large N! Thus W /(x,k)#0 #
Wylxy, Ky s Xy, ky) 50 for N2> 2. We come back to this later, But first
let us develop generating functionals for w, and W,!

These are quite easily set up, based on the expressions (75) and (77).
To begin with, we deal with the classical w : since (%) as defined in (76) is
a real function of x, k, it suffices to introduce a real “external source”
function A(x, k) and set up

<exp [i j d"x dk A(x, k) o(x, k)]>

P

o N
=14 3 [k drey dky Ak -
noy NI

Axyky) op(x ks xyky) (78)

Thus the entire collection of classical generalized ray distributions can be
handled compactly “up in the exponent.” If we wish, the expression in the
exponent could be rewritten in the spirit of {11) as

j d"x d" A(x, k) 0(x, k) = (2n)" | d"x d"x' T(x; %) (x') Y *(x)

I(X; x,)zjd"ki<x_;x , k) ok (x—x)) (79)
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so that we have

<exp [i(zn)" [ dmx anx T0xs ) pix) w*(x>]>

P
oc iN
=1 +N§1mfd”xl Ak, dxy d7hy A%, ) -
Axpky) op(x ks xyky) (80)

Now we can compare all this with the expression (77) for the quantum
functions Wy, and immediately sec that the ensemble averaging is to be
done with respect to @ rather than P: but in terms of p this just means
normal ordering! Thus we have

w N
1+ Y -;V—!fd”xl dky - d"xy Ay A(X k) -

N=1

A k) Walxiky; . xpky)

=Tr [ﬁ: exp {i(Zn)" J d"x d"x' 1(x;x') ¢ i(x) &(x')} :] (81)

Comparing expressions (80) and (81), we can say that in classical
statistical optics the generalization in the concept of rays that has been
necessitated already at the level of dealing with the two point function
ItV leading to bright and dark rays (just a consequence of WWM in
QMY), is all that is needed in generalizing rays to handle '™ for all N,
apart from the Bose correlation of rays. This is because the averaging in
(80) is over a positive semidefinite functional P[..] describing a true
statistical mixture. In quantum mechanics, on the other hand, the normal
ordering needed in (81) tells us that when we go from N =1, ie, G*Y, to
N 22, quantum-generalized rays acquire “new properties” not seen at the
level of GV, Simply because @[..] is not a probability, that is all. Since
the entire difference is caused by the normal ordering in (81), the situation
is qualitatively similar to the difference between a classical state possessing
first-order coherence and a quantum state possessing first-order coherence,
as explained, for example, in Ref. 16. Suppose for some classical statistical
state we know that in terms of some ¥y (x)e S

D0 y) = Qo) YY)D = o(x) Y (y) (82)

Then the ensemble consists only of (complex) multiples of y,(x)! That is,
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there is some probability distribution p(z) over the complex plane, zeC,
such that for any functional f[¥(-); ¥*(-)] the ensemble average is

Vo). *ws*(-)]
wal = ey &Y

ST =] 21 |

[ @z 2%zp(2) = Iyol?
C

Then all '™ factorize:

T (X X5 V1Y) = VnmWo(X0) - Wo(X) Y1) - Y& (V)

Pam =5d22|§§ﬁ:32” B = (84)
Then the generalized ray distributions are
On(X1ky; s xnky) =yyoPO(x, k) 0k y) (85)
where y, =7y, » is nondecreasing:
L=y 1=y <y, <3< (86)

On the other hand, if we have a quantum state § for which
GV y) =Tr(pd (y) Y(x)) = Yo(x) Y& (y) (87)

then p has to have the following general form: we define
2 3 * 23172 1
Qo) = (o, ¥) == | dx Y (x)(=2) 2 h(x)

o) = (o) =2 [ 5 ()T (=922 ()

(88)
[a(Wo), d(¥o) 1=H 1l
[¥(x), d(yo)"]=Ho(x)
and the most general g obeying (87) is
_ ¥ o1 apo)' \"
=, 2, i <ol 'm>_ﬁ<h*/2nwon) 07 )

e o]

Z mpmm: ”l/JOHZ/ﬁ

m=0
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Then since
(l//o)
¥l 27

a(‘//o)
ol

Y(x) p=o(x) =5
(90)
Phx) = y(x) p——5

the other G are

G™™M(X, - X,; ¥; Y = G Wol(X1) WX WSV 1) U (Vi)

(91)
_ B TY{A ( ao)' )"*( a(o) ”
S gl L \H R Tl )\ ol
The quantum generalized ray distributions are
Waxikys o xyky) = gnoP0(x, k) - 00 (x vk y) (92)
Ex=E8mn
Comparing (92) with (85), we see that y, has been replaced by g, :
= 25 212V
VN"',W lizde lZ P(Z)
A EEAN
=2 Tr[p: (bTH)":
v =Ty r{p:(670)":]
_ dly)
b= 20 93
Aol ®3)

This is just the same normal ordering seen in (81) as compared to (80)! So
its main general effect must be qualitatively similar to its effect in the
special case of first-order coherent fields where while y, cannot decrease,
g certainly can; and in fact for a state with at most N, quanta, &n,+1 and

all higher g’s vanish: ie, for such nonclassical states, Wyoi1=
WN0+2_ :O

8. DISCUSSION

In this paper we have raised and partially resolved the question of the
description of statistical wavefields in terms of bundles of rays. This ray
description is an exact transcription of the wavefield phenomena, both
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classical and quantum, and not a short wavelength limit. For the standard
optical phenomena described by the (1, 1) correlation function we need to
generalize the notion of a bundle of rays to include both light rays and dark
rays. There is a conjugacy between position and wave number so that the
bundle has a minimum spread over a phase cell. When we go to the N-ray
distribution function, there are additional Bose effects leading to ray-ray
correlations: these obtain both for classical and quantum fields.

The distinction between the two comes when ray distribution functions
of N, and N, rays are compared. In classical wave optics if N, ray dis-
tribution is nonvanishing, N, ray distribution is also nonvanishing as long
as N, and N, are nonzero; but for quantum optics, this need not obtain.
This in turn can be traced to the diagonal quasi-probability functional in
quantum optics®® not being necessarily pointwise positive.

In classical optics paraxial wave propagation is an important special
case.®#142%) For paraxial propagation the wave equation can be rewritten®’

or  * 207
Y =
U= (é‘x% * 0x3 do @r) #lxix;07) =0

with
o=ct—x5, T=4(ct+x;)

If we consider quasihenochromatic® light with wave number =~ pu, the
wave equation can be rewritten

8 1 5

1 P 2 (Vo' ¢

This 1s now quite similar to a two-dimensional Schrédinger equation. First-
order axial optical systems acting on such wave amplitudes realize the
Sp(4, R) group which can in turn be realized by the fundamental represen-
tation in terms of the paraxial light rays. Elsewhere""?” we have
elaborated on these questions.

The question now arises as to the paraxial nature of a statistical
ensemble and, therefore, as to how the N-ray distributions are paraxial.
For classical wave optics this is straightforward: if all the components of
the ensemble are paraxial with approximately the same axis, the resulting
wave field ensemble is also paraxial. The N-fold ray distributions will all
deal with paraxial rays. Recall that no ray can be present which is not
already present at the (1, 1} level!
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For the quantum optics case also this continues to be true. If the (1, 1)
Sfunction describes a paraxial bundle of rays, all the N-fold ray distributions
must be exclusively paraxial.

It is unpardonable to conclude this essay without computing the
N-fold ray distributions for a cavity at temperature 7. But Erwin
Schrodinger generally concentrated on the essential principles from which
other conclusions, which were but natural consequences although impor-
tant ones, generally were omitted. We use this as our excuse.
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