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and of longitudinal meson waves

2 2
or X (1455 L
W,

5 2w%)(a+1_>gz)2+(w2_§9§_1w8)'
2 w3

(43)

If we let y— 0, the first just becomes 67(a?+ w3)~! which is the generaliza-
tion of the Thomson formula recently given by Dirac. On the other hand,
the scattering cross-section of the longitudinal waves goes to zero as x>0
as we should expect. The relation of this theory to the quantum-mechanical
cross-sections will be discussed below.

The sufficient condition for the correctness of the above cross-sections is
that the maximum velocity acquired by the neutron shall always be small
compared with unity, i.e. that f<1. For longitudinal mesons the field
varies in the direction of motion of the neutron, so that we have further to
consider the approximation made in taking the field acting on the neutron
as the field at the origin. This approximation will be a good one if the
amplitude of the neutron f/w, is small compared with the wave-length
(wg—x*)4, in other words if f< 1.

The cross-section (42) in common with the corresponding cross-section
given by Dirac has a very interesting property. For w,>a=3M/2¢2 it
becomes proportional to wg 2, since then @ may be neglected. In other words,
for extremely high frequencies the scattering ceases to depend either on the
mass M or the change ¢ of the neutron. It is clear that a behaviour of this
sort cannot be approximated to by a series in ascending powers of g2.

The above cross-sections neglect the effect of the spin S, of the neutron,
which was put equal to zero at the beginning. Its effect will be treated later.
The effect of the spin term is to alter the angular distribution of the emitted
mesons, but not to change the relative order of magnitude of the transverse
and longitudinal cross-sections.

As we have already stated in the introduction, by treating a field classic-
ally instead of by quantum mechanics we neglect the momentum properties
of the individual field quanta. Classical formulae will therefore be correct for
those processes where the momenta of the field quanta concerned may be
neglected. For the scattering that we have calculated above, this will be
so if the momentum of a meson is small compared to M, the neutron mass.
Hence the formulae (42) and (43) may be taken at once to describe the
scattering of mesons by neutrons up to meson energies #w, small compared
to 10°eV. They will still give the correct order of magnitude for energies of
10?¢eV. They may be taken to supersede completely the formulae previously
given by Heitler (1938) and myself, from which they differ by an order of
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magnitude. Our theory shows that the scattering of mesons is a small effect,
the cross-section being of the order 8mg%/3 M2 ~ 10-28 cm.2, though scattering
may be through large angles when it takes place.

The expressions (42) and (43) show another curious effect. Mesons of the
same energies will have a very different scattering, dependent on their
polarization. The scattering of longitudinally polarized mesons is less than
that of transversely polarized ones by a factor x2/w2. When scattering does
take place, however, the scattered mesons will be transversely polarized
in most cases, so that their chance of being scattered again will be much
greater.

RELATION TO THE QUANTIZED MESON FIELD THEORY

We now wish to compare the results we have obtained above with those
derivable from the quantized theory of uncharged and charged mesons. In
the notation of a previous paper (Bhabha 1938) the interaction energy of
neutral mesons with a neutron can be written in momentum space in the
form

_ 1 . — P =
Io = % m [ - Zgl{r=zl, 2arp(arp - brp) —;l; (aSp + b3p)

)

+ag, % (@ - bsp)} T3 eX]p {—— % (p, X); + conj.’ complex:l . (44)

This only differs from the corresponding expression (58a) in the above
paper for charged mesons in having the isotopic operator 7, instead of
Typ and 7py. For brevity we have omitted the g, term. The interaction (44)
contains the mass of the meson x, and has terms which increase propor-
tionally to the momentum or energy of the meson. According to the pre-
valent view an interaction of this sort should lead for high energies to
multiple processes and explosions of Heisenberg’s type. This is however not
so. The scattering of neutral mesons by neutrons calculated quantum-
mechanically by Booth and Wilson* leads to a result which for meson
energies small compared with the rest mass of the neutron agrees with the
above cross-sections (42) and (43), if we neglect there the effects of damping,
that is all the terms in square brackets except a. For higher energies the
cross-sections decrease with increasing energy. This clearly demonstrates
that interaction terms which increase with increasing energy of the particles,
as in (44), are not sufficient to produce Heisenberg explosions. It becomes
clear from our classical calculations and the above quantum-mechanical

* Dr Heitler has also calculated this result in the non-relativistic case.
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result that the mass of the meson has nothing whatsoever to do with the
fundamental length required by Heisenberg for the occurrence of explosions.
It does not yet follow that no explosions involving neutral mesons will occur,
for as we have pointed out in the introduction, the existence of the g, term
introduces another length in the interaction independent of x4, and we have
not yet shown that this will not lead to explosions.

One can also see that the mass of the meson will not lead to the occurrence
of Heisenberg explosions by the general argument given by me ina previous
note (1939). For according to the prevalent view the critical energy 7y above
which multiple processes become important is smaller the smaller y. In the
limiting form of our theory y = 0, which constitutes electrodynamics, all
energies are therefore above the critical energy (which in this case is zero),
and hence if this argument were correct, we would always expect explosions
to occur. The well-known results of electrodynamics show that this argu-
ment is wrong, and that in the actual meson theory for energies large
compared with y we should expect the theory to behave progressively
more like electrodynamies. This expectation is also confirmed by our treat-
ment of the classical meson theory, which shows that for high frequencies
wy> X all processes approximate with increasing closeness to those on the
classical Maxwell theory.

It is not possible to use the same argument for a charged meson field, for
a limit to the case g = 0 is not then possible. This is due to the physically
evident reason that a field with g = 0 must propagate itself with the velocity
of light, and if such a field carried electric charge, the electromagnetic fields
concerned would become infinite. In other words, a charge-bearing field
cannot exist without having a fundamental length y or a mass u associated
with it.

This is also put into evidence by the scattering of charged mesons by
neutrons calculated in an earlier paper. In the non-relativistic case, with
gs = 0, this cross-section may be written for longitudinal mesons in the
form

g* (0§ —x)*

const. T (45)
and is zero for transverse mesons, as has also been shown by Heitler (1938).
(45) does not contain M but p in the denominator. It is therefore much
larger than (42) and (43), and goes to infinity as x— 0. This behaviour is
directly connected with the charge of the meson, for whereas on the present
theory a positive meson may only be absorbed by a neutron and emitted
by a proton, a neutral meson may be absorbed or emitted by either a neutron
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or a proton. There are thus twice as many intermediate states leading to the
scattering of neutral mesons as of charged mesons, and these largely com-
pensate each other, reducing the cross-section (45) to magnitudes of the
order of (42) and (43).* Since however the interactton of charged mesons
with neutrons and protons has no correspondence with any classical theory,
" T do not think it is yet possible to say to what extent this part of the theory
is correct. The cross-section (45) is in any case too large to be reconciled with
experiment. '
The fundamental equations (26) have only two constants of the dimen-
sions of a reciprocal length in them. Using the value of g given by ¢?/fic= %,

their magnitudes are

a= et = 3x10%em.d,

24 (46)
¥ = 5x102cm. 1,

We see that with the actual magnitudes of the constants as they occur in
nature
a>x.

Electromagnetic theory is the particular limit where y = 0. Hence we
should not expect the meson theory to differ much from electromagnetic theory
for frequencies wy>x. Characteristic differences will become marked only for
frequencies wy < x. This is all borne out by our previous calculations and is
contrary to the prevalent view. The formulae (42) and (43) show that the
effects of the reaction of the emitted meson field on the motion of neutrons
becomes important when w,=> a. Its effect is small for v, <a, for its neglect
is equivalent to the neglect of all the terms in the square brackets in (42) and
(43) except a. The energies concerned are very large, being

fhwyzfia~10M ~100eV,

Since the quantized theory of the neutral meson field neglects this reaction,
we have good reason for believing that it will be correct to a good approxi-
mation up to this energy, and only go wrong above it.

APPENDIX
To solve the equation (3) we first solve the equation
.0 0 . 7\ 9 ’ ’ ’
(50 i+ 47) 6 = Bleo—a) 8 —a0) 8o 3) e =), (47)
w

* T am indebted to Professor Pauli for drawing my attention to this point in a
letter.
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The solution of this can be written in the form of a quadruple integral with
respect to four variables py, Py, s, s, and for brevity we shall write all
formulae as if these constituted the components of a four-vector:
ole 2 L " dpodpadpadpy e 4
(xp, x,) = —Wfff _ . Podp, 9P, Pam- (48)

The denominator in (48) has two roots given by
Do = £(P*+X),
3
where p = p}. We write u, = «,— a7, for brevity. In order that the solution
1

shall not tend to infinity for small %, we choose the path of the p, integration
to go from —oo to 400 and pass in the complex plane below both the
singularities +./(p%+ x?), or above both of them. The p,, p, and p; integra-
tions go along the real axis from —oo to +o0. In order to see that (48) is a
solution, introduce it into the left-hand side of (47) and interchange the
orders of integration and differentiation We get at once

L Apodpydpydp, €PuT ") = 8z, — ),
(2m) o

which proves the result. ¢ is the Green’s function of this equation.
To evaluate @, we first introduce polar co-ordinates for p, and carry out
the angular integrations.

1 etDotto+iUy
(277)3%8%” pp"p —p2—x2

Now carrying out the p, integration, we are left with the residues at the two
poles + /(p?+X?),

ao etV @2 x2)+iuwp . )
i U R I R e"]’
which, writing p = xsinh ¢, becomes

19 e .
T (2m)2u,0u, J_&,dqsm{x«/(u%—“f) coshq} ifuy>|u,|.

If | wy | < | w, |, we get sinh ¢ instead of cosh ¢, and the integral vanishes. For
uy> | u, | the integral is just equal to 7.J{x /(ud—u?2)}.
If u, <0, the path of the p, integration in (48) can be deformed into an
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infinite semicircle below the real axis with centre at the origin, and hence ¢
vanishes. We thus arrive at the result

Gy, 2,) = — ‘11;”%% ) (48a)
with TN =)\ up>u,
F = 0 | | <, (48D)
0 U < — Uy

If we choose the path of the p, integration in (48) to run above both the
singularities +./(p%+ x?), we obtain the Green’s function (48a) with F given

by

0 Uy > Uy
F = 0 | uo | <, (48¢)
T @ —ud)  up< .

The differentiation with respect to u, give the d-functions at u, = u, due to
the discontinuities in . Our final result can then be put in the form given
in the text.

In differentiating U, with respect to the co-ordinates, we notice the follow-
ing points.

8y =%, —2,(T).

Hence, when s, occurs inside an integral,

0s,(T)
5%, a9, (49)

and 0s(r) ¥ .
or, s

When it occurs outside an integral

88[4(70)

0Ty
ox, o

= 05, —v,(7,) _90: .
Since 8,(79) 8%(Tp) = O,

as,u(TO) —

f = O

8H(1y)

0Ty _ 8"

ox, «’ (60)

Hence

where K = s,v"
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. ov, (1) . 0Ty 0,8
LA A, S
Similarly o, v, - K’
OK(T s ,
T -k,
with k' = s,0m

In differentiating the integral in (9) it should be remembered that we get a
contribution from the change in s, according to (49), the limits being kept
fixed, and a contribution due to the change of the upper limit 7, according
to (50).
We now calculate the flow of energy and momentum out of the world
tube. This is given by
- f 7,48,

where diS” are the components of an element of the three-dimensional surface
of the world tube. The world tube is determined by

8,8* = 0.
’ ! (51)
K= 8,0t = e.J
Hence, for variations dx , on the surface,
stdx, = stv,dr = edr, (52)

vtde, = (1—«')dr.
Multiplying the first equation by (1 —«’) and the second by e and subtracting
{sM(1—«") —vte}dx, = 0.

Hence, s,(1 —«')—v,¢ is the normal to the world tube. Its absolute length
is €4/(1 —2«’). The normalized normal is therefore

_s,(1—K')—v.e
LT e -2k

The surface of the world tube at any point can be determined by three
vectors €, ¢® and ¢®. Two, say ¢® and €?, can be taken as pure space
vectors lying in the surface of the two-dimensional sphere in the rest
system, i.e. the system in which the retarded point is instantaneously at
rest. The space components of ¢® are then along the normal to the sphere,
i.e. proportional to s;. The time component is determined by (52). In the
rest system v, has the components (1, 0, 0, 0) and therefore s, = ¢. Hence

€® = (1—«')dr.

(53)
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It is also normal to N, so that
—8%'(1—K')dr +s(1 —«') P = 0,
ie. P = —%K'd'r.
The length of ¢®is /(1 — 2«’) dr. Thus an element of volume corresponding to
a displacement dr of the retarded point is
d8 = \(1-2«")drdo,

where do is an element of the surface of the sphere round the retarded point.
It finally follows that

dS" = N"dS = {s,(1-«')—v e} edrdw, (54)

dw being an element of solid angle in the rest system.
From (12) and (13), on the world tube
8,0,—8,V, 8,0,—8,0, §,v,—8v, ,
_ga/?v_ Ves v ,u,+ I3 v62 vie_°p V€3 v ,uK (55)

and _ga,w_ ?;8 % 68» E g2 _ " sy, (56)

where we have separated terms of different order in ¢ by a comma. The first
term in (55) is of the order ¢, the other two being of order e~'. G2, is of
order 1. dS¥ is of order ¢2. The energy tensor (14) may be written

— TO + Tmlx_|_ T?unw
where T, is the tensor Whlch only consists of G, and U}. Since G, is of
order 1, 1t may be treated together with Gin. 7' When 1ntegrated over the
tube is of order €2 and may be neglected. In T/‘{},ix, we need only consider the
first term of order ¢~2in (55), and neglect the «’ term in (54), since these give
contributions of higher order.

Now from (55) and (54)

——G’o A8 = {v,(1—«')+ev,} dodr. (57)
Therefore
1 : s,—€v, S,—€v, , v, , v Sy, s, 02
O as = [ g e e T ey S quar,
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For the purposes of integration we note the following formulae, which can
be derived easily in the rest system, and then written at once in tensor form.
4, is any tensor not a function of position on the sphere:

1
Ef(sl‘_w") dw =0,

= f s, dido = Ay = v, A5,

[ (58)
v,4” for =0,
%fsﬂs,,A”dw = { ~
™ —34, for pu=k
= —%Aﬂ+%vﬂv,A". )
With the help of these \
1 0 (0o 4. 1 0 (0pc 21%2-2

—‘I;J‘{G/WG v+ 4g/wGpo»G P }dSV =g é—e—'—gvﬂv dT. (59)

In calculating the flow due to 7"32x we notice that the first term in (56) will
contribute nothing. For this could only give a contribution when multiplied
by the first term of (55). But the first term of (55) when multiplied by itself
should have given a contribution of order ¢~2 to (59). (59) shows that this
term vanishes. Since the first term in (56) is just — x%?/2 times the first term
of (55), it will give no contribution to the energy flow. The second term in
(56) is continuous everywhere and hence may be just considered as a part
of Gi2. For brevity we will not write it explicitly in the calculations and add
it in the final formula. Using (54), (55) and (57)

— %f{gzo_gino‘v + G}ETGO ”,,} asy

— 8,0, .
g f “i&?ﬁ%‘ G, (s, —v,6)dwdr +g | GRv’dwdr

=g[— %’Ua' G a.,u + G,iu?rvo'] dr
= 59 Gipvdr (60)
1 -
Next, L R T

— 8,V .
_ .S_ggfspvo'ez A PGlnpq(sﬂ_evﬂ) dwdT
= — %g G}}},v"dT. (61)

We have still to consider the U, terms in (26). The first term of (9) is of the
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order ¢!, so that only the product of this term with itself will make a
contribution to the energy flow:

—EJ‘U U,ds» = — 2 XV ”(s" ve)dwdr
dm) E Y e -

szg,wU Uﬂd&»—g2"f W=k udr = 0

Adding (59), (60) and (61), we finally find for the energy flow out of a length
dr of the tube ;
19 .
I:g2(§ —ef —-3v, 1)2) +9(G%+ Gn)v” |dr,

which is the result quoted in (19).
We now derive the expressions for the potentials U, at a large distance E
due to a neutron oscillating according to

2y =£~sinw0t; 23 =23 =0.
Wy

For this purpose it is convenient to write the expression (9) for the potential
U, by partial integration in the form

U=gf" drixs) g;(%) (62)

To the first order in £ 2 = (T'—¢)2—
k= (T-%) ——X,b’cos e,

Therefore fl—(ﬁ) = _Boosin oot + 0( ! ) + O(6?),

dr\ k T—t (T —t)?
d (00> _ PwyX sinw,t
dr (T—t2

Hence from (62), neglecting higher orders,
I s __Boysin vyt
b= gf o % (o2 o o) { (s2+ Ba)F }
= —g'82—(:°[ei%1’ I — conj. complex],
where I= f , ds 52_-:3735']0()‘8) g~y V(s*+RY)

_ 00+iwad @ d S J —tg V/(s2+R?)
o R R s R
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Now by a well-known theorem of Bessel functions (see Watson)

0 S e"'R\/(XZ‘HUoz)
ds—— . J —wgV(EHRY) — 7
fo SN/(Sz_*,Rz) b(Xs) e~ JOE T 02)

Therefore e~ BV (~0?) P
wtivy  g—RV(x2+wgd) twg R or [wo| <,
I =f o doy g =
iw, NP+ 0F) | emiBVEE-x) p
e for |wy| >
Twe R [@o] > X,

neglecting higher powers in 1/R.
Hence, at large distances

=
gﬁeos'{waT —RBJ(@§=x3)} | o] >x,

which is the result quoted in the text.
We similarly find

N R _@OXsinwot
Uy = g_[o ds (4 Rz)gJo(Xs){ S+ R?

Here we have to integrate twice with respect to w,. After some easy analysis
we get the result quoted in the text in (37).

SUMMARY

The vector equations for the meson field and their associated energy
tensor are taken as exact, and the meson-field quantities are taken as
commuting classical variables. A self-consistent classical schemeisdeveloped
for treating the meson-field and point neutrons (or protons) moving along
classical world lines. The scheme takes account of the reaction of the emitted
meson field on the motion of the neutron. The mass of the neutron (or proton)
which occurs in nuclear phenomena is shown not to be the real mass but less
than it by about ten million volts. For high-energy phenomena the real mass
counts. Formulae are given for the scattering of mesons by neutrons which
are valid to energies comparable-with the mass of the neutron, and supersede
the previous formulae. These show that for the same high energies, longi-
tudinally polarized mesons are scattered much less than transversely
polarized mesons, giving them much greater penetrating power. It is shown
that classically the reaction of the emitted radiation is not important till
energies of ten times the neutron mass and hence that the quantized neutral
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meson theory which neglects this is valid up to about these energies. It is
proved that the rest mass of the meson is not connected with Heisenberg
explosions, but that if these exist, they must be due either to the spin
interaction g, or to the fact that the meson field is electrically charged.
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