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Classical theory of mesons

By H. J. BEABHA
Gonwille and Caius College, Cambridge

(Communicated by P. A. M. Dirac, F.R.S.—Received 11 April 1939—
Revised 29 June 1939)

The quantum theory of the meson (Kemmer 1938; Frohlich, Heitler and
Kemmer 1938; Bhabha 1938; Yukawa, Sakata and Taketani 1938; Stueckel-
berg 1938), in spite of its great similarity to the quantum theory of radiation,
differs from it in certain important respects. The total Hamiltonian for the
system of protons or neutrons and mesons contains terms in the interaction
energy of mesons with the heavy particles which increase with increasing
energy of the mesons. This has brought physicists to the prevalent view that
for high energies this theory leads to large probabilities for multiple processes,
and to explosions of the type first investigated by Heisenberg (1936).
Indeed, the possibility of such processes has recently caused Heisenberg
(1938) to take the position that they set a limit to the applicability of quantum
mechanics. Connected with the same behaviour of the interaction is the fact
that many effects, such for example as the perturbation of the self-energy
of a proton calculated to the second order in the interaction, diverge more
acutely than in ordinary radiation theory, and this has led Heitler (1938)
and others to doubt the correctness of the fundamental equations even
for mesons of energy comparable with their rest mass.

All the above views are in essence based on the results of second-order
perturbation calculations. There is, however, another approach to the
problem. Using the commutation rules for the observables and the well-
known equations of motion of quantum mechanics, we can derive exactly
from the same Hamiltonian on the one hand the Dirac equation for the
proton or neutron under the influence of a given meson field, and on the
other hand the equations of the meson field influenced by the presence of
neutrons. (For brevity we shall henceforth only speak of neutrons, whereas
our remarks will apply equally well to protons, since the two are on the
same footing as far as this theory is concerned.) Treating the Hamiltonian
“classically ”’, that is, treating all the observables occurring in it as com-
muting variables, we can as usual again derive the same two sets of equa-
tions. Inthis paper, as a first step in the problem, we shall deal with classical
equations, since it is possible either to solve them exactly, or at least to give
approximate solutions the errors of which can be strictly estimated.
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Now meson theory differs from ordinary radiation theory in three
particulars. First, the mesons have a finite rest mass . Secondly, they
have a direct interaction with the spin of the neutron characterized by the
constant g,, besides the constant g, which corresponds to the charge in
electromagnetic theory. Thirdly, the meson field itself may carry electro-
magnetic charge. It should be noticed at once that g, is of the dimensions
of alength times charge, so that the meson theory introduces two independent
lengths which may be defined by x = %/# and g,/g,, and although with the
experimental values of the constants these are of the same order of magni-
tude, theoretically the two must not be confused as there is no connexion
between them yet. As has already been mentioned the quantized meson
theory seems to lead to results different in many essentials from those of
radiation theory, and in order to determine to what extent this is due to
each of the three differences mentioned above, we shall deal as a first step
with a theory which differs from radiation theory in only one particular.
In this paper we shall investigate the classical behaviour of an uncharged
meson field with a characteristic length y connected with the rest mass p,
while the constant g, will be put equal to zero. In the course of the paper the
result will be established that the finite rest mass of the meson introduces no
essential difference in the behaviour of mesons at high energies and hence that
the fundamental length required by Heisenberg cannot be identified with y.
The type of explosions tnvestigated by Heisenberg, if they exist, cannot therefore
be connected with the rest mass of the meson but would be due either to the
interaction constant g, or to the fact that the meson field carries electric charge.

We shall assume that the equations for the meson field influenced by
the presence of neutrons are exact. On the other hand, we should not
expect the Dirac equation describing the motion of the neutron under
the influence of the meson field to be exact, since this neglects what is
the equivalent of radiation damping on the neutron. We shall therefore
derive new classical equations for a point neutron from the consideration
that energy and momentum must be conserved. In this way we shall
arrive at a self-consistent mathematical scheme which is entirely free from
any difficulties about infinite self-energies. This scheme is a generalization
of the scheme already obtained by Dirac (1938) for the classical behaviour of
electrons and radiation, and goes over continuously into it as the mass of
the meson tends to zero.

By using these equations we shall calculate the scattering of mesons by
neutrons and obtain a formula which is a generalization of the Thomson
formula as modified by Dirac. It will appear that as far as the classical theory
is concerned, we can at any stage in the calculations put y = 0 and make a
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transition to electromagnetic theory without getting any infinities or in-
consistencies. For mesons the classical theory is also of practical interest.
The treatment of a field classically instead of quantum-mechanically is equi-
valent to a neglect of the momentum properties of the individual light
quanta. We may therefore expect the classical theory to give correct results
for all processes where the momenta of individual mesons is small compared
with the rest mass of neutrons. This covers the whole field of nuclear
phenomena and an important part of cosmic-ray phenomena. The classical
theory will give correct results for mesons of a few hundred million volts,
and will even give the correct order of magnitude for mesons of 10%eV.

THE MESON FIELD OF NEUTRONS

We shall use tensor notation throughout, and for the purpose of raising
and lowering suffixes use the fundamental tensor g, defined by gy = 1,
911 = Ja2 = Ja3 = — 1 with all the other components vanishing. The velocity
of light will be put equal to unity. We shall further use the notation of
writing « for 4 (u,u”)}, where u,, is any vector. We assume that the meson
field is described by potentials U, and field strengths 7, which satisfy the

equations
0 0
&, —4m8,, = — (w U o Uﬂ),l

N 0
XU 4R, = G, J

(1)

where y = u/fi, u being the rest mass of the meson. In classical theory
neither x nor # will appear explicitly, but only through the constant y
which is now a fundamental constant belonging to the field. The limit g = 0
corresponds to the limit y = 0, and in this case the equations (1) become the
Maxwell equations. Since we are dealing with neutral mesons, we may take
all the quantities in (1) to be real. R, is a four vector describing the effect of
the neutron ““charge’ on the field, and S, is an antisymmetrical tensor
describing the effect of the neutron dipole moment. From the second of
equations (1) it follows that

0 0
e ‘v ="R.
X U= B @)
A proton remains a proton and a neutron a neutron when a neutral meson is
absorbed or emitted. We may further assume for the purpose of this paper
that the emission of no charged mesons takes place. The right-hand side of
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(2) then vanishes, and hence also the left-hand side. It then follows from the

equations (1) that
0 0 0

2] — .
ax axﬂU,,-ka,, 477R,,+47raw”5'”,,. (3)

It is shown in the appendlx that the solution of (3) can be given with the
help of a Green’s function in the form

i) = [[[[ o 6t ) Bt + 52 80027, @)

where x/ stands for the four variables x; x’, Zq , z5. The Green’s function for
P 0> 1 ¥25 3
this problem is

| 28(u?) — % J1(xu) Uy > U,
G(xp, wp) = 0 I uol <u, (5a)
0 Uy < — U,
or
0 Uy > U,
6(a,.)) = ‘ ol < (50)
' 28(u?) — % J1(xn) Ug< — U,

3
where we have written u, = z,—2/, and u, = ‘1‘_‘, (—uiuw*)t. Here J, is the

Bessel function of order 1. We shall frequently have to make use of the
following properties of Bessel’s functions:

s, 4(8) = ——{s‘"J ()} (6a)

To(8) = o (66)

s—>0 2y 1
We notice that the Green’s function only has a singularity in the form of a
d-function, the second part dependent on y only contributing a plain
discontinuity on the light cone. This part tends to zero as y — 0. This is the
basis of all the results which will follow below, and shows at once that the
worst singularities in the meson field are identical with those of the electro-
magnetic field, the additional singularities being of lesser order.
In the classical theory we must treat the neutron as a point with a dipole
attached to it moving along a classical world line which we assume to be
given. We denote its co-ordinates by z, which are functions of 7, the proper
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time along the world line from some arbitrary point on it. Consistently with
the quantum-mechanical expression for R, as a charge-current density, we
now assume

Ry=gu[ " dron) s —m) 8@ —2) 0 -m) 0=z, (D)

where v, is the velocity £,. We shall denote a differentiation with respect to
the proper time by a dot. g, is a constant playing the part of a charge.
Similarly we may write for 8,

S =] _dr () dag—20) S =) M=) O =20), (8)

the S, being a function of 7 satisfying the relation S’2 = constant along the

world line. g, is another constant. The S, term can be treated exactly like

the R, term, but on account of the very much greater complication which it

introduces, we shall omit it from this paper in order not to confuse the issue.

Since g, does not occur any further, we shall simply write g instead of g,.
Introducing (7) into (4) and using (5a)

vV To UV
Urei(a,) = gz—gxﬁwdf;«fl(xs}, (9)
where =z, —2,(T),
sl‘ » /‘( ) } (10)
K = §,v"

Iz
and 7, is the proper time of the “retarded” point, i.e. the point on the world
line such that s,s# = 0 and s,>0. We at once make the convention that
whenever any quantity dependent on 7 does not occur inside an integral
with respect to 7 then it is to be taken at the retarded point 7 = 7,. Thus the
first term on the right-hand side of (9) is v,(7,) [{x, —2,(7o)} v*(7,)]~*. This is
the expression corresponding to the retarded potentials. There is a similar
solution given by (5b), which gives one the advanced potentials. In this paper
we shall only consider retarded potentials since the theory is quite sym-
metrical in retarded and advanced potentials.

From the first of equations (1) it then follows, using the rules that are
given in the appendix for differentiating with respect to x,, that

Gt = G5, + G, (1)
where sz = —g{sﬁ?})—aﬂ‘ (1 —-KI) + 8_/‘?%%} s (12)
K K

with &' = s,0%, and
28,0, — 8,V To . 8,V,—8,V
G = g% 2k gy f g ). (13)
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The first term of G, is singular on the world line, since its value at any
point on it is not unique, but depends on the direction from which the point
is approached. Both G%, and the part dependent on y in Ujet of (9) are,
however, quite finite at all points of space including the world line of the
neutron, and tend continuously to zero as y—>0. The only infinities in the
retarded field are therefore contained in G, which is just the Maxwell field
for a moving-point charge. The expressions (5a, b) and (11) show explicitly
that the singularities in the meson field are no more acute than in ordinary
Maxwell theory, and further, that the limit to the case y = 0 can be made
continuously.

The energy-momentum tensor 7', corresponding to the equations (1) in
a region not occupied by a neutron is (see for example Proca 1936)

2
4nT = Go 0%+ 19, Gy O+ 20,0, - %0, U, 07 (14)

In the absence of neutrons, the solution of (1) can be written in the form of
plane waves

U, = a,cos(w,2"), (15)

where the direction of polarization a, and the direction of propagation v,
satisfy the relations which follow from (2) and (3)

o0k = 0, }

16
00" = X2 (16)

The energy momentum tensor for this solution, using (14), is, on the
average,
1
—gwﬂw,,ocz. (17)
We notice that since «, is perpendicular to the time-like vector w,, «? is
negative.

THE CLASSICAL EQUATIONS OF MOTION OF A NEUTRON

We have now to find the classical equations of motion of a neutron to take
the place of the Dirac equation of the quantized theory, and we further wish
to take account not only of the effect of an external meson field on the
neutron, but also of the reaction of the neutron’s own radiated meson field.
The easiest way to do this is, following Dirac, to consider the world line of
the neutron as given and to enclose it by a narrow tube, the radius of which
will in the end be made to tend to zero. We now derive the equations of
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motion from the condition that the flow of energy and momentum out of a
portion of the tube in the presence of an external field as calculated by using
(14) shall only depend on the conditions at the two ends of the tube, that is,
that it shall be a perfect differential. We shall thus have conservation of
energy and momentum, and the reaction of the radiated meson field will be
included in the equations.

It can be shown easily that our results will not depend on the actual shape
of the world tube. It is convenient to take the world tube defined by

K =8,0k = ¢, (18)

where ¢ is some constant which in the end will be made to tend to zero. s o
in accordance with (10), is the distance from a point z, on the world tube to
the retarded point z,(7,), so that s* = 0. If we fix our attention on any point
on the world line in the Lorentz frame in which the electron is instantaneously
at rest, then a sphere about this point of radius e taken at a time ¢ later is a
section of this world tube.

It is shown in the appendix that the flow of energy and momentum out of
that portion of the world tube with ends defined by the proper times 7, and
Ty 18

f ”dr[gﬁ(f@ — 30 02) +g(G, + Gin) v"] (19)
" 2¢ 3% g o po ’
where terms which vanish with ¢ are omitted. G is the incoming external
field, defined, following Dirac, as the actual field G%5* at the point minus the
retarded field G4t given by (11),

Gin = @act— G, (20)

@fw is the second term in (13) of G%,,
Gp= =gt an ) (21

The first term of G%, in (13) is not single valued on the world line. Itsvalue
averaged over all directions of approach to a point on the world line is,
however, zero. We may alternatively look on G~/?g,, as the value of G%, at any
point averaged over a small region of space surrounding that point. G%, will
then be identical with G, everywhere except on the world line, where it
will reduce to (21). In expression (20), the values of G and ﬁ%,, are taken
for any value of 7 at the point on the world line corresponding to it.

In accordance with what we have said at the beginning of this section, the
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integrand of (19) must be a perfect differential, since it must only depend on
conditions at the two ends of the tube. We must then have

19 . i '
¢ (éz" —%—v»vz)+g<%+%%> v =B, (22)

where B , 18 some tensor. Multiplying (22) by v, we see that B , must satisfy
Bt = — 3g%2. (23)

Here we have made use of two of the relations

2 = 1,)
v, 5" =0, (24)
v, B4+ 02 = 0.
Therefore B , must be of the form

B, = B, +3¢%,,

where B;vﬂ = 0. The simplest assumption for B; is to put it equal to a

constant times v,. Writing the constant in the form (1/2¢ — M), we finally get
for the equations of motion

Mb,—39%5,— 39%0,0% + 9(G%, + (i) v7 = 0. (25)
Dividing by £¢? and introducing (21), we may write them in the form

dr' S,uva(Tl) —;80'1]/1(7/)
8

: T
T T
b, =6, — v, —gx7|

3
Joxs) = — 5 O, (26)

where we have written a for 3M/2¢%. Explicitly, s, = z,() —2,(7'). These are
the fundamental equations of motion of a neutron in a meson field. They
have a very similar form to the equations recently given by Dirac (1938)
for the classical motion of an electron in an electromagnetic field. The only
difference is the appearance of the term G’,’gy. It shows that the motion of the
neutron at a time 7 is influenced in principle by the whole previous history of
the neutron. In practice, however, the integral (21) converges fairly rapidly,
and only the behaviour at times not very much earlier than 1/y will be of
importance. This is what we should expect, since meson waves are propa-
gated with all velocities less than that of light so that a neutron may be
influenced at a time 7 by a disturbance it has emitted at an earlier instant.
We notice again that the equations go over quite continuously as y— 0 into
the equation given by Dirac. We shall return to this point later.
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The equations (26) with no ingoing field, that is with the right-hand side
equal to zero, have solutions of two types, as in the case of the equations
found by Dirac. We can see at once that v, constant is a solution, for the
integral vanishes from antisymmetry since in this case s, is proportional to
v,, and the other three terms also vanish. The second type consists of solutions
in which the neutron by itself works up an acceleration at an ever-increasing
rate. We shall not consider these in detail. The corresponding solutions when
x = 0 have been given by Dirac. It is enough to say that following Dirac
we must postulate here also that only those solutions occur in nature for
which the velocity does not tend to infinity as time progresses. Boundary
conditions restricting the allowed solutions to those which do not tend to
infinity at large distances are common in physics. We have here for the first
time a boundary condition in the time co-ordinate, restricting the allowed
solutions to those where the velocity does not become infinite in the infinitely
distant future.

ENERGY OF THE FIELD ASSOCIATED WITH A NEUTRON

Pryce (1938) has shown that it is possible to alter the definition of the
electromagnetic energy-momentum tensor when a charge is present, so that
the total energy associated with a point charge is finite. It is possible to do
the same for the meson field. Since we have already shown that the singulari-
ties in the meson field are identical with those of the electromagnetic field,
the additional terms being finite, it follows that we can at once take over the
tensor which has to be subtracted from (14). The new definition of the energy-
momentum tensor 7'/, for the meson-field energy is then

0

—x—K
v axo_ ouvr

7, =T (27)
where the tensor &, is the one given in the paper of Pryce.

We now wish to calculate the meson-field energy associated with a
neutron at rest. Instead of starting from 7", it is more convenient to do it by
a different way. For a neutron at rest at the origin

exr
Uy=9 r

3
; U=U=U,=0 (7’2=2x§).
1

In this case, using (14) and (1),

3 /5 L \2
4mTo =} 21(@(]0) +x2 05

k=
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We surround the neutron by a small sphere of radius e. The meson-field
energy outside this sphere given by (14) is

7. dvol = L [[3(L0) + 22l dvol
[muwaver = g [|3(06) +2208)  vol

s vl v)-20.2Z Ut et dvol
T 8m) Sy o\ %0x;, °) 4 0022 ° X" ’

The last two terms cancel each other in free space by (3), and the first term
can be transformed to an integral over the surface of the sphere

_1 J(U:U)ds g2[ +x] —2xe-—%{——x+0(e)}

If ¥ = 0 this is just the electromagnetic energy of a point charge. The
subtracting of the tensor «,,, has just the effect of cancelling this term, since
Pryce has shown that the electromagnetic energy of a point charge is zero
with a new definition of the type (27). Hence the meson-field energy of a
point neutron consistent with the equations (26) as defined by the tensor (27)
is just —3g*v. The mass of the neutron which plays a part in nuclear
phenomena is not the real mass M but an effective mass M’ connected with
M by

M = M —Lg%x. (28)

We shall come across this point again later. For the scattering of mesons,
however, and for all processes where frequencies comparable with y are
involved, it is the real mass M that matters. Using the actual values of
M, g and y, we find that M’ differs from M by about ten million volts, or
roughly 1 9%,

SCATTERING OF MESONS BY NEUTRONS

We now consider the solutions of (26) where the external force on the
neutron has the nature of a harmonic oscillation along the z-axis. In other
words, we put

GiB = 7y cos wyt,
iln0 in ’ } (29)
G5 = G5 =
where we have written ¢ instead of 2z, to conform to the more usual notation.
We shall solve these equations for the case where 7y is small, so that the
velocity of the neutron is always small. We choose our co-ordinates so that
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the neutron executes oscillations about the origin along the xz-axis. We write
the solution in the form

B

2= —a—);sin(wot+8); 2y =123=0, (30)

where ¢ is a phase and £ an amplitude, which have to be determined. We
shall assume that f<1, so that higher powers of # can be neglected. We
have

dz,
= L cos (wyt+9),

and hence to the first order

_dzy dz\2\7' )
v = —Jt_{lm(ﬁt—) } = fcos(wyt+ 6),

(31)
(]
The right-hand side of (26) has then only one term, namely,
_3 COS Wyt (32)
297 (1A

To this approximation we may replace dr by dt. Hence, in the integral in
(26),
8o = 2(7) —2(7) = =1,

8 = 24(T)—24(7") = a)ﬁ {sin (w,t + 6) —sin (wyt’ + )},
0
and s =4/(—s})=t—1.
The integral on the left-hand side of (26) then becomes

fc 22@) £ sin ( w0t+é‘)—ﬁsm(wot +3)‘8ﬂcos(“’ot’+3)]
_BX 4 _BX Y o B oni
= Z);A sin (wyt + 0) 0,20 [e B—conj. complex]

g

-3 [e4@dt+d) (' + conj. complex].
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Here

© J(s
A=f0d8 28(2)=%’

B =fwd8J_ 2(’3) s — %[(1 - Vz)%'*‘iVs—%iv] O<v= a)O/X< 1’
o & H—ipr =D 08 -] v>1,

@ L—p2—iv,J(1-1?) O<rv<l,
C= f ds 0 e =]" v
0 s 1242 -1) v>1,

with v standing for w,/x. The term containing the integral on the left-hand
side of (26) can then be written

Lwd Psin (wyt+6) + i Q cos (wyt+ 0), (33)
with
1 11— y(1-») \
55 8 5 O<rv<l,
P = )
'2—5 V>].,
i \ (34)
1 Oo<v<l,
= 2_ 2 _
Q L_Wer=1) _Jer-1)
2 3 14 J

Introducing (29), (30) and (33) into (26), we get

— fawysin (wyt + 8) + fwi cos (wyt + ) — fwi Psin (wyt+ 6)

— i Q cos (wyt+9) = — glg/cos wWyl.

From this we obtain at once

_3 14
A= 2gwol(a+ wy P)2+ w3(Q —1)2]¥ (35)

 o@-1)
@+ oo PP+ R@=DT (36)

cosd =

Now it is shown in the appendix that the field at a very distant point with

Vol. 172. A. 26
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the co-ordinates X, Y, Z, T produced by a neutron executing the motion
(30) is given by

-‘%?e—RV(waf) cos (w1 + 0) =< 1,
Ul = < X
‘%écos{a)oT—R\/(w%—X%‘*"&} v>1,
ro@87)
r 2 __ /2
., s%fg \/(Xw 6) g-Rv (-0 sin (1, T +8) v<l,
Uy = ’
2 __ 42
%ﬁﬁ\/(w(;u * )Cos{on_R\/(wg—X2)+5} v>1.
\ 0

These naturally satisfy (2) and (3) for empty space.

When v < 1,1i.e. if wy < x, the field falls off exponentially at large distances,
and no energy isradiated by the neutron. Itisinteresting to note that in this
case the whole field moves in phase with the neutron. We should therefore
expect an extra mass due to the meson field to be added to the real mass M.
This is in fact so. By (34) Q—1=0, (38)

so that the amplitude of the oscillations in (35) is determined by (a+ w, P).
For the case of very slow oscillations, w,<y, we find using (34) that the

effective mass is 2g%(a+ 0, P) =M — g2y (39)

this agrees with what we found in the previous section.

The work done by the external force on the neutron in a cycle is by (29)
and (31)
- f G dt = — Lgypcosd.

This vanishes by (36) and (38) when w,<y, consistently with the result
already mentioned, that no radiation takes place. It is thus possible even
in the classical meson theory for a neutron to vibrate with frequency less
than y without radiating any energy. This is in contrast with the usual
radiation theory.

We now consider the more interesting case w,> x. The field given by (37)
for v > 1 has the character of a plane wave at large distances. It can at once
be split into transverse and longitudinal waves, the amplitudes of the two
parts being given by

X2
off = off = ofr =0; al* =%€A/<1——R§);

a%}ong — 9_'%:{\/("’_%“&2), aiong =g_'bi)_(_; alzong — Gt;lf‘ng = 0.

N R?

(40)
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Using the expression (17) for the energy-momentum tensor of a plane wave
we find that the energy crossing unit area per unit time in the direction R
is for transverse waves

1 2 22 X2
87rgRlb2) (1— F)’ (41a)
2ﬁ2X2

and for longitudinal waves (410)

871 Rt i
Thus, calling 6 the angle between the direction R in which the meson radia-
tion is observed and the z-axis, i.e. the direction of oscillation of the neutron,
we find that the energy of the transverse waves has a distribution propor-
tional to sin?6, while that of the longitudinal waves is cos?8, as we should
expect. The total energy radiated in transverse waves is proportional to
49242, and in longitudinal waves }g242x2%/wg. Thus, for low frequencies wy~ X,
twice the energy is radiated in transverse as in longitudinal waves, whereas
for higher frequencies, progressively less is radiated in longitudinal waves.

To find the scattering of meson waves by neutrons we have only to suppose
that the external field (29) is due to a plane wave. If this wave is transverse,
then it must travel perpendicular to the z-axis, and hence have a potential
in essence of the form

Uy=Uy,=U;=0; U= —s1n{a)0t—y\/ w§—x%)}-

By (17), the energy flow associated with this is y?/8mw,. If the original
plane wave is longitudinal, then it must travel along the z-axis and be
described by the potential

U, = “/ 'ysm{a)ot zA(W—x3)},

w .
U = &%vsm{wot—x«w%—x%}’

Up = U = 0.

The energy flow associated with thisis y2w,/8my2. Dividing the total radiated
energy 4926%(1+ % x%/wd) by the inflowing energy, and using (35) and (34),
we finally obtain for the effective ‘‘cross-section’’ for the scattering of
transverse meson waves

6ﬂ(1+l—xz)
2 3) 2 4] 48\’
2w} (a+_;%) +(wg-§&—-&4)

(42)

26-2
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and of longitudinal meson waves

2 2
or X (1455 L
W,

5 2w%)(a+1_>gz)2+(w2_§9§_1w8)'
2 w3

(43)

If we let y— 0, the first just becomes 67(a?+ w3)~! which is the generaliza-
tion of the Thomson formula recently given by Dirac. On the other hand,
the scattering cross-section of the longitudinal waves goes to zero as x>0
as we should expect. The relation of this theory to the quantum-mechanical
cross-sections will be discussed below.

The sufficient condition for the correctness of the above cross-sections is
that the maximum velocity acquired by the neutron shall always be small
compared with unity, i.e. that f<1. For longitudinal mesons the field
varies in the direction of motion of the neutron, so that we have further to
consider the approximation made in taking the field acting on the neutron
as the field at the origin. This approximation will be a good one if the
amplitude of the neutron f/w, is small compared with the wave-length
(wg—x*)4, in other words if f< 1.

The cross-section (42) in common with the corresponding cross-section
given by Dirac has a very interesting property. For w,>a=3M/2¢2 it
becomes proportional to wg 2, since then @ may be neglected. In other words,
for extremely high frequencies the scattering ceases to depend either on the
mass M or the change ¢ of the neutron. It is clear that a behaviour of this
sort cannot be approximated to by a series in ascending powers of g2.

The above cross-sections neglect the effect of the spin S, of the neutron,
which was put equal to zero at the beginning. Its effect will be treated later.
The effect of the spin term is to alter the angular distribution of the emitted
mesons, but not to change the relative order of magnitude of the transverse
and longitudinal cross-sections.

As we have already stated in the introduction, by treating a field classic-
ally instead of by quantum mechanics we neglect the momentum properties
of the individual field quanta. Classical formulae will therefore be correct for
those processes where the momenta of the field quanta concerned may be
neglected. For the scattering that we have calculated above, this will be
so if the momentum of a meson is small compared to M, the neutron mass.
Hence the formulae (42) and (43) may be taken at once to describe the
scattering of mesons by neutrons up to meson energies #w, small compared
to 10°eV. They will still give the correct order of magnitude for energies of
10?¢eV. They may be taken to supersede completely the formulae previously
given by Heitler (1938) and myself, from which they differ by an order of


http://rspa.royalsocietypublishing.org/

Downloaded from rspa.royalsocietypublishing.org on January 19, 2011

Classical theory of mesons 399

magnitude. Our theory shows that the scattering of mesons is a small effect,
the cross-section being of the order 8mg%/3 M2 ~ 10-28 cm.2, though scattering
may be through large angles when it takes place.

The expressions (42) and (43) show another curious effect. Mesons of the
same energies will have a very different scattering, dependent on their
polarization. The scattering of longitudinally polarized mesons is less than
that of transversely polarized ones by a factor x2/w2. When scattering does
take place, however, the scattered mesons will be transversely polarized
in most cases, so that their chance of being scattered again will be much
greater.

RELATION TO THE QUANTIZED MESON FIELD THEORY

We now wish to compare the results we have obtained above with those
derivable from the quantized theory of uncharged and charged mesons. In
the notation of a previous paper (Bhabha 1938) the interaction energy of
neutral mesons with a neutron can be written in momentum space in the
form

_ 1 . — P =
Io = % m [ - Zgl{r=zl, 2arp(arp - brp) —;l; (aSp + b3p)

)

+ag, % (@ - bsp)} T3 eX]p {—— % (p, X); + conj.’ complex:l . (44)

This only differs from the corresponding expression (58a) in the above
paper for charged mesons in having the isotopic operator 7, instead of
Typ and 7py. For brevity we have omitted the g, term. The interaction (44)
contains the mass of the meson x, and has terms which increase propor-
tionally to the momentum or energy of the meson. According to the pre-
valent view an interaction of this sort should lead for high energies to
multiple processes and explosions of Heisenberg’s type. This is however not
so. The scattering of neutral mesons by neutrons calculated quantum-
mechanically by Booth and Wilson* leads to a result which for meson
energies small compared with the rest mass of the neutron agrees with the
above cross-sections (42) and (43), if we neglect there the effects of damping,
that is all the terms in square brackets except a. For higher energies the
cross-sections decrease with increasing energy. This clearly demonstrates
that interaction terms which increase with increasing energy of the particles,
as in (44), are not sufficient to produce Heisenberg explosions. It becomes
clear from our classical calculations and the above quantum-mechanical

* Dr Heitler has also calculated this result in the non-relativistic case.
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result that the mass of the meson has nothing whatsoever to do with the
fundamental length required by Heisenberg for the occurrence of explosions.
It does not yet follow that no explosions involving neutral mesons will occur,
for as we have pointed out in the introduction, the existence of the g, term
introduces another length in the interaction independent of x4, and we have
not yet shown that this will not lead to explosions.

One can also see that the mass of the meson will not lead to the occurrence
of Heisenberg explosions by the general argument given by me ina previous
note (1939). For according to the prevalent view the critical energy 7y above
which multiple processes become important is smaller the smaller y. In the
limiting form of our theory y = 0, which constitutes electrodynamics, all
energies are therefore above the critical energy (which in this case is zero),
and hence if this argument were correct, we would always expect explosions
to occur. The well-known results of electrodynamics show that this argu-
ment is wrong, and that in the actual meson theory for energies large
compared with y we should expect the theory to behave progressively
more like electrodynamies. This expectation is also confirmed by our treat-
ment of the classical meson theory, which shows that for high frequencies
wy> X all processes approximate with increasing closeness to those on the
classical Maxwell theory.

It is not possible to use the same argument for a charged meson field, for
a limit to the case g = 0 is not then possible. This is due to the physically
evident reason that a field with g = 0 must propagate itself with the velocity
of light, and if such a field carried electric charge, the electromagnetic fields
concerned would become infinite. In other words, a charge-bearing field
cannot exist without having a fundamental length y or a mass u associated
with it.

This is also put into evidence by the scattering of charged mesons by
neutrons calculated in an earlier paper. In the non-relativistic case, with
gs = 0, this cross-section may be written for longitudinal mesons in the
form

g* (0§ —x)*

const. T (45)
and is zero for transverse mesons, as has also been shown by Heitler (1938).
(45) does not contain M but p in the denominator. It is therefore much
larger than (42) and (43), and goes to infinity as x— 0. This behaviour is
directly connected with the charge of the meson, for whereas on the present
theory a positive meson may only be absorbed by a neutron and emitted
by a proton, a neutral meson may be absorbed or emitted by either a neutron
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or a proton. There are thus twice as many intermediate states leading to the
scattering of neutral mesons as of charged mesons, and these largely com-
pensate each other, reducing the cross-section (45) to magnitudes of the
order of (42) and (43).* Since however the interactton of charged mesons
with neutrons and protons has no correspondence with any classical theory,
" T do not think it is yet possible to say to what extent this part of the theory
is correct. The cross-section (45) is in any case too large to be reconciled with
experiment. '
The fundamental equations (26) have only two constants of the dimen-
sions of a reciprocal length in them. Using the value of g given by ¢?/fic= %,

their magnitudes are

a= et = 3x10%em.d,

24 (46)
¥ = 5x102cm. 1,

We see that with the actual magnitudes of the constants as they occur in
nature
a>x.

Electromagnetic theory is the particular limit where y = 0. Hence we
should not expect the meson theory to differ much from electromagnetic theory
for frequencies wy>x. Characteristic differences will become marked only for
frequencies wy < x. This is all borne out by our previous calculations and is
contrary to the prevalent view. The formulae (42) and (43) show that the
effects of the reaction of the emitted meson field on the motion of neutrons
becomes important when w,=> a. Its effect is small for v, <a, for its neglect
is equivalent to the neglect of all the terms in the square brackets in (42) and
(43) except a. The energies concerned are very large, being

fhwyzfia~10M ~100eV,

Since the quantized theory of the neutral meson field neglects this reaction,
we have good reason for believing that it will be correct to a good approxi-
mation up to this energy, and only go wrong above it.

APPENDIX
To solve the equation (3) we first solve the equation
.0 0 . 7\ 9 ’ ’ ’
(50 i+ 47) 6 = Bleo—a) 8 —a0) 8o 3) e =), (47)
w

* T am indebted to Professor Pauli for drawing my attention to this point in a
letter.
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The solution of this can be written in the form of a quadruple integral with
respect to four variables py, Py, s, s, and for brevity we shall write all
formulae as if these constituted the components of a four-vector:
ole 2 L " dpodpadpadpy e 4
(xp, x,) = —Wfff _ . Podp, 9P, Pam- (48)

The denominator in (48) has two roots given by
Do = £(P*+X),
3
where p = p}. We write u, = «,— a7, for brevity. In order that the solution
1

shall not tend to infinity for small %, we choose the path of the p, integration
to go from —oo to 400 and pass in the complex plane below both the
singularities +./(p%+ x?), or above both of them. The p,, p, and p; integra-
tions go along the real axis from —oo to +o0. In order to see that (48) is a
solution, introduce it into the left-hand side of (47) and interchange the
orders of integration and differentiation We get at once

L Apodpydpydp, €PuT ") = 8z, — ),
(2m) o

which proves the result. ¢ is the Green’s function of this equation.
To evaluate @, we first introduce polar co-ordinates for p, and carry out
the angular integrations.

1 etDotto+iUy
(277)3%8%” pp"p —p2—x2

Now carrying out the p, integration, we are left with the residues at the two
poles + /(p?+X?),

ao etV @2 x2)+iuwp . )
i U R I R e"]’
which, writing p = xsinh ¢, becomes

19 e .
T (2m)2u,0u, J_&,dqsm{x«/(u%—“f) coshq} ifuy>|u,|.

If | wy | < | w, |, we get sinh ¢ instead of cosh ¢, and the integral vanishes. For
uy> | u, | the integral is just equal to 7.J{x /(ud—u?2)}.
If u, <0, the path of the p, integration in (48) can be deformed into an
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infinite semicircle below the real axis with centre at the origin, and hence ¢
vanishes. We thus arrive at the result

Gy, 2,) = — ‘11;”%% ) (48a)
with TN =)\ up>u,
F = 0 | | <, (48D)
0 U < — Uy

If we choose the path of the p, integration in (48) to run above both the
singularities +./(p%+ x?), we obtain the Green’s function (48a) with F given

by

0 Uy > Uy
F = 0 | uo | <, (48¢)
T @ —ud)  up< .

The differentiation with respect to u, give the d-functions at u, = u, due to
the discontinuities in . Our final result can then be put in the form given
in the text.

In differentiating U, with respect to the co-ordinates, we notice the follow-
ing points.

8y =%, —2,(T).

Hence, when s, occurs inside an integral,

0s,(T)
5%, a9, (49)

and 0s(r) ¥ .
or, s

When it occurs outside an integral

88[4(70)

0Ty
ox, o

= 05, —v,(7,) _90: .
Since 8,(79) 8%(Tp) = O,

as,u(TO) —

f = O

8H(1y)

0Ty _ 8"

ox, «’ (60)

Hence

where K = s,v"
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. ov, (1) . 0Ty 0,8
LA A, S
Similarly o, v, - K’
OK(T s ,
T -k,
with k' = s,0m

In differentiating the integral in (9) it should be remembered that we get a
contribution from the change in s, according to (49), the limits being kept
fixed, and a contribution due to the change of the upper limit 7, according
to (50).
We now calculate the flow of energy and momentum out of the world
tube. This is given by
- f 7,48,

where diS” are the components of an element of the three-dimensional surface
of the world tube. The world tube is determined by

8,8* = 0.
’ ! (51)
K= 8,0t = e.J
Hence, for variations dx , on the surface,
stdx, = stv,dr = edr, (52)

vtde, = (1—«')dr.
Multiplying the first equation by (1 —«’) and the second by e and subtracting
{sM(1—«") —vte}dx, = 0.

Hence, s,(1 —«')—v,¢ is the normal to the world tube. Its absolute length
is €4/(1 —2«’). The normalized normal is therefore

_s,(1—K')—v.e
LT e -2k

The surface of the world tube at any point can be determined by three
vectors €, ¢® and ¢®. Two, say ¢® and €?, can be taken as pure space
vectors lying in the surface of the two-dimensional sphere in the rest
system, i.e. the system in which the retarded point is instantaneously at
rest. The space components of ¢® are then along the normal to the sphere,
i.e. proportional to s;. The time component is determined by (52). In the
rest system v, has the components (1, 0, 0, 0) and therefore s, = ¢. Hence

€® = (1—«')dr.

(53)
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It is also normal to N, so that
—8%'(1—K')dr +s(1 —«') P = 0,
ie. P = —%K'd'r.
The length of ¢®is /(1 — 2«’) dr. Thus an element of volume corresponding to
a displacement dr of the retarded point is
d8 = \(1-2«")drdo,

where do is an element of the surface of the sphere round the retarded point.
It finally follows that

dS" = N"dS = {s,(1-«')—v e} edrdw, (54)

dw being an element of solid angle in the rest system.
From (12) and (13), on the world tube
8,0,—8,V, 8,0,—8,0, §,v,—8v, ,
_ga/?v_ Ves v ,u,+ I3 v62 vie_°p V€3 v ,uK (55)

and _ga,w_ ?;8 % 68» E g2 _ " sy, (56)

where we have separated terms of different order in ¢ by a comma. The first
term in (55) is of the order ¢, the other two being of order e~'. G2, is of
order 1. dS¥ is of order ¢2. The energy tensor (14) may be written

— TO + Tmlx_|_ T?unw
where T, is the tensor Whlch only consists of G, and U}. Since G, is of
order 1, 1t may be treated together with Gin. 7' When 1ntegrated over the
tube is of order €2 and may be neglected. In T/‘{},ix, we need only consider the
first term of order ¢~2in (55), and neglect the «’ term in (54), since these give
contributions of higher order.

Now from (55) and (54)

——G’o A8 = {v,(1—«')+ev,} dodr. (57)
Therefore
1 : s,—€v, S,—€v, , v, , v Sy, s, 02
O as = [ g e e T ey S quar,
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For the purposes of integration we note the following formulae, which can
be derived easily in the rest system, and then written at once in tensor form.
4, is any tensor not a function of position on the sphere:

1
Ef(sl‘_w") dw =0,

= f s, dido = Ay = v, A5,

[ (58)
v,4” for =0,
%fsﬂs,,A”dw = { ~
™ —34, for pu=k
= —%Aﬂ+%vﬂv,A". )
With the help of these \
1 0 (0o 4. 1 0 (0pc 21%2-2

—‘I;J‘{G/WG v+ 4g/wGpo»G P }dSV =g é—e—'—gvﬂv dT. (59)

In calculating the flow due to 7"32x we notice that the first term in (56) will
contribute nothing. For this could only give a contribution when multiplied
by the first term of (55). But the first term of (55) when multiplied by itself
should have given a contribution of order ¢~2 to (59). (59) shows that this
term vanishes. Since the first term in (56) is just — x%?/2 times the first term
of (55), it will give no contribution to the energy flow. The second term in
(56) is continuous everywhere and hence may be just considered as a part
of Gi2. For brevity we will not write it explicitly in the calculations and add
it in the final formula. Using (54), (55) and (57)

— %f{gzo_gino‘v + G}ETGO ”,,} asy

— 8,0, .
g f “i&?ﬁ%‘ G, (s, —v,6)dwdr +g | GRv’dwdr

=g[— %’Ua' G a.,u + G,iu?rvo'] dr
= 59 Gipvdr (60)
1 -
Next, L R T

— 8,V .
_ .S_ggfspvo'ez A PGlnpq(sﬂ_evﬂ) dwdT
= — %g G}}},v"dT. (61)

We have still to consider the U, terms in (26). The first term of (9) is of the
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order ¢!, so that only the product of this term with itself will make a
contribution to the energy flow:

—EJ‘U U,ds» = — 2 XV ”(s" ve)dwdr
dm) E Y e -

szg,wU Uﬂd&»—g2"f W=k udr = 0

Adding (59), (60) and (61), we finally find for the energy flow out of a length
dr of the tube ;
19 .
I:g2(§ —ef —-3v, 1)2) +9(G%+ Gn)v” |dr,

which is the result quoted in (19).
We now derive the expressions for the potentials U, at a large distance E
due to a neutron oscillating according to

2y =£~sinw0t; 23 =23 =0.
Wy

For this purpose it is convenient to write the expression (9) for the potential
U, by partial integration in the form

U=gf" drixs) g;(%) (62)

To the first order in £ 2 = (T'—¢)2—
k= (T-%) ——X,b’cos e,

Therefore fl—(ﬁ) = _Boosin oot + 0( ! ) + O(6?),

dr\ k T—t (T —t)?
d (00> _ PwyX sinw,t
dr (T—t2

Hence from (62), neglecting higher orders,
I s __Boysin vyt
b= gf o % (o2 o o) { (s2+ Ba)F }
= —g'82—(:°[ei%1’ I — conj. complex],
where I= f , ds 52_-:3735']0()‘8) g~y V(s*+RY)

_ 00+iwad @ d S J —tg V/(s2+R?)
o R R s R
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Now by a well-known theorem of Bessel functions (see Watson)

0 S e"'R\/(XZ‘HUoz)
ds—— . J —wgV(EHRY) — 7
fo SN/(Sz_*,Rz) b(Xs) e~ JOE T 02)

Therefore e~ BV (~0?) P
wtivy  g—RV(x2+wgd) twg R or [wo| <,
I =f o doy g =
iw, NP+ 0F) | emiBVEE-x) p
e for |wy| >
Twe R [@o] > X,

neglecting higher powers in 1/R.
Hence, at large distances

=
gﬁeos'{waT —RBJ(@§=x3)} | o] >x,

which is the result quoted in the text.
We similarly find

N R _@OXsinwot
Uy = g_[o ds (4 Rz)gJo(Xs){ S+ R?

Here we have to integrate twice with respect to w,. After some easy analysis
we get the result quoted in the text in (37).

SUMMARY

The vector equations for the meson field and their associated energy
tensor are taken as exact, and the meson-field quantities are taken as
commuting classical variables. A self-consistent classical schemeisdeveloped
for treating the meson-field and point neutrons (or protons) moving along
classical world lines. The scheme takes account of the reaction of the emitted
meson field on the motion of the neutron. The mass of the neutron (or proton)
which occurs in nuclear phenomena is shown not to be the real mass but less
than it by about ten million volts. For high-energy phenomena the real mass
counts. Formulae are given for the scattering of mesons by neutrons which
are valid to energies comparable-with the mass of the neutron, and supersede
the previous formulae. These show that for the same high energies, longi-
tudinally polarized mesons are scattered much less than transversely
polarized mesons, giving them much greater penetrating power. It is shown
that classically the reaction of the emitted radiation is not important till
energies of ten times the neutron mass and hence that the quantized neutral
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meson theory which neglects this is valid up to about these energies. It is
proved that the rest mass of the meson is not connected with Heisenberg
explosions, but that if these exist, they must be due either to the spin
interaction g, or to the fact that the meson field is electrically charged.
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