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Abstract

A thorough understanding of the rheological behavior of the semi-solid metal (SSM) alloys is of utmost importance for modeling and
simulation of rheocasting and thixoforming processes. Since the duration of these processes is very short—fraction of a second—the primary
focus should be on fast transient flows. We present here a relatively simple engineering model for unsteady state shear stress of semi-solid
metal suspensions. The time dependent character of thixotropic sensisdlttoduced through scaling by a structural parameter, which
represents the degree of connectivity or aggregation of particles in the fluid. The kinetic equation for change in structural parameter as a
function of time incorporates both breakage and agglomeration of suspended entities. The proposed model simulates the fast transient, tracks
the evolution or healing of structure with holding time in absence of applied shear, and computes the steady state structure for a given shearing
rate after long shearing time. Moreover, it explicitly incorporates the shear yield stress as well as is in agreement with important rheological
characteristics of semi-solid materials, namely, shear thickening behavior under isostructural conditions and power law relationship between
steady state viscosity and shear rate. The model is validated with published data for short time measurements of Sn—15%Pb thixotropic
systems with near step change in shear rate and steady state shear viscosity. It could have practical utility in simulation of flow of semi-solid
materials in different die cavities.
© 2004 Elsevier B.V. All rights reserved.
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1. Introduction workers[4-9], only a limited body of modeling work ex-
ists on the time dependence of rheology, that is, thixotropy
Casting and forming of metal alloys in a semi-solid state [10-16]} Moreover, the available models in latter case are
is by now a well established manufacturing technique, which largely phenomenological in natufE2—-16] although a few
encompasses rheocasting at low solid fractions and thixo-researchers have attempted to approach the problem from
forming at higher solid fractions. The flow of metal in a die more fundamental principlg40,11].
cavity in semi-solid metal (SSM) processing is determined  Even though a thorough understanding of the thixotropic
primarily by the rheological characteristics of semi-solids behavior of semi-solids is of critical importance from the per-
which, in turn, depend on many variables, such as tempera-spective of shaping technology, the experimental data avail-
ture, holding time, shape and size of particles in the slurry, able in the literature on time dependent rheology is limited.
connectivity of particles, etc. Because of the commercial im- Moreover, the data are invariably measured and modeled for
portance of this shaping route, considerable research has beetime durations of the orders of few minutes, presumably be-
devoted to measurement and analysis of the flow behavior ofcause of experimental difficulties in measuring the viscosity
semi-solid metal§1—-3]. While models for the rheology of transients over shorter time scales. However, both rheocast-
suspensions in a steady state has been presented by marigg as well as thixoforming processes occur in fractions of a
second—and as such only the short duration unsteady state
mspondmg author. Tel.: +91 20 4042333: fax: +91 20 4042399. flow be_hav_ior is of significa_nce in such situations. A notable
E-mail addressesbp.gautham@tcs.com (B.P. Gautham), exception is the work of Liu et a[16] who measured the
pck@vsnl.com (P.C. Kapur). rheology of semi-solid metal suspensions for very short du-
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rations (up to 1 s) with fine granularity of time. The measure- [1,22], which is closely related to the degree of aggregation

ments captured the behavior of suspension in a time frameprevailing in the suspension. Based on a model of the effect of

that is certainly more relevant to the SSM processing. The shearing time on shear yield stress of red i8], the shear

model employed by these authors relates the variation in vis-yield stress of semi-solids is also scaled by a structural pa-

cosity to a step change in the shear rate as follows: rameter. Considering these characteristics, it is assumed that
the time dependent shear stress is scaled by a structural pa-

(1) rameter and the shear stress of a semi-solid suspenjon
may be expressed in the form similar to Herschel-Bulkley

whereo andn represent shear stress and viscosity, respec-fluid in following mannef12,13}

tively; t, time; z, characteristic time and subscripts i and f m )

denote initial and final states, respectively. This model, how- t(0) = (. x,..) + K@, x,..)y")s(0) + moy (2)

ever, is applicable to the special case of jump experimentSyherer, is shear yield stress of the suspensigngonsis-

and is not suitable in the existing form for simulating flows  tency coefficientm, consistency exponent afigshear rate.

in different situations. The parameters, andK pertain to fully agglomerated state

Theoretical analysis and modeling of the rheology of cold and are functions of solid volume fractign mean particle

suspensions of non-colloidal and colloidal particulate solids giameterx and other possible dependencies, such as parti-

have a rather long history. This body of research has beencje shape, size distribution, properties of alloying elements,

summarized and reviewed extensively in the literature, for etc. ), is asymptotic viscosity of suspension at very high

example17,18] Modeling of thixotropic suspensions is dis-  shear rates when solid particles are no longer able to form

cussed ir19] and[20], among others. Understandably, the agglomerates. The system now behaves like a suspension of

progress made in analyzing the complex flow behavior of hard spheres, whose viscosity can be represented by the well-
cold suspensions has contributed significantly to modeling known equation of Krieger-Dougherty7]:

thixotropic semi-solid suspensions of metals at elevated tem-
; i —[nlémax

peratures. In this paper, we formulate within the frameworkof 1_ ¢
dense particulate suspensions a relatively simple engineering”0 =
model for steady state and transient shear stress of hot meta\'/vhere is the liquid viscosity: maximum possible
suspensions over very short time durations with varying shearsolid Zlckin andqr]] is intrinsicy\;?srgz(éit P
rate. The effect of network structure in the suspension, in- packing a Y- o

P : : : P Many investigators have attempted to model the kinetics of
cluding its evolution or healing with holding time, as well as structural changes in thixotropic fluids. These models seek
presence of shear yield stress are explicitly incorporated in 9 P '

the model. The model is validated with published short time ;0 rﬁleaéesthheearra;eogﬁzat?]%eczfrrglr‘::ggt;;?%gloge;?itgr? tﬁ]
measurements pertaining to Sn—15%Pb thixotropic systems pp S C . ggreg :
ase of semi-solid materials, it is convenient to represent the

subjected to near step change in shear rate under isothermag . . X
egree of agglomeration by a normalized continuous number

conditions. It could have practical utility in simulation of
: . or structural parameter,€s(t) < 1 [21]. The rate of change
SSM processing, where the material may go through sharpOf s() with time may be expressed H0—13,19]

rise and drop in shear rate within a matter of a few seconds.
ds(z)

— = —kp(y, b, x, .. )s(0) + ke (7, b, x, .. ) (A= s(2))?
b(¥, ¢, x, .. )s(t) + ke(y, ¢ )(1—s(1)) @

0 — Of _ n—nf :eit/r

Oj — of ni — nt

©)

¢max

dr

2. Model framework 5(0) = so

The semi-sold metal slurries are known to exhibit where the first term on right hand side of the equality arises
thixotropy[1]. The resulting time dependency is usually in- from breakage of agglomerates and the second term reflects
troduced through scaling by an aggregation index or struc- reformation of agglomerateky andk; are specific rate con-
tural parametes(t), which represents the degree of connec- stants for breakage and agglomeration, respectively. It will
tivity or aggregation of particles in the fluid. The magnitude be seen that while the rate of breakage is proportional to the
of §(t) ranges from zero (a fully deagglomerated state) to unity current state of agglomeration, the rate of reformation is pro-
(afully agglomerated state) where all particles are connectedportional to the square of (£ s). Other model$10-13]have
in a space filling network21], provided the solid fraction = assumed a reformation rate that is proportional te- €.
in the suspension exceeds a threshold volume. Under an im-However, based in part on the arguments presented in simi-
posed shear rate the suspended entities continuously underglar context elsewherfl9], it is felt that the dependence on
aggregation/agglomeration and breakage. As a consequencedl — s)? is more realistic from the point of view of the pop-
the connectivity varies with time and eventually reaches a dy- ulation balance of entities in suspensions subjected to shear
namic steady state. Even when at rest, the system continues t20].
evolve towards higher connectivity by some sortofacomplex  The breakage rate is given by the product of collision
‘healing’ process (or processes). Besides being thixotropic, frequency and probability of breakage. Since collision fre-
the semi-solid metal suspensions exhibit shear yield stressquency is proportional to shear rd#, it is permissible to
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express the breakage rate constant as follows: where the second term on the right side represents the sec-
) — . ond order terms, which are small in magnitude and can be
ko(y, ¢, x,...) = ko(¢, x, ...)y ®) neglected. By substituting Eq&) and(7) in the above equa-

tion, it can be shown that the steady state structure at suffi-
ciently large shear rates becomes approximately proportional
to y~P. This implies that the steady state shear viscosity is
approximately proportional t§”~1~*. These results are in

The reformation rate reflects a more complex dynamics.
The probability of reformation should be proportional to the
number of collisions and inversely proportional to the dura-

tion of collision. Besides, reformation or “healing” of sus- : . .
g agreementwith previous studi@s9] which employs a power

pension occurs by Brownian motion, particle growth and co- ; X ) .
alescence even when the semi-solid is nominally at rest. I:anfunctlon to describe the relationship between shear rate and

and Cherj4] assumed the following functional form fé&y: ts;eafysstate viscosity with an exponent in the range @B
P + kyy 6 _

T 1Ky ®) 2.2. Evolution of structure at rest

The rate parameter in this function rises monotonically At zero shear rate, only aggregation occurs at a specific
from a low valuerg at rest—when Brownian motion and rate constanto. From Eq.(8) evolution of the structure at
ripening prevails—to an asymptotic valkig k;’ at high shear rest or the healing path is given by:
rates. However, a detailed analysis of the data suggests that
the reformation rate constant should go through a maximum. 5(r) = M
In other words, with increasing shear rate it should initially in- ro(1—so)r +1
crease in step with increasing collision frequency and the en-  |twill be seen that structural parameter increases with time
hanced probability of aggregation. At still higher shear rates, from initial value ofsy and approaches unity in the limit. It
due to significant reduction in the duration of collision as turns out that Eq(11) permits simulation of the development
well as the probability of agglomeration, the rate parameter of the structure over wide ranging conditions including the
should drop and eventually go to zero asymptotically. This rest state.
trend can be captured by modifying E) in the following

(11)

manner: 2.3. Model implementation and validation
ro+ ky . . .
kr = m; p>1 (7) The model was applied to the experimental data of Liu et
ry al. [16] for Sn—15%Pb semi-solid systems published in both
where parameters, ro, k, andk/’ are functions of solid vol- graphical and tabulated formats. The data includes temporal

ume fraction, particle size and distribution, etc. The final form history of shear rate and shear stress for a number of cases
of the kinetic equation for structural parameter becomes:  in which shear rate jumps from 0 to 100'safter different

holding times and jumps from a steady state at shear rate of

ds(z -, ro + k) _ 1 i ies i i
) _ () + Nr_V (1— 5(1)? (®) 1-200s™. The importance of the data lies in the fact that it
dr 1+ kf'yr covers short durations of 1-1.5 s, which of course is of pri-
mary interestin SSM processing. Though the data is available
2.1. Steady state viscosity for two solid volume fractions, namely,= 0.36 and 0.5, the

present study is restricted to solid fraction of 0.36 and to those
Setting the left hand side of equality in E@) to zero cases where complete history is available.
and solving the resulting quadratic equation for structural
parameter yields the steady state strucflaeconstant shear  2.4. Estimation of model parameters
rate:

Simulated Annealing, a global optimization algorithm,

_ kp kp 2 kp was employed to estimate model parameters from the data

s=1+ (2_kr> - (2_kr> 2 <§r> ©) of Liu et al.[16]. The error norm used was the usual sum of

squares of errors between the model and the measured shear

It is readily shown from the dependence on shear rate stress values. The optimizer searched over the domain of pa-

that the term R/kyreduces to a low value, approaching zero rametersy, ro, k., k", p, K, mandsp to arrive at a minimum

at sufficiently high shear rate as the rate of reformation de- error. The search was subjected to a number of constraints.

creases while the breakage rate increases. Hence, the steadyl| parameters were assumed to be positive and, moreover,

state structure can be approximated by a series expansion o§ybjected to the stipulations that>1, p>1 and 0< 59 < 1.

the square root term in E¢Q): The structure at rest after the holding period (the beginning of
2 the application of shear) was computed by substituting initial
3= (ﬁ) + 0(%) (10) state of agglomeratiosy and holding time in Eq(11). As
ki kp stated earlier, Eq10)implies that steady state shear viscosity
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Fig. 1. Simulation of shear rate jumps from 0 to 106 sompared with experimental data for different rest times (a) 0 h, (b) 1 h, (c) 2h and (d) 5h.

at high shear rates is approximately proportiongtto1—~. 2.5. Simulation I: Jump from rest state to 100 shear
The fit of the Cross mod¢B] to steady state viscosity data rate
showed that at high shear rates viscosity is approximately pro-

portional to shear rate raised to an exponent equalt Fig. 1 shows that the model is able to track the experi-
for Sn—15%Pb systems. Hence, an additional constraint wasmental data quite realistically in all four cases. Also shown
imposed as follows: is the fit obtained by Liu et a[16] who assigned different
values to three parameters in their model equation in each of
m—1—p=-13 (12) the four cases for a total of 12 parameters values. Our model,

on the other hand, has 8 parameters (includigwhich are
The parametergmax and 7] were assigned standard val- invariant across the four sets, and one paranteteat varies
ues of 0.64 and 3.28, respectively7]. The viscosityn, with rest time. Moreover, whereas the model tracks the entire
of molten Sh—15%Pb system is approximately 0.0025 Pas,transient triggered by a shear rate jump, the equation of Liu
which lead tono=0.014. Preliminary simulations showed et al [16] is restricted to data for one second after the shear
that the shear yield stresg had only marginal effect on  rate reaches 90% of its final value, that is, mostly on right
the suspension viscosity for the conditions examined in this side of the curve peaRable 1lists values of the parameters
work. Hence, following McLelland et aJ9], it was assigned  employed in the model equation.
a constant value of 100 Pa for solid volume fraction of 0.36.  Fig. 2 shows the estimateld as a function of rest time.
Four sets of data were examined as showfign 1 A few From the functional form of the fitted curve given in the fig-
comments on parameter estimation are in order here. Mini- ure, it would seem that increases exponentially with rest
mization by simulated annealing using individual sets of data time. Further work is required to develop a phenomenological
lead to estimates of four parameter sets each compiising  or fundamental model for its evolution.
ro, kr. p, k{ , so, Kandm. The sets differed from each otherina
narrow range with the exceptionf In view of this observa- ~ Table1
tion, in the final validated model presented here we chose toYaues of model parameters

employ a single set of parameters with the exceptidd alp- fy 100
tained by fitting all data, even though some compromise had = (1)'?5

to be made in the quality of fits. The consistency parameter 9.30% 10-5
K varied with holding time. This is perhaps understandable k/ 0.029

as increase in particle size and changes in morphology couldk;’ 0.008
alter K significantly. ThusK was estimated by minimizing ° 15

0.163

the error after fixing a common set of remaining parameters. 2
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K =8.7869 ¢0-2053 1

Time, t (h)

2.6. Simulation Il: Jump from steady state at 1-200 s

shear rate

The parameters ifiable 1 which were used to simulate
the shear jump from rest to 100%in Fig. 1, were employed

shear rate,s was computed from the steady state structure
relationship in Eq(9) with 1s~1 shear rateFig. 3 shows
that the model predicted curve is in good agreement with
experimental results of Liu et g16] for a jump to a high
shear rate from an initial steady state at low shear rate.

The steady state viscosities attained under various initial
conditions of rest period and shear rate jumps were computed
from Egs.(2) and(7) and compared with the measured data
provided by Liu et al[16] in their Tables 1 and 2Fig. 4
shows that a majority of points fall within the20% band.

3. Discussion

The exponentn=1.2 implies that the material is likely
to exhibit shear thickening behavior under isostructural con-
ditions. This is in agreement with the phenomenon as it is
presently understoodkig. 5shows variation of aggregation
rate parametek; with shear rate. As discussed earlier, it in-

to predict the shear stress transient when shear rate jumpgreases with increasing shear rate, reaches its maximum at

from steady state at 1-200% TheK value was taken as that

about 4051 shear rate and then drops gradually. From Eq.

for zero rest time and the initial structure before change of (7), it is obvious that shear rate at which the peak occurs de-
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Fig. 3. Simulation of shear rate jumps from 1-208 sompared with ex-

perimental data.
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pends ork,. andk]. It will go to zero only at very high shear
rates when in theory at least a fully deagglomerated suspen-
sion should exist. Interestingly, the model has greater sensi-
tivity to the ratiok)./k; than individual parameters therein.
This may be attributed to the fact that the shear rate rises
abruptly in the set of experiments examined, and at higher
shear rates the shear rate terms dominate ifBdpr refor-
mation rate. However, at very low shear rates, the magnitude
of k.would become quite significant.

The evolution of structural parameter with rest time for
this system was computed from H4.1) for various initial
conditionssy and plotted irFig. 6. It increases rapidly in the
beginning and thereafter more slowly, eventually attaining
the maximum value of one for a fully networked structure. It
is obvious that the healing path dependsgnhich can be al-
tered by the prior history of the semi-solid (time-temperature,
shear cycle, etc).
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Fig. 5. Aggregation rate parametéf)(as a function of shear rate.
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1.0 perhaps possible to attain reasonable accuracy with built-in
model robustness for simulations of dynamic and steady state
thixotropic regimes in SSM processing.
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