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Let F be a finite extension of @, and K a quadratic ex-
tension of F. If (II, V) is a representation of GL,(K), H a
subgroup of GLy(K) and p a character of the image subgroup
det(H) of K*, then II is said to be pu-distinguished with re-
spect to H if there exists a nonzero linear form [ on V such
that I(II(g)v) = p(det g)l(v) for g € H and v € V. We provide
new proofs, using entirely local methods, of some well-known
results in the theory of non-archimedean distinguished repre-
sentations for GL(2).

1. Introduction.

Let K/F be a quadratic extension of non-archimedean local fields of char-
acteristic zero. For a local field F'; O will be the ring of integers of F
and Pp the maximal ideal of Op. Let wp be a generator of Pr. Let vp
be the valuation of F' such that vp(np) = 1. The cardinality of Op/PF is
denoted by gr. Let o be the nontrivial element of the Galois group of K
over F'. By wg/p we denote the nontrivial character of %, where

Ng/p is the norm from K to F. Fix a nontrivial additive character ¢ of
F and set ¢x = v otryg p, where trip is the trace from K to F. Let
(I, V') be an irreducible, admissible representation of GLy(K) and let wy
denote the central character of II. Then (II, V) denotes the representation
contragredient to II. The representation II? is defined by I17(g) = II(¢7)
for g € GLy(K), where o acts on g elementwise. For characters A\ of K*,
v(II ® A, 9k) denotes the gamma factor involved in the functional equa-
tion for functions in the Kirillov model K (II, %) of II with respect to 9.
We use the notation II(x1, x2) and Y (x1, x2) to denote principal series and
special representations, respectively, of GLa(K') (where x1,x2 are characters
of K*) (see [10]) and 7 (1, pu2) and o(p1, ue) for the corresponding repre-
sentations of GLy(F'). In general, II would be an irreducible, admissible
representation of GLg(K) and 7 a similar representation of GLy(F).

Let i1 be a character of F*. We say that II is p-distinguished with re-
spect to GLo(F') if there exists a nonzero linear form [ on the space of
IT such that [(II(g)v) = w(det g)l(v) for all v € V and g € GLa(F). By
a distinguished representation we mean a 1-distinguished representation.
We will also consider distinguishedness with respect to another subgroup of
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GLs(K), namely, the unitary group in two variables U(2, K/F'). Recall that
U(2,K/F) is the subgroup of fixed points of the involution 7 on GLy(K)
w™ !, where w = _(1] (1) . Thus for a character
71 of the group of norm one elements of K*, n-distinguished representations
of GLy(K) with respect to U(2, K/F') can be defined as above. Sometimes
we do not specify the subgroup with respect to which the representation is
distinguished if the subgroup is GLa(F).

We would like to stress that none of the theorems stated in this paper
are new. All these are known results whose existing proofs use a mixture of
local and global methods. We provide local proofs in those instances where
only global proofs exist.

Throughout this paper we consider only infinite dimensional representa-
tions. We prove:

g

given by g7 = w fg™

Theorem 1.1. Let v be a character of F*. Let Il be an irreducible, admis-
sible representation of GLa(K) with wy = ppo Ny p. Then the following
statements are equivalent:

(1) I 4s a base change lift of a representation of GLo(F') with central
character pw .

(2) (M @ AL k)N (—=1) = 1 for all characters A\ of K* which satisfy

(3) II is p-distinguished with respect to GLy(F).

The equivalence of (2) and (3) follows from Theorem 4.1 of Hakim [8]. As
has been pointed out by the referee, the global analogue of the equivalence
of (1) and (3) is contained in the paper of Harder, Langlands and Rapoport
[9]. Alternative proofs of the global result appeared in Ye’s thesis [18], [19]
and in Flicker [4]. The first purely local proof of (1) implies (2) appears in
Saito’s Corollary 2.4 [15]. Modulo the assertion on the central character,
(3) implies (1) by a result of Hakim (Theorem 2.1 in [8]). To prove the
assertion on the central character, we give a new argument which combines
Tunnell’s formula [17] as well as Saito’s proof of it. The next theorem brings
distinguishedness with respect to the unitary group into the picture.

Theorem 1.2. Let p be a character of F* and Il an irreducible, admissible
representation of G La(K) with central character wy = po Ng/p. Then the
following are equivalent:

(1) II ~ 117, i.e., II is a base change lift from GLo(F).
(2) II is distinguished with respect to U(2, K/F).

(3) II is p-distinguished or pwy p-distinguished.
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Note that the equivalence of (1) and (2) above is vacuously true if wy
does not factor through the norm map N, r. This equivalence and the
next theorem, which can easily be deduced from the equivalence of (1) and
(3) of Theorem 1.2, are, in fact, conjectured to be true in the context of
GL(n) and this conjecture has been proved in many cases (cf. [11], [12] and
14]).

Theorem 1.3. Let II be an irreducible, admissible representation of
GLy(K) with wy|p+ = 1. Then II ~ I17 if and only if I1 is distinguished or
W p-distinguished with respect to G La(F).

Formulated in the language of the base change theory for U(2, K/F) [2],
Theorem 1.3 says that an irreducible, admissible representation of GLa(K)
is distinguished or wg/p-distinguished with respect to G La(F) if and only if
it is a base change of a representation of U (2, K/F'). There are precisely two
base change maps from the class of admissible representations of U (2, K/F)
to the class of admissible representations of GLy(K), namely the stable
and unstable base change maps. The following theorem, due to Flicker [3,
Theorem 7], is thus stronger than Theorem 1.3.

Theorem 1.4. An irreducible, admissible representation I1 of GLo(K) is
distinguished with respect to GLo(F) if and only if it is an unstable base
change lift of a representation of U(2, K/F).

In the context of GL(n) it is believed that unstable (resp. stable) base
change lifts from U(n, K/F') are precisely the distinguished representations
with respect to GL,(F') when n is even (resp. when n is odd) (cf. [3]).
In [3] Flicker deduces Theorem 1.4 from a similar global theorem. In this
paper we will give a different proof which is purely local. For principal series
representations and special representations of G Ly(K) this will follow from
two results due to Flicker and Hakim [2, 5], whereas for supercuspidals, we
adopt a method due to Saito [15] to get the desired result. Since the most
substantial part of this paper deals with the proof of this theorem, we give
the main ideas of the proof here.

Corresponding to the quadratic extension K of F' we fix an embedding ¢
of K*/F* in U(2, K/F) given by

-1
i(aF*) = ( Agy i ) ( aO a91 ) where a = x + Ay € K*.

0 A 0 1
involution g — w!g~7w~!) and i(aF*) are conjugate in GLy(K). By means
of the base change theory of U(2, K/F'), we get two formulae — one in the
stable base change case and the other in the unstable base change case — for
X{r}(i(aF™)), where {7} is the packet of representations of U(2, K/F) that

_ -1
If g = ( A0 > < “ 0 ) w, then observe that gg” (where 7 is the
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base changes to I and x(,} is the sum of characters of the representations in
the packet of m. These formulae must be seen as the analogues of Tunnell’s
formula for characters of GL(2). Flicker’s theorem can be derived as a
corollary to the proof of these formulae, just as Saito deduces Proposition 2.1
(Corollary 2.4 in [15]) from his proof of Tunnell’s formula.

2. Proof of Theorem 1.1.

We will prove Theorem 1.1 through a series of propositions. We start with
a result of Saito [15, Corollary 2.4].

Proposition 2.1. Let 7 be a supercuspidal representation of GLo(F)
with the central character wy, and let 11 be the base change lift of w to
GLy(K). Then for characters A\ of K* which satisfy Np = wrwi/p,
(M@ AL, g )A(—1) is independent of .

The epsilon factor is related to the gamma factor by [10]
L(L TN
oA L, —e(M@N L pg)—2—
( Vi) = €( wK)L(%,H@/\_l)

The one dimensional epsilon factors and gamma factors are related by

L(i,x71)

L(3,x)

Y VK) = €(X, Vi)

Our convention for the 1-dim e-factor is the one used by Langlands. Thus
for a character x of F* and an additive character ¢ of F' we have €(y, ) =
X(C)ﬁ> where t = fUF x Hu)y(u/c) du, Ur being the group of units in the
ring of integers of F, du a Haar measure on Ur and ¢ an element of F' of
valuation a(x)+n(v). Here a(x) is the conductoral exponent of x and n(w))
the conductoral exponent of 1. We refer to [16] for the basic properties of
these e-factors. For instance, we have

(i) e(x. ¥x) = €. ),
(i) eOx, ¥r)e(x ™ ¥r) = x(=1).
For the following two properties of e-factors associated to representations of
GL(2) refer to [10].
(i) (T, ¥ )e(TL, tre) = wyy (—1).
(iv) €(IL, (YK)a) = wy(a)e(Il, k) where (Vi )a(z) = YK (ax).
Also we have
(v) (Frohlich-Queyrut [6, Theorem 3].) For any character x of K* which
is trivial on F™* and any A € K* with trg p(A) =0, e(x, ¥x) = x(A).

Now we claim that the value of e(TI® A1, 95 )A(—1) in Proposition 2.1 is
precisely 1. To prove this, write w;; = p1pu2, where g and po are characters
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of K* such that y;|p+ = wrwg/p, (i = 1,2). Then for characters A of K*
with very small conductors which satisfy A\|px = wrwi /F, we have
M@ A, )M =1) = e(u A", ) e(paA ™", Yr ) A(—1)
by a result of Jacquet and Langlands [10, Proposition 3.8, p. 116]. Note
that p;A\~!|p+ = 1 for i = 1,2. Thus, by Property (v) above, e(j;A™1, k)
= ;A" (A), where A is any trace zero element of K. Thus
M@ A Yr)A(=1) = A~ (A)p2 A (A)A(-1)
= ppa(A)ATH (=A%)
= wy (A)ATH (N (D))
= wn(A)wwil(NK/F(A))
=1

whenever \

F* = wrwi/p and the conductor of A is sufficiently small. This
proves our claim. If I is principal or special, then e(TI® A~!, ¢ )N (—1) = 1
whenever \|p+ = wrwg/p can be proved by a direct epsilon factor compu-
tation, and the condition that it be independent of A is not needed. For
then either II = TI(x1,x2), where x; and y2 are characters of K* such
that x; = x;?(i = 1,2), or IT = Y>(x1,x2), where x1x2™! = | |k and if
X = xi| \;(1/2 = x2| ]%2, then x = po Ng/p for a character yu of F™*. Now
consider €(IT® A\~!, 1hg)A(—1) for characters A of K* with A|p+ = wrw/p.
The condition on A means that A\? = w,,. If II is the principal series repre-
sentation considered here or the special representation with yA~! ramified,
then the GL(2) e-factor factorises into the GL(1) factors as follows:

cMA 1 vK) = e vk )eeA ™, vK).

We have xoA™' = x17'\? and hence

A vK) = c0a A YK) = eba A YK) = eba A vK),
since x1 = x1%. Therefore,
M A ) A1) = e ¥Rl A\ Pr)A(-1)
= xiIAT (DAY = xa(-1) = 1.
If IT = " (x1, x2) with xA~! unramified, then K/F is necessarily unramified

since YA ™| = wg/F in this situation. So we can take 7k to be mp itself.
Note that wg/p(7F) = —1. Now we have the factorisation (see [10, p. 109])

L(3,x17™)

Mo yk) = E(Xl)\_l,lDK)E(Xz)\_lWK)m-
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Therefore

1—
eM@ A i) AM=1) = e(xad ™, i )e(xaA ™, wmm

= e[ Ur)eOeA ™ Yir)A(-1)

= XA (=1)A(=1) = x(-1)
=1.

A(—1)

If IT is a base change lift of a representation 7 of GLy(F'), then II ~ II? and
therefore, T ® A = (IL® A~1)” when A|p- = wrwi/p. Hence L(%,ﬁ ®A) =
L(3,I® A1), Thus it follows that in our situation e(II® A~ ¢ )A(—1) =
Y@ A~ b )A(—1). Now if IT is an irreducible, admissible representation
of GLy(K) with wy = po Ng/p, and if II ~ 117, then II is a base change
lift of a representation 7 of G L2(F') and w, can be either p or pwg . Thus
from the preceding discussion we get:

Proposition 2.2. Let i be a character of F* and let 11 be an irreducible,
admissible representation of G La(K) with wy = po Nk p such that 11 ~ T1°.
Then YT @ A~1, ¢ )A(—1) = 1 for all characters X of K* with \|p~ = u or
Y @A"Y Y )AN(=1) =1 for all characters X of K* with \|p+ = PWEK /-

Next we prove:

Proposition 2.3. Let u be a character of F* and let 11 be an irreducible,
admissible representation of GLy(K) with wy = po Ng/p. Then I is -
distinguished with respect to GLy(F) if and only if YIIRA L, )N (—1) =1
for all characters A of K* with N p+ = p.

Proof. This is immediate from a result of Hakim [8, Theorem 4.1] which
states that a representation IT of GL9o(K) with trivial central character is
distinguished if and only if y(IT@ AL, (¥ )a) = 1 for all characters A of K*
with A|p« = 1. Though Hakim assumes that w, = 1, the same proof works
under the milder condition w |+ = 1. Here (¢x)a is the additive character
of K given by (¢ )a(x) = ¥x(Ax). Suppose II is an irreducible, admissible
representation of G'La(K) with wy; = o Ng p. Let i be a character of K*
such that il = p. Now II is p-distinguished if and only if II ® g~ ! is
distinguished. Note that Wign |+ = 1. Thus, by the result of Hakim, II

is distinguished if and only if y(IT ® 7~ 'A7%, (¢ )a) = 1 for all characters
A of K* which satisfy A|p+ = 1, i.e., II is p-distinguished if and only if
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Y @AY (Yi)a) = 1 for all characters A of K* with A\|p+ = u. Also
I A, (Bx)a) = oy (AT A )
= (WpA ) (AN A k)
= (N /r(A)A=D)A (N p(A))y (T @ A, v)
=yII@ A1 ¢Yr)A(-1)

and the proposition follows.

Proposition 2.4. Let u be a character of F*, and let 11 be an irreducible,
admissible representation of GLo(K) with wy = po Ng/p. Suppose 11 is
u-distinguished. Then I1 is a base change lift of a representation of G La(F)
with central character pwg p.

Proof. This also follows from a result due to Hakim which says that II ~ II°
for a distinguished representation II [8, Theorem 2.1], [3, Prop. 12]. Now let
II be p-distinguished. Then II® i~ tis distinguished, where /i is an extension
of it to K* and hence (IT® 1) ~ (@17, i.e., I ~ I1° @ (i)~ . But
I~ ®w, ! and wy = po Ng/p = fifi. Thus it follows that IT ~ II.

What remains to be proved is the assertion on the central character. To
this end we will make use of two results which we state now. The first one is
due to Flicker and Hakim [5, Proposition B17] and the second is Tunnell’s
formula for characters of GL(2) proved by Saito in full generality [15, 17].

Theorem 2.5. The principal series representation II(x, x~%) of GLa(K) is
distinguished (and wg, p-distinguished). The principal series representation
I(x1,x2), X1 # X2 is distinguished precisely when x;|lpx = 1 (i = 1,2).
The special representation o (x| ]%2, X |;(1/2) is distinguished precisely when

X|F* = WK/F-
Fix an embedding of K* in GLa(F).

Theorem 2.6. Letm be an irreducible, admissible representation of GLa(F')
and xn its character. Let I1 be the base change lift of m to K. Then

14+ eI A r)A(—1
NI o ( : A1),

)\‘F* =Wr

where the summation on the right is by partial sums over all characters of
K* of conductoral exponent < n.

In order to prove our assertion on the central character for the principal
series and special representations of G Ly (K ), we need to show the following:
(i) The principal series representation II(x,x?) (x # x7)of GLa(K) is
X|F+-distinguished and not x|r+wg /- distinguished. (This is because
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II(x, x?) is the base change lift of a supercuspidal representation with
central character x|pwg/p-)

(ii) The principal series representation II(x1, x2) of GLy(K) with xy; =
p1 o Ngjp, X2 = p2 © Ngyp (where pq,ug are characters of F™) is

p1pe-distinguished as well as py powp p-distinguished.

(iii) The representation Y (x| \}(/2, X| |[_(1/2) with x = p1o Ng/p (where p is

a character of F'*) is p’w i/ p-distinguished and not p2-distinguished.

H(x, x°) ® x ! = II(1,x " 'x?) is distinguished by Theorem 2.5. Now

— -1
1wK/F .
This is H(J};/}fl, Xflx"ﬁk\/}*l) and since the restriction to F™* of these
two characters are not trivial, it follows by Theorem 2.5 that II(y, x7) ®

take an extension w/[;//p of wi/p to K* and consider I1(x, x7) ® x~

Xflc@?/}_l is not distinguished, or equivalently, II(x, x?) is not x|rwg/p-
distinguished.

If IT = TI(x1, x2) with x1 = p1 0 Ng/p, X2 = pi2 © N/ (g1, pi2 are char-
acters of F*), then for characters \ of K* with \|p« = e,

YT @ AN i) A(=1) = yOa AT vr) (e AT vr)A(-1)
=700 )y 0a T IA YR)A(-1)
= x1A T (=1)A(-1)
=xi(-1)=1

since xoA™! = x1 'A% and x1 = x1°. The same argument works if we take
A such that \|p+ = pipowg/p- Thus IT is both iy pg- distinguished and
p1pewr s p-distinguished by Proposition 2.3.

For a character 1 of K*, the special representation > (x| \%2, x| |I_(1/2) ®

p~! is distinguished precisely when i ~!|p- = wg/r by Theorem 2.5, i.e.,
> (x| ]%2, X| ];{1/2)®ﬁ*1 is distinguished precisely when fi|p« = X|pwi/p =
pPwg p. Thus > (x| |}</2,X| |;<1/2) is p*wg p-distinguished and not -
distinguished.

Now suppose that II is a supercuspidal representation of GLo(K) with
wy = o Ng/p which is p-distinguished. We must show that II is a base
change lift of a representation of G La(F') with central character pwg, p. By
what has already been shown, II is a base change lift of a representation
of GLo(F) (say m). Since wy = po Nk p, wy can be either p or pwy/p.
What we need to show is that w; = pwg/p and not . This will follow from
Saito’s proof of Tunnell’s formula [15]. Using the relation wy; = po Nk p
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in Saito’s proof, we will finally get the identity

€ -1 —
(@) = Z 1+ (H®)\2,1/1K)>\( 1)/\(a)
Alpx=p
Z 1+e(H®A21,wK)/\(—1)

+ Aa)

Al =HYK/F
where x is the character of m and a € K* — F™.

Since y-factor and e- factor are the same for supercuspidals, and since 11
is given to be p- distinguished, e(IT ® A~1, 95 )A(—1) = 1 for all characters
A of K* with A|p+ = p by Proposition 2.3. Thus the first sum in the above
identity vanishes and we get

A

Z 14+ e(II@ A1 hr)A(—1)

Xl (e —Fe) = 5

Al =HYK/F

Comparing with Tunnell’s formula (Theorem 2.6), we have w, = HWE /P
This finishes the proof of Proposition 2.4.
Theorem 1.1 follows from the above propositions.

3. Proofs of Theorems 1.2 and 1.3.

We now prove that Statements (2) and (3) in Theorem 1.2 are equivalent.
Recall that

a

ver/m={a= (4 1) ecmm)] vy w =]

0 1 N
Wherew—<_1 O)andg _<c" d0>.Thus

U2 K/F) = {9 € L) | o = o)

and the centre of U(2, K/F) is

{< 0 2 ) € GLy(K) | Ngyp(a) = 1}‘

Therefore, if a representation IT of GLy(K) is distinguished with respect to
U(2, K/F), wn factors through the norm map Ny p. Define GL3 (F) to be
the subgroup of GLy(F') consisting of matrices whose determinant lies in
Ng/pK*. We observe that Z(GLy(K))GL3 (F) = Z(GLy(K))U(2,K/F),
where Z(GLo(K)) is the centre of GLo(K). Hence if (I, V) is p-disting-
uished, and [ is a nonzero linear functional on V such that [(II(g)v) =
p(det g)l(v) for g € GLo(F), then I(II(g)v) = l(v) for g € U(2,K/F).
The case when II is pwp,p-distinguished is similar. Conversely, if 1I is
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distinguished for U(2, K/F), and [ is a nonzero linear functional on the
space of II such that {(II(g)v) = l(v) for g € U(2,K/F), then I((II(g)v) =
p(det g)l(v) for g € GLg (F). We define a linear functional I’ on the space

of TI by
I(0) = 1(v) + p~(a)l (H << o )) v>

where a € F* — Ng/pK*. Then it is easy to check that I'(TI(g)v) =
wu(det g)l'(v) for g € GLy(F). Thus if I’ # 0, then II is p-distinguished.

If ' = 0 then
z(n << 0 (1) >> v> = pwi/p(a)l(v)

and so Il is pwp p-distinguished.

The above together with the proof of Theorem 1.1 completes the proof of
Theorem 1.2.

We now prove Theorem 1.3. Let II be an irreducible, admissible repre-
sentation of G Ly(K) with w|p« = 1. Since wy|p+ = 1, we have w, = n~1n°
for a character n of K* (by Hilbert 90). Note that

2
Wrg, = Wnll
=’
Hence

IT is dist. or wg/p-dist. < Il ®@ 7 is (n]F)-dist. or (|p+)wg,p-dist.
< Il ®n is a base change lift for GLy(F)
S (MIen)’ ~IIen
el ~Iew,!
&I ~ 11

If a supercuspidal IT is a base change of 7 and 7/, then 7’ = T®@w k/F- In
particular, w = w;. Therefore, from the above argument we conclude that
IT is either distinguished (when IT ® 7 is a base change of a representation
of central character n|p+wg/r) or wgp-distinguished (when II® 7 is a base
change of a representation of central character n|p+), but not both. This
discussion together with Theorem 2.5 proves the following proposition.

Proposition 3.1. Let II be an irreducible, admissible representation of
GLy(K). Then II is both p-distinguished and pwgp-distinguished with
respect to GLa(F') exactly when TI = Tl(u1 o Ng/p, p2 © Ngyp) for some
characters py and po of F* with u = pqps.
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4. A local proof of Flicker’s Theorem.

First let us view Theorem 1.3 in the language of base change theory for
U(2,K/F). The local base change lift is defined in [2] in terms of character
identities and the existence of this lifting is proved there. The image of the
base change map from the class of admissible representations of U (2, K/F)
to the class of admissible representations of GLa(K) consists of 7-invariant
I, where we recall that 7 is the involution g — w'g~w™! of GLy(K). The
central character of any irreducible, admissible representation IT of GLs(K),
which is in the image of the base change map, is trivial on F*. If IT is 7-
invariant and w |+ = 1, then II is obtained as the base change of a unique
L-packet of U(2,K/F). This L-packet consists of one or two irreducible,
admissible representations of U (2, K/F). If II is an admissible represen-
tation of GLy(K) such that IT ~ II", then take an intertwining operator
between the spaces of II and II", and use this operator to extend II to the
semi direct product GLo(K) x Gal(K/F'), where Gal(K/F) acts on GL2(K)
by 0.9 =g". Let xy,, denote the character of this extended representation.
There are precisely two base change maps - stable and unstable - from the
class of admissible representations of U(2, K/F') to the class of admissible
representations of GLa(K). Let @}//F be an extension of wg/p to K*. We
say that II is a stable base change of a representation 7 of U (2, K/F) if

Xi.0(9) = X{r}(997)

whenever ¢ is such that gg” is regular in U(2, K/F). Here {r} is the L-
packet of 7 and X{r, r,} = Xm + Xr,- The character x(} depends only on
the conjugacy class of g¢g” in GLo(K). Further, IT is said to be an unstable
base change lift of 7 if

X, (9) = O p(det g)x(xy(997)

for all g € GLy(K) with gg™ regular in U(2, K/F).
Thus Theorem 1.3 can be reformulated as follows.

Theorem 4.1. Let II be an irreducible, admissible representation of
GLo(K). Then II is a base change lift of a representation of U(2, K/F) if
and only if I1 is distinguished or wy g -distinguished with respect to G La(F').

But something more is true. In the above theorem, distinguished repre-
sentations with respect to GLy(F') correspond to the unstable base change
lift from U(2, K/F), and the wg/ p-distinguished representations with re-
spect to GLy(F) correspond to the stable base change lift from U (2, K/F).
This is proved by Flicker [3, Theorem 7] by global means. We produce a
purely local proof of this theorem. Our proof essentially imitates Saito’s
proof of Tunnell’s formula [15].

We start with a proposition (cf. [3, p. 161], [2, p. 717]).
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Proposition 4.2.

(i) The principal series representation I1(x, x~7) of GLa(K) is in the im-
age of both the stable and the unstable base change maps.

(ii) The principal series representation I(x1, x2) with x1 # x2 and X;|p+ =
1 (i = 1,2) is in the image of the unstable base change map and it is
not obtained by the stable lifting.

(iii) The special representation o (x| |}(/2,X| \;(1/2) is obtained through the
unstable lifting precisely when x|p+ = wi/p-

Comparing this proposition with Theorem 2.1, we see that Theorem 1.4
is verified for principal series and special representations. We need to verify
Theorem 1.4 for supercuspidal representations of GLa(K).

Let IT be a supercuspidal representation of G Lo (K) which is a base change
lift of a representation of U(2, K/F). Then II ~ II" and wy|p = 1, ie.,
IT ~ w; ®II7 and w|p+ = 1. So by the uniqueness of the Kirillov model,
K(IL¢k) = K(w, ® 17,9k ). Note that I,, defined on the Kirillov model
K(IL,vk) of I by I, f(x) = wy(x) f(x7), gives an intertwining operator from
(I, K (I, %)) to (wy @ 119, K(I1, 1k )). Also I2= identity since wyy|p+ = 1
and II(o.h) = I,11(h)I,. We extend II to GLy(K) x Gal(K/F) by Il(g,0) =
I(g)I,. Now we compute the value of the twisted character x; , at

= (2723 D)

where a € K*, A € K* such that trg p(A) = 0.

Since IT is a supercuspidal representation, K (II, 1) coincides with the
space of Schwartz-Bruhat functions S(K*) on K*, and a basis of this space
is given by the set of following functions

(n)(x) _ {)\(a:) if vg(xz) = —n

A 0 otherwise.

Here n varies over all integers and A varies over a complete set of represen-
tatives of all characters of K* modulo ~, where A\; ~ A2 if and only if \{ A5 1
is unramified. We have the lemma [15, Lemma 2.1]:

Lemma 4.3. H(w)fg\n) =elI® /\_1,1/JK)§£)m))\_1 where m = f(IT® A7Y) +
II
2n(vg) —n.

Here f(IT® A™1) and n(¢ k) denote the conductoral exponents of [T A~*
and Y respectively.
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Using this lemma we compute H(g)],,ff\n)

(n) A 0 —at 0
H(Q)Iof)\ _H<0 A)H< 0 1
A 0 —a ' 0 (n)
Sa (B0 (0 Y,
-0 A0 —a™ 1 0 (m)
:E(H®wn A 5¢K)H<O A)H< 0 1 5)\—0
(where m = f(II @ w, A7) +
= g (A)e(IL @ wy A, dp)A 7 (—a g )
But II ® w,"]A™7 ~ TT® A7 ~ II°® A% = (Il ® A1), Therefore,
(M@w, A7, 9k) =e(M@A L 9g) and fIT@w, A7) = f(ToAL).
Thus, H(g)I(,Eg\n) = wy(A)e(lT @ ML p )N (— )E(m k(@) where m =

S XY 4+ 2n(yYr) — n.
We have thus proved:

Lemma 4.4. Fora € K* — F*,

A0 —a= 1 0 (n)
(08 ) (5 7))

= wy (A)e(II @ A1 g ) A7 (—a)ey "
where m = f(II@ A™Y) + 2n(v) — n.
A 0 —a ' 0
0 A 0 1
There is a standard method to do this and we refer to [15, pp. 102-103] for
1+ Pk Pr n

,P?( 14 ,P}L{ > OGLQ(OK). Let K(H,@b[() be
the subspace of K (II, 1 k) consisting of elements invariant under T',,.

Let

We want to compute xy,(g), where g = < w.

the details. Set I';, =

B. — (m)‘ conductor of A <n
" JAI@A ™) +n(x) —n <m < n(pg) +n

Then B, gives a basis of K(II, ¢ k)" for n sufficiently large, and J,, By, gives
a basis of K (I, ¢ x).

Let P, be the projection of K (II, k) onto K (II,vx)" defined by fr*fn(jgdg,

where dg is a Haar measure on G Lz(K). Then the value of x, ,(g) can be
calculated as trace(Il(g)I,P,) with respect to this basis for a sufficiently
large n.

_ -1
Suppose fgn) contribute to xy;, (( § Z > ( C(L) (1) ) w). Then we

have:
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(i) n=n(¢r) + 3(FITO A7) — vk (a));

(i) Aoz =A"7os,

First assume that K/F' is unramified. Then from (ii) we have Ao = 1.
As a representative of the class of A, take A such that A\(wr) = 1. Then we
have A™7 = A. Thus the contribution to

we (5 3) (75 1))

of fg\n) for the above A is equal to

{wH(A)e(H @ AL, Ug)N (—a) if vk (a) = F(IT® A1) (mod 2)
0 otherwise.

Since K/F' is unramified, we have an extension J}?/} of wg/p to K* which
is unramified. Then

e(ll® A_IQJ/I;//F_l, vic) = ()T T D@ A7 ).

a1
Therefore the contribution of Eg\n) t0 Xy, << a0 ) ( “ 0 ) w> is

0 A 0 1
equal to
1 — o -1 - - \o
§WH(A)(€(H®)\ Lpg )N (—a) + e(IT@ A 1WK/F lawK)()‘wK/F) (—a)).
Thus

we (0 8) (7 1))

2
)\lp*zl
e(Il @ A 1)¢K o
+ ) ( 5 )\ (—a)
A'F**"-’K/F

3 1+ eI X, (YK)a)

: X (a)
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since 2y (,.21A7 = 0 and Z/\\p*=wK/F/\U =0.

Now suppose K/F is a ramified extension. Let 7mp be a uniformizing
element of F' that is contained in the norm of K. Condition (ii) implies
)"NK/F(O%) = 1. Therefore, A|ox, = 1 or wg/r|oz. In the class of A satisfying

(ii) there are exactly two characters satisfying \;(7r) = 1,(i = 1,2) and
they satisfy A; = A, 7. Since A\ and Ay belong to the same class, )\1/\2_1 is
unramified. Hence, M Ay (7%) = MA; (7)) = 1. Thus M Ay (rx) = +1.
But )\1)\2_1(7TK) = 1 implies that A\; = A9 which is not true and so \;(7x) =
—Xo(7m). Thus Ao = A1 where n(z) = (—1)"%®). Now the contribution of

n A0 —a 1 0 )
o (0 8) (70 1))

1 — o — o
swn(A)(e(ll@ A Lr)A (—a) + eI @ A k)N (—a))
and Aj|p+ = Ag|p+. But Aj|p+ can be 1 or wg/p. So the total contribution

is once again

(M@ A1 (YK)a) o Mo X, (YK)A) o
> SN @)+ Y ()]

A‘F*:l /\\F*:UJK/F

Thus, as in the unramified case, we get

we (5 2) (75 7))

€ —1
. 1+ (H@A2 ,(wK)A)X,(a)

Al px=1

L o, (k)a)
2 ;

+ A (a).

)‘lF*:wK/F

Fix an embedding i of K*/F* into U(2, K/F') given by
-1
oy Ty a 0 B ¥
z(aF)—<A2y a:)(O a_1>wherea—x+Ay€K.

A O 70/_1 O - a—lao' 0
Ifg_ ( 0 A ) ( 0 1 )w7 then observe that gg" = ( 0 1 )

is conjugate to the image of aF™* under 1.
If IT is a stable base change of a representation 7 of U(2, K/F'), then

X110 (( § & ) ( _%_1 (1) >w> = X} (i(aF™)),

and if II is an unstable base change of 7, then

w (0 &) (78 1) w) =amrt mlier.
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Thus we get the following two identities, the first obtained when II is a
stable base change, and the second, when II is an unstable base change.

. 1
X{W}(Z(CLF*)): Z 1+ (H®; 7(¢K)A)Ao(a)

A‘F* =1

Z 1+ e(® Az—l, (YK )A)

+ A7 (a)

Al =WK/F

€ —1
Ximy(i(aF") = Gyp(a) 32 A AEA LA o
Ape=1
. -1
vamre) Y AEAES LKAy

Mp+=wk/p

Let 7 € F* — Ng,p(K*) and change a to ar. In both these identities the
left side remain unchanged, whereas a change of sign occurs in the second
sum of the first identity and in the first sum of the second identity. Thus
it follows that the second sum vanishes in the first identity and the first
sum vanishes in the second identity. Thus we get v(II ® A7L, (¥)a) = 1
for all characters A of K* with \|p« = wg/p (vespectively A|p« = 1) if 11 is
a stable (resp. unstable) base change lift of a representation of U (2, K/F).
(Note that the - factor is the same as the e-factor since II is supercuspidal.)
Hence, if II is a stable base change, then it is wg/p-distinguished, and if II
is an unstable base change, then it is distinguished (by the result of Hakim
cited in the proof of Proposition 2.3).

Remark. Here e(II® A\7!, (¢g)a) = £1 when A|p+ = 1 or wg/p.

Proof. We have (Il ® Afl,wK)e((Hjé\)\/_l),wK) = W1 (51)
But (IT@ A1) ~ @A ~ 17 @ .
Therefore e(IT® A1), k) = e(TT @ X7, k) = e(IT @ A1 ).

Therefore e(IT ® A\~1, g )? = 1.
Now €(IT @ AL, (Y )a) = wy (M)A (=1D)e(T @ A\~ ) = £1.

What remains to show in order to prove Theorem 1.4 is that a represen-
tation IT of GLo(K), distinguished with respect to GLo(F'), is obtained by
the unstable base change map. Now by Theorem 4.1, we know that II is
a base change lift of a representation of U(2, K/F). We must show that
IT is in the image of the unstable base change map and not in the image
of the stable base change map. Suppose Il is a stable base change lift of
a representation of U(2, K/F). Then by what has been proved already,



ON DISTINGUISHEDNESS 285

IT is wgp-distinguished with respect to GLa(F). Thus II is both distin-
guished and wgp-distinguished, which contradicts Proposition 3.1. This
proves Theorem 1.4.
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