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Abstract

Let X be an arbitrary complex surface and D a domain in X that has a non-compact group of holomorphic automorphisms.
A characterization of those domains D that admit a smooth, weakly pseudoconvex, finite type boundary orbit accumulation point
is obtained.
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1. Introduction

Let D be a bounded domain in C”, n > 1 and let Aut(D) denote the group of holomorphic automorphisms of D.
Suppose that the orbit of some point in D under the natural action of Aut(D) accumulates at {o € 9 D. In this situation,
it has been demonstrated (see [3-5,8,14,22,24,27]) that the nature of d D near ¢y provides global information about D.
The point &y is referred to as an orbit accumulation point. The question of investigating this phenomenon when D
is a domain in a complex manifold was raised in [12] and [18] and it was shown in the latter article that the Wong—
Rosay theorem does remain valid when D is a domain in an arbitrary complex manifold with {op € 9D a strongly
pseudoconvex orbit accumulation point. Indeed, it was shown that D is biholomorphically equivalent to B", the unit
ball in C". The purpose of this article is to study this phenomenon for domains D C X, X an arbitrary complex
surface and o € 9D is a smooth (henceforth meaning C*), weakly pseudoconvex, finite type, orbit accumulation
point. It must be mentioned that [3] and [8] have already studied the case when D C C? and a complete list of all
possible model domains can be found there.

The boundary of D is smooth, weakly pseudoconvex and of finite type near ¢ if there is a coordinate chart (Uy, ¢y)
such that ¢ (£g) =0 € C? and the smooth real hypersurface ¢ (U, M3 D) near the origin is given by a smooth defining
function of the form
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Pa(z1,22) = 2022 + Ha(z1,20) + O (121", 22),

where Hy(z1,2z1) is a homogeneous, subharmonic polynomial of degree 2m (the 1-type of {o being 2m for some
positive integer m) and without harmonic terms. If (Ug, ¢g) is another chart centered at ¢y with the property that the
smooth real hypersurface ¢g(Ug N 0 D) near the origin has the form

pp(21.22) =20z + Hp(z1.21) + O (|21 ", 322)

then the mapping ¢g o ¢, ! which is defined in a neighborhood of the origin and fixes it, maps the real hypersurface
{pe = 0} biholomorphically onto {pg = 0}. Thus there exists a smooth, non-vanishing function r near the origin such
that

ppo(ppody')=r-pu
Comparing the terms of order 2m on both sides shows that Hg(z1, Z1) = cHy (21, Z1) for some ¢ € C*. Hence, modulo

a transformation of the form (z1, z2) (cl/ mg, z2) it suffices to fix a chart (U, ¢) centered at g so that the smooth,
real hypersurface ¢ (U N d D) is defined by

p(2) =20Rz2 + H(z1,71) + O (211", 322) (1.1)

in the neighborhood ¢ (U) C C?, where as before H (z1, Z1) is a homogeneous, subharmonic polynomial of degree 2m
without harmonic terms. Henceforth the general situation considered is the following: X is an arbitrary complex
surface, D C X a domain which is smooth, weakly pseudoconvex and of finite type near ¢y € 9D, i.e., in a fixed
local coordinate system the defining function is of the form (1.1). The neighborhood U is chosen small enough so
that U N D is connected. Also, there exists a point p € D and a sequence ¥; € Aut(D) (which is equipped with the
topology of uniform convergence on compact subsets of D) such that ¥;(p) — &o.

Theorem 1.1. The domain D is biholomorphically equivalent to a domain of the form 2 = {(z1,z2) € C*: 2Rz +
H(z1,z1) <0} where H(z1,71) is as in (1.1).

The strategy employed is that of [8]. After an initial scaling, D is shown to be equivalent to an algebraic domain of
the form {(z1, z2) € C%: 2%z2 + P(z21,7Z1) < 0}, where P(z;,Z;) is a real valued subharmonic polynomial of degree
at most 2m that does not have harmonic terms. The orbit {1;(p)} is then studied in the algebraic realization of D and
three cases (cf. Section 3) arise depending on the nature of this orbit and this leads to the determination of H (z1, z1)
in some cases. The arguments of [8] and [3] need to be suitably localized to ensure that we are in the affine situation
and this is achieved by systematically using the attraction property of analytic discs. Moreover, in the parabolic case,
the vanishing of the tangential vector field X (see Proposition 3.3) at the orbit accumulation point can be achieved
without first proving the parabolicity of the action of g; on D. This was also done in [5] assuming global boundary
hypotheses. However, this also holds under local hypotheses as Proposition 3.3 shows. Thus the main theorem of [§]
can be recovered completely even for domains in complex surfaces.

The authors are grateful to F. Berteloot for useful remarks on a first draft of this article and in particular for
mentioning the relevance of [21] in Section 2. Many thanks are also due to H. Gaussier for sending a copy of [18].

2. Scaling the domain D

As a prelude to the initial scaling of D, the following observation will be needed. This was proved in [17] (see
also [8]) for domains in C" and then extended to the case of strongly pseudoconvex domains in complex manifolds
in [18]. The infinitesimal Kobayashi metric will be denoted by F [’)( (p,v) for p e D and v € T, D, while the associated
Kobayashi distance between p,q € D is d g (p, q). The Kobayashi ball centered at p € D of radius R is denoted by
B g (p, R). Finally X is equipped with a length function arising from a fixed hermitian metric on 7' X.

Proposition 2.1. For every open neighborhood V of o € D in X and every relatively compact subset K in D, there
exists jo > 0 such that ¥ ;(K) C VN D for j > jo. Moreover D is complete Kobayashi hyperbolic.

Proof. Since 9D is smooth, weakly pseudoconvex and of finite type near ¢p, there exists a local holomorphic peak
function f at ¢p by[15]. Choose a neighborhood W of ¢y which is relatively compact in V so that f(£o) = 1 and
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1/2 < |f(2)] < 1 on (W N D)\ {¢}. Then u(z) = log|f(z)| defined on W N D is a negative plurisubharmonic
function that vanishes exactly at ¢y and which is strictly negative at all other points of W N D. Choose 1 > 0 small
enough so that

.{23,7:{16Wﬂ5: u > —3n}
is relatively compact in W. The function
ﬁ_{u ifz€2,ND,

—-n ifzeD\ 2,

is then a negative plurisubharmonic function on D that peaks at ¢o. Let g : A(0, 1) — D be an analytic disc. The
function i o g is subharmonic and the sub-mean value property shows that for every negative o such that —a < /2
and i o g(0) > «, the Lebesgue measure of the set E, = {0 € [0, 27]: i o g(e'?) > 2}, denoted by |E,| satisfies

|Eq| > 7. 2.1
Now choose € > 0 small enough so that

inf _{i(z) +elog|gp(@)|}=—c1>—c2= sup {i(z)+elog|p(2)]}.
z€982,ND 2€382,,ND

The function p(z) defined on D by

u(z) +€loglo(2)] ifze2,ND, _
p(z) = max{i(2) + €log|p(2)], —(c1 +¢2)/2} ifz € (£225\ £2y) N D,
—(c1+¢2)/2 ifze D\ 2,

is then a negative plurisubharmonic function with p~!(—00) = {£o}. By the Poisson integral formula it follows that
for all 0 < r < 1 there exists C = C(r) > 0 such that

21
(pog)@)<C f (pog)(e?)do 2.2)
0
for all ¢ € A(0, r). Moreover, since u is a plurisubharmonic peak function at ¢y and p({o) = —oo, there exists for

each L > 0, an arbitrarily small negative constant « such that u(z) > 2« implies p(z) < —L.
Let g : A — D be an analytic disc with &0 g(0) > «. Then from (2.1), we have | Ey| > 7 and hence pog(e?y < —L
for 0 € E, . Using (2.2) we see that for { € A(0, r), where 0 < r < 1 is fixed,

2
(0o g)©) < c/<pog)(e'9)de =C</<—L>de + (pog)(e”)de).
0 Eq (0,27 \Eq

The second term above is negative since p < 0 and hence

(pog)l) < —LCxm (2.3)

for ¢ € A(0,r). Now the family G, = {z € D: p(z) < —Cmn}, n > 1 is a neighborhood basis of_;'o e D since
p~1(—00) = ¢p. For each n > 1, choose «,, such that ii(z) > 2a, implies p(z) < —n. Let G, ={zeD: i(z) > a,}.
Then from (2.3) it follows that for each n and each fixed r € (0, 1)

g0 eG, = g(A0.,r)CG,. (2.4)
Henceforth we will work with a fixed large n chosen so that G,,, G,, are both relatively compact in W. Also shrink G/,
to make it relatively compact in G,,. Dropping the subscripts for brevity, (2.4) says that if the center of an analytic disc
is close to the peak point, then an a priori fixed portion of the disc cannot wander too far away from it. This implies
that

Fj(z,v) 2 rFlnp(z,v) 2.5)

forze G’ and v € T, D.
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Choose 77 € 3G N D and let y : [0, 1] — D be a differentiable path with y(0) =z’ and y (1) = z. Let fy be such
that v (t9) € G’ N D and y ((ty, 1]) C G’ N D. Then

1

1
/Fg(y(r),dy(n(l))dr>r/FémD(y(t),dy(t)(l))dr.
0

fo
Since f: W — A(0, 1) peaks at &y and sup | f| =c < 1 on dG’ N D, it follows that
1 1
r / FSp(y®,dy@())dt >r / FRon(for@.(foy)®)dt =df g, (f oy (). f(2)) = oo

to fo
as z — £o. It follows that for all 7/ € 3G N D
df(z,7) — oo (2.6)

as z — ¢o. The first claim made in the proposition follows. Indeed, let K be a compact, connected sub-domain of D
that contains zg and V a fixed but arbitrarily small neighborhood of ¢y € 3D in X. Suppose that p;, € ¥;, (K)NaV
for some subsequence j, — oo. Then

d§ (zo, Wj_nl(pjn)) =dp (¥),(20), pj,)

and since v, (zo) — o, (2.6) shows that the right side above becomes arbitrarily large. On the other hand the left
side is uniformly bounded since z( and wj_nl (pj,) € K forall j,. This is a contradiction. Thus v;(K) C V N D for all
large j. This also shows that V N D is hyperbolic. Indeed, suppose that F’ g (p,v) =0 for some p € V and a non-zero
v € T, D. The upper semi-continuity of F’ g shows that there exists p; — p, and v; € T); D converging to v such
that Fg (pj,vj) <1/jforall j > 1. Consequently there are holomorphic mappings g; : A(0,r;) — D, r; — oo with
g;j(0)=pj and |dg;(0)| = |vj| — |v| > 0. By Brody’s theorem there exists a non-constant mapping g : C — D with
g(0) = p. But then # o g is a non-constant, negative subharmonic function on C which is a contradiction. Thus V. N D
is hyperbolic and since each compact subset of D is mapped into V N D by some v}, it follows that D is hyperbolic
as well.

To establish completeness, choose the neighborhood V of ¢y small enough so that each ¢ € V N d D has a holo-
morphic function f; defined in V N D that peaks at ¢. Suppose that B g (p, R) for some fixed p € D and R > 0 has
points p; — 0D. Then wJ(Bg(p, R)) C V N D for some large fixed J. Also note that {1/;(p;)} can cluster only at
VNabD, say at g: e VNaD. It follows that

dfy(p, pj) =dps (Y1 (p), i1 (p)) = dX 1) ((fz 0¥ (P), (fz 0 W) (p)))

which is a contradiction since ( fg o¥y)(pj) — 1 and thus the right side above becomes arbitrarily large while
dg(p,pj) <Rforallj. O

Let p € D be an arbitrary point. Then v/;(p) — &o. It will be useful to describe the scaling of D and the corre-
sponding model domain in terms of the given point p and the sequence {v/;(p)}. Recall the fixed coordinate system
(U, ¢) centered at {p as in (1.1). Then ¢ o ¥ (p) C ¢(U) for large j. Choose ¢; € ¢(d.D N U) defined by

(j=¢oy;i(p)+0.€j), € >0.

From [11] it follows by shrinking U if necessary that there is a sequence of biholomorphisms % ; defined on ¢ (U)
such that 2;(£;) = (0,0), hj(¢ o ¥j(p)) = (0, —€;), and the defining equation for /(¢ (3D N U)) around the origin
is

2m

2Rz2+ Y Prj(21,2) + Rj(S22,21) = 0. 2.7)
=2
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Here P, j(z1, z1) are real valued homogeneous polynomials of degree [ without harmonic terms. Also, P; ;(z1,z1) — 0
and Py, j(z1,21) = H(z1,21) as j — oo. Let || - || be a fixed norm on the finite dimensional space of all real valued
polynomials on the complex plane with degree at most 2m that do not contain harmonic terms. Define z; > 0 by

2m

-1 _
Zéj Py j(Tjz1,7521)

=2

2.8)

Since Py, ;j — H which is a non-zero polynomial, it follows that sup; {ej_lrjz’”} < 00. Let T} (z1, z2) be the sequence
of dilations defined by (z1, z2) = (21/7}, z2/€;). It follows from (2.7) and (2.8) that the domains T o i (¢ (U N D))
converge to

2, ={(z1.22) € C%: 2%z3 + Pp(z1.71) <0}

where P), is a real valued subharmonic polynomial of degree at most 2m without harmonic terms and || P, || = 1.

Proposition 2.2. The domain D is biholomorphic to $2,. Moreover, there exist points p arbitrarily close to o for
which the polynomial P, that occurs in the defining equation for §2), is of the form

Pp(z1,21) = H(z1,21) + R(z1,21)

where H(z1,71) is as in (1.1) and the degree of R(z1, 71) is strictly less than 2m. In particular, for these choices of
p, the degree of Py is 2m.

Proof. Let K be a compact sub-domain of D that contains p. Then ¥ ;(K) C U N D for j large and thus the holo-
morphic mappings ¢.; are well defined on K. Note that (T o hj o ¢ o ¥;)(p) = (0, —1) for all large j. By [9]
it follows that {T; o hj o ¢ o ¥} is a normal family on K and by exhausting D with an increasing family of
such K, we get a holomorphic mapping @, : D — §2, with @,(p) = (0, —1). The maximum principle shows that
@, : D — £2,. To show that @, is biholomorphic onto £2,, let K be relatively compact in §2, with (0, —1) € K.
Since Tjohj(¢ (U N D)) — £2, it follows that K is relatively compactin T'j o hj(¢ (U N D)) for all j large and hence
the holomorphic mappings

(Tjohjopoy)™ 1K — D

are well defined and map (0, —1) to p € D. Since D is complete hyperbolic, some subsequence converges to a well
defined holomorphic mapping that maps K into D. Exhausting £2, by such K, we get a holomorphic mapping
¥, : 82, — D.Itfollows that ®, o ¥, =¥, 0 @, =id.

The points pj=(0,-1/j), j > 1 are in ¢(U N D) and lie on the inward real normal to ¢ (U N 9 D) at the origin.
Let @; : D — £2; be biholomorphic mappings such that @; (¢_1(pj)) = (0, —1) where £2; = {(z1,22) € C2: 20z +
Pj(z1,z1) < 0} is a model domain corresponding to the point ¢(p;). Compose @; with a mapping of the form
(z1,22) = (Ajz1,22), Aj > 0, if the need be, to ensure that || P;|| = 1 for all j. Then P; converges to a real valued
subharmonic, polynomial of degree at most 2m without harmonic terms. Call this limit Py, and note that || P || = 1.
Thus £2; — Q200 = {(z1, 22) € C% 2Rz2 + Poo(z1,Z1) < 0}. Consider the dilations A;(z1, z22) = (j/?"z1, jz2) and
the domains G; = A(¢(U N D)) and D; = @;(U N D) C §2;. Thus we have a sequence of biholomorphisms

tj=®j0¢ 'oa;':G;j—>D;

such that 7;(0, —1) = (0, —1). It is evident that G; — Goo = {(21,22) € CZ: 20z + H(z1,71) < 0}. On the other
hand D; — 2. Indeed, if K is a relatively compact in 2 and contains (0, —1), then K is eventually relatively
compact in §2; and the proof of Proposition 2.1 shows that <Dj_1 — ¢o uniformly on K. This means that @;I(K ) C
U N D and hence that K is relatively compact in D; for all j large. Conversely, when K C C2\ 240, then K C
C? \ 2, C C? \ D; for j large. The convergence of t; follows from Lemma 2.3 of [8] while that of rj_l from [9].
Applying the maximum principle, it follows from [19] that there exists a biholomorphism 7 : Goo = §200 With
T00(0, —1) = (0, —1).

To conclude from this that the degree of Py, = 2m, it suffices to show that there are points on 9G ,, excluding the
point at infinity, whose cluster sets under 7, contain at least one finite point on 9£24. This can be done using the
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holomorphic peak function at infinity for §2,, as in Lemma 3.2 of [8] or using the argument of Lemma 3.1 in [13]
(which does not require the existence of holomorphic peak functions at infinity). Thus the degree of P; equals the
degree of Py, =2m for all large j. Finally note that
2m
Py = li P i(z1,z1)e; Tt
o0 jgrgog 1.j (21, 21)€; T,
where Py, j(z1,21) = H(z1,21) and P ; — 0 for [ < 2m. But since the degree of Py is 2m, it follows that 2"~ €j
and hence the homogeneous part of Py, of degree 2m is a scalar multiple of H(z1, z1). This multiple can be absorbed
in H(z1,z1) by a global change of coordinates. O

3. Model domains for D

It will now be convenient to fix p € D sufficiently close to ¢y so that §2, and P, are as in the previous proposition.
Having done so we drop the subscripts on §2,,, P, and @, for brevity and simply write 2, P and @. The symbols
Py, P, 5 denote the derivatives 9% P /9z{, b py 0z¢ 51'13 respectively. The sequence ¥ (p) — &o and there are three
possibilities for the image sequence @ o ¥ ;(p) € §2. To describe them let @ o v;(p) = (a;,b;) and define n; =
29b; + P(aj,a;). Then exactly one of the following holds:

(i) |a;| is bounded after passing to a subsequence and |5 ;| — 0, or
(ii) laj| — oo and ;| — 0, or

(iii) |n;| > ¢ > 0 for some uniform c, after possibly passing to a subsequence.

Proposition 3.1. In case (i), there exists a € C such that

i (& Py(a) .
P i) =H@ —a)+ 21| ) —— =1 —a)

!
a=0
and D is biholomorphic to {(z1, z2) € C?: 2Rz + H(z1,71) < 0}.
In case (i), P(z1,21) = H(z1,21) = A(2Re'P2)> — 29(e'?2)>™) for some L > 0 and 0 < 0 < 2x. In particular,
D is biholomorphic to {(z1, z2) € C: 2Rz + H(z1,71) < 0}.

Proof. Define a sequence of subharmonic polynomials of degree at most 2m by

. P -(aj)
P] (Zl Zl) — a,p nfqu+ﬂzazﬂ
’ Z YA 1=1
B0 (o + B)!

where 7; > 0 is chosen so that | P/|| =1 for all j. Passing to a subsequence if necessary, P/ — P_°°, which is a real
valued subharmonic polynomial of degree at most 2m and without harmonic terms. The mapping o/ € Aut(C?) whose
components are

2m
. _ . _ P (a)
a{(z):rjl(m—aj), azj(z)znjl(m—bj—nj+22 aa!] (Zl—aj)a)

a=1
maps £2 biholomorphically onto £2/ = {(z1, 22) € C2: 2%z + P/(z1,%1) <0} and aj(aj, bj)=(0,-1) ¢ Q7. Ttis
evident that 2/ — 2% = {(z1, z22) € C* 20z + P™®(z1, Z1) < 0}. The family of mappings 6/ o @ o y; : D — 2/
and map p to (0, —1). By Lemma 2.3 of [8] this is a normal family and thus o/ o @ o Y¥j — o uniformly on com-
pact subsets of D and ¢ : D — £2°° by the maximum principle. On the other hand, the inverses (o/ o ® o ¥ j)_l
are well defined on any compact K C £2°° since 2/ — §2°°. As the inverses map each such K into D which is
complete hyperbolic and (67 o @ o ¥ j)*1 ((0, —1)) = p € D, there is a convergent subsequence on K. Hence there
is a holomorphic mapping w : 2°° — D and we note that o and w are inverses. This shows that D is biholomorphic
to £2°° and the proof of Proposition 2.2 now shows that if p was chosen sufficiently close to ¢y € 9 D, the degree of

2m ~

P> equals 2m. But the definition of P/(z,Z;) shows that this happens precisely when t A and P, z(aj) > 0
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as j —> oo forall , 8 >0 and @ + 8 < 2m. In case (i), (aj,b;) — (a,b) € 952 and we may pass to the limit to get
P, B (a) =0forall @, B > 0 and o + B < 2m. The description of P(z1, z1) as claimed follows since the highest degree

summand is H(z1, Z1). It remains to see that §2 is equivalent to the domain {(z1, £2) € CZ: 2%z, + H(z1,z1) <0} by
the mapping

(21,22) > <21—a 22+Z a(a) —a)“>.

a=0

In case (ii), we have that |a;| — oo and the arguments used in Lemma 4.2 in [8] can be applied without any changes
as they do not involve any considerations on D, and it follows that P(z1,Zz1) = H(z1,z1) must be of the form as
claimed. O

It remains to analyze case (iii). In this case note that (a;, b;) converge to the point at infinity in d£2. The defining
function for 02 shows that L,(z1, z2) = (21, z2 +1t) for t € R is a one-parameter group of automorphisms of §2. The
corresponding holomorphic vector field is

dL(2) 3 19 190
=0,)=1— = —— + —— 3.1
dt |- 0.0 =1 0z 20xp 20y G-
where as usual z; = x; +1y; for j =1, 2. The pull-back X = @*(10/9dz2) is a holomorphic vector field on D and its
real part NX generates the one-parameter group g; = dloL,odp = exp(thX) € Aut(D).

Proposition 3.2. The group (g;) induces a local one-parameter group of smooth diffeomorphisms on dD in a neigh-
borhood of ¢y. In particular X extends smoothly up to 0 D near ¢.

Proof. The coordinate neighborhood U centered at ¢ is assumed to be small enough to ensure the following: first,
for all_;' € U N dD, there exists (see [15]) a plurisubharmonic function u; in U N D that extends continuously up to
U N D and satisfies

~M|z —¢| Sur(z) < —lz — ¢ ™" (3.2)

for all z € U N D, the constant M > 0 being uniform for all { € U N aD. Second, for all z € U N D, the nearest
point to z on 9D, denoted by 7 (z) is well defined and 7 (z) € U. Here z is a local coordinate near the origin and
all calculations in the ensuing proof will be done in these coordinates without explicitly mentioning the mapping ¢.
Extend u; to D (see [26]) as a negative, continuous, plurisubharmonic function by composing it with a suitable
smooth, convex function and then comparing it with a constant.

Then there exists § > 0 and an arbitrarily small neighborhood V of ¢y so that if for any r € (—§,56) andz € VN D
it happens that g;(z) € V N D, then

dist(g(z), dD) < C dist(z, dD)

with C > 0 being uniform for all ¢ € (=4, §). Indeed, let V be any small neighborhood of ¢y and fix a compact
K NV N D with non-empty interior. Since D is complete hyperbolic, the self map g — g~! of Aut(D) is continuous
and it follows that there exists § > 0 such that

K= U s

te(—4,8)

is relatively compact in V N D. For each t € (—§, §) and z € V N D, the function
V7,6 (T) = Uz(z) 0 §—(7)
is a negative, continuous plurisubharmonic function of T € D and satisfies
max{v;(7): T € K} = max{uz(;)(1): T € g(K)}
< —minf|t —¢*": T € g_(K), L €V NID}
= (dist(g_(K), VN aD))™" < —L <0. (3.3)
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The constant L > 0 is independent of t € (—§,6) and z € V N D since K is compact in V N D. By the version of the
Hopf lemma proved in [23] (which carries over to domains in complex manifolds as well), it follows that

vz ()| = C dist(z, 8D)
where C > 0 is uniform for all t € (—§,6) and z € V N D. From (3.2) it follows that

C dist(g/(z), D) < |v2.4(8:(2))| = |un(x) ()| < M dist(z, dD) (3.4)

as was claimed.

This implies that for every sufficiently small neighborhood V5 of ¢, there exists another neighborhood V) of ¢y
with Vi C V5 and é > O such that g,(V}) C V; for all ¢t € (-4, §). Indeed, if not, then for a given V, there exists
8j — 0 and a sequence of neighborhoods W; shrinking to ¢y and points p;,q; € W; such that gs,(p;) € V2 but
8s; (gj) € 3V, N D. Using the boundary behavior of F g near o that follows from (2.4), (2.5) and (3.2) and its
invariance under g, for all ¢, we get

-1 ldg: (z)v] [v|
dist(g;(z), dD)1/2m dist(z, 0 D)
for some uniform C > 0 and for all ¢ such that both z, g;(z) are near ¢y and v € T; D. Using (3.4), this gives
—1+1/2m

< Ff(81(2). dgi(2)v) = F§ (z,v) < C

|dg: (z)v| < Clv|(dist(z, D))

Integrating this estimate along a polygonal path consisting of three line segments that joins p;, g;, we get

\gs;(Pj) — 85,(a))| < Clpj —q;I"*" (3.5)

and this is a contradiction. Thus each g; for t € (—§, §) induces a local homeomorphism on 9D near ¢y and by [6]
this extension is a smooth diffeomorphism. In other words, the action g : R x D — D where g(¢, 7) = g;(z) extends
smoothly to D near ¢ for each fixed t € (—8,8) for some § > 0. Fix a small neighborhood V of ¢y of diameter
n > 0 so that all previous considerations hold on V N D. The choice of 1 will be determined later. To prove that g is
smooth on (=8, 8) x (V N D), it suffices to establish its joint continuity there by the Bochner—Montgomery theorem
(cf. Theorem 4 in [10]). For this let (¢, ;) — (¢, ¢) € (=§,8) x (V N D) and fix a € VN D. Then

|81, () — & (O] < |81, ()) — 81, (@)| + |81, (@) — gi(@)] + |g:1(a) — :(D)].

For a given € > 0, the second term is less than €/3 for ¢; A ¢, while the first and third terms are dominated by a constant
times |a — ¢|'/?™ which can be made less than € /3 for a suitable choice of . O

Proposition 3.3. The vector field X vanishes at {y. Moreover the order of vanishing at &y is finite.

Proof. Extend X to a neighborhood of ¢y in X (see [25] and also the references therein) as a smooth vector field. For
7 € C,note that (a;, b; +|n;|t) C §2 provided that Rt < 1. With H = {r € C: it < 1}, the analytic disc f; : H — D
where

fi@ =@ (aj,b; +Injl7)

is well defined. Note that f;(0) = q§_l(aj, bj)=v;(p) — &o. The integral curves of 10/0z passing through (a;, b;)
are of the form y;(¢) = (a;, b; +11), t € R and hence o 1o vj(t) defines the integral curves for X through v ;(p).
For j fixed, as T varies on the imaginary axis in H, (a;, b; + |n;|t) sweeps out the integral curves of 10/0z> through
(aj,bj). Moreover, since |n;| > ¢ > 0, the image of the interval (—=M, M), for any M > 0, under the map ¢
(aj,bj + Injlit) contains the line segment from (a;, b; —1cM) to (a;, bj +1cM) which equals y;((—cM, cM)) for
all j.

The family f; : H — D is normal since D is complete hyperbolic and since f;(0) — &o, it follows that some sub-
sequence of f; converges uniformly on compact subsets of H to a holomorphic mapping f : H — 9.D with f(0) = ¢.
However ¢y is a local plurisubharmonic peak point and this forces f(r) = ¢ for all T € H. For an arbitrarily small
neighborhood V of ¢y and the compact interval [—: M, 1 M] € 'H, this means that

@ oy ((=eM,cM)) C fi([—M,1M]) CV
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for all large j which implies that the integral curve of X" through v/ (p) is contained in V for all t € (—cM, cM). Since
f; is normal, @ ! o y; converges uniformly on [—cM,cM] to a path Yoo : [—cM, cM]— V N D with y5(0) = .
Evidently y is the integral curve of X through ¢p. Since V and M are arbitrary, it follows that X (y) = 0.

Since (g;) induces a smooth local one-parameter group of diffeomorphisms on 9D near o, it follows from the
Hopf lemma in [1] (see also [20]) that g; vanishes to finite order at ¢y and hence so does X. O

Remark. In [3] and [8] the parabolicity of the action of (g;) was used to deduce that X must vanish at . A different
argument was used in [5] to show that X" vanishes at o without knowing the parabolicity of (g;). This however used
the global real analyticity of the boundary of the domain. Proposition 3.3 is also in the same spirit and it shows that
the vanishing of X’ can be deduced under local hypotheses as well.

Observe that g; preserves d D near & for all small # and this shows that X is tangent to 9D, thatis X (¢) € T; (0 D),
for ¢ near ¢p. Working in local coordinates near ¢y, it follows frorrl Lemma 3.4 in [3] that X = X10/0z1 + X20/922
where X, X> are holomorphic in D and extend smoothly up to D near ¢y and there are only two possibilities for
X1 and AX>. Assigning weights 1/2m, 1 to zj, zp respectively and —1/2m, —1 to 9/9dz1, d/dz2 respectively, the
possibilities are:

X@)=(@+iB)z+-,
X2(2) =2mazy + -, (3.6)

where «, 8 € R are both not zero and if 8 # 0, then H(z1,Z1) = A|z1 |2’” for some A > 0.

X1(x) =1az1z2+ -+,

X (2) = lmozz% + e, 3.7
where « is non-zero real and H(z1,71) = Alz1|*", A > 0. The lower dots in the equations above indicate terms of
higher weight.

Proposition 3.4. The one parameter group (g;) € Aut(D) is parabolic in the sense that

lim @~ '(z1, 22 +11) = o

t—00

forall (z1,722) € £2.

Proof. According to [2] there exists h e O(2) N CO($2) that satisfies
~ 1
(1, 2)| ~ (a1 P + 1z2?) Y

for some integer N and arg h(z) € [—7/4, 7t /4] when |z] is very large. For o > 0 small enough, the function /(z) =
(ah(z) — 1)/(ah(z) 4+ 1) is then a holomorphic peak function for £2 at infinity. Let B(0, A) be the euclidean ball of
radius A > 0 around the origin and define the negative, plurisubharmonic function u on £2 as follows:

u = [ max(h? =1, -a), 2\ B, A),
—a, elsewhere

for suitable constants A, a > 0. Evidently |u| grows no faster than a constant times (|z1|>" + |z2|>) /" near infinity.

Now 1 o @ o ¢~ is a negative, plurisubharmonic function on ¢ (U N D) C C? and by the Hopf lemma, there exists
a neighborhood V of the origin such that

dist(¢ 0 @' (z1,22), (U NID)) < C(1z1 " + 1222) /"

when |z| is large and ¢ o (D_l(Z],ZQ) € V. Recall that ¢ o <D_1(aj, bj) €V for j large. Let (a;, z2) € £2 be such that
¢o @‘1(61], z2) € V. The analytic discs f; : H — D where

i@ =o"aj,z2+1cjI7)
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and ¢; =20z, + P(aj, a;) are then well defined and satisfy f;(0) € ¢_1 (V) for all j. It follows from (2.4) that

fi(A0,3/9) co™' (V)

for all large j. Therefore the discs ¢ o f; : A(0,3/4) — V satisfy the attraction property (cf. [7]) of order 1/2m and
this yields

ad _ _ —1/@2mN
505 @0 @)@,z < Clej ™ (lay P+ 1zaf) V.
This can be integrated on paths of the form ¢ + (aj,b; & 1¢) as in [8] and it shows that for all large j,
1im<P_1(aj, bj=Eit) ={past — oo. Now given any other (z1, z2) € §2, note that &z, 0F1t) = g,(@‘l(zl ,22)).
Fix J large so that lim @ ~!(ay, by 1t) = ¢o. It follows from Proposition 2.1 that g;(K) — ¢ for all compact K C D.
Taking K = ®~!(z1, z0) gives the desired claim. O

Since ¢ is a parabolic point, it follows that if X has the form (3.6), then o = 0. Indeed, if not then depending on
whether o > 0 or < 0, ¢y will become a repelling or attracting fixed point for X', which is a contradiction. Thus either
(3.7) holds, or (3.6) holds and & = 0. In both cases, H(z1, Z1) = A|z1]|*". The constant A can be absorbed in H(z1, Z1)
by a global change of variables. The defining function p for ¢ (U N d D) near the origin now has the form

0(z1,22) = 2070 + |71 |2 +

By the change of variables z; = 71,20 =22 — Z%, this becomes

p(G1,72) =202 + 21 " + 335 +- (3.8)
and thus in these coordinates the domain ¢ (U N D) is convex. This coordinate change will be absorbed in ¢ in the
sequel. Using the fact that ¢ o ¥;(p) converges to the origin and Proposition 2.1, it is possible to apply the methods
of [16] and [22] to get that

Jim (4@ 0¥ () (o)

exists uniformly on compact subsets of D, the limit being a convex, hyperbolic domain biholomorphic to D and
is of the form 2 = {(z1,22) € C%: 20z» + P(z1,21) < 0} and P(z1,7)) is a posmve homogeneous polyno-
mial of degree 2m. Henceforth, for the sake of brevity we write §2, P(z1,z1) instead of 2, P(zl,z 1) respectively
and @ : D — £2 is the biholomorphic equivalence. The mapping (z1, z2) — (21, 1/z2) is well defined on £2 since
P(z1,Zz1) = 0 (which implies that 9%izy < 0 on £2) and it transforms £2 into a domain of the form Q= {(z1,220) € C2:
2Mz5 + 2212 P (21, Z1) < 0} and let @ : D — 2 be the biholomorphic equivalence.

Choose (0, b) € 2 with %b < 0 and since @~ (0, 1/(b£11)) =710, b+ 1t) — ¢y as t — o0, it follows from
Propositions 4.1 and 4.2 of [3] that ¢ o o2 ¢pUND)C C? extends continuously to a neighborhood of the
origin in 982 and ¢ o @~ 1(0) = 0. Furthermore [(¢ o &~ 1,0, —48)| = O(8) where (¢ o @~ 1y, for i = 1,2 are the
components of the mapping ¢ o @ ~!. Now apply Julia’s theorem to the function z5 > (¢ o @ ~1)1(0, z2) which shows
that for any K > 0, there exists € > 0 such that the image of the circle (0, 1/(—€ £ 1¢)) under (¢ o &~ 1y, lies in
the disc xp + K()c2 + J’2) < 0. Observe that z(t) = (¢ o @10, 1/(—€ % 11)) is the image under ¢ of the orbit of

®~1(0, —e) under the action of (g+), which stays near ¢o for all |z]. It follows from (3.8) that |ms22(t)|2 IMzo(t)|/ K
and |z1(£)]?™ < C|Mz2(t)|. Consider the transformation

Z1 22 —zi‘szz(ﬂ)

IRz ()|1/2m" [ Rza (1)
For a given compact K C D, the mapping ¢ o g, is well defined on K for large |¢| by Proposition 2.1 and hence

S'o¢og : K — C? makes sense. The image S’ o ¢ o g;(K) is contained in the domain {p’(z) = (IRz2(HD "1 p o
SH™ () < 0}. Using (3.8) it follows that

St(Z1,22)=<

p'(2) =222 + 121 " + |32/ R O)] + - -

where the lower dots indicate terms that converge to zero uniformly on compact sets of C2. Note that S’ o ¢ o
2: (@7 1(z(0))) = S"(z(t)) and hence that R((S’ o0 ¢ 0 g; (¢~ (z(0)))) = —1 for all time ¢. It follows from the defining
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function p’(z) that S” o ¢ o g; is a normal family on K and by exhausting D by compact sets we get a holomorphic
mapping g : D — 2, = {(z1,22) € C%: 2022 + 21| + ¢ < 0} where 0 < ¢ < 1/K . If g(¢~1(2(0))) € £2, the max-
imum principle shows that g : D — £2. Also g is biholomorphic since the inverses (S’ o ¢ o g,)~! are defined on
larger and larger compact subsets of £2,, and they take values in D which is hyperbolic. The sequence of inverses
will then converge to g ': 2 — D.Itis evident that £2,,, is equivalent to {(z1, z2) € C2: 20Mz5 + |22/ < 0}. In case
2@ 1 (z(0))) = —1 + 1B € 382, it follows that 3£2,, is strongly pseudoconvex at that point by taking K sufficiently
large. This is then the situation of Proposition 4.3 in [3] (which is a version of the Wong—Rosay theorem) for domains
in a complex manifold and it follows from [18] that D is equivalent to B.
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