PROCEEDINGS OF THE
AMERICAN MATHEMATICAL SOCIETY
Volume 123, Number 5, May 1995

SMALL MATHIEU GROUP COVERINGS IN CHARACTERISTIC TWO

SHREERAM S. ABHYANKAR AND IKKWON YIE

(Communicated by Wolmer V. Vasconcelos)

ABSTRACT. Explicit equations are given for unramified coverings of the affine
line in characteristic two whose Galois groups are the Mathieu groups of degrees
11 and 12 and the automorphism group of the Mathieu group of degree 12.

1. INTRODUCTION

In Proposmon 2 of the 1957 paper [Abl], for any elements ¢, ¢, ..
C(n/p)—1 in a field k of characteristic p # 0 with ¢y # 0, where n is any
positive integer divisible by p, the polynomial

fX)=Y"+ -1 Y" P+ +c1YP + oY
was considered, and it was noted that the equation f(Y)+ X = 0 gives an
unramified covering of the affine line L, over k. In [Abl] it was also suggested
that the Galois group Gal(f(Y) + X, k(X)) of this covering be computed.
Recently (cf. [AbS], [Ab6], [Ab7], [Ab8], [AOS], [AY1], [AY2]) this has been
done for some values of the parameters p, n, ¢, cy, ..., C(n/p)—1 - In this paper
we shall do it for a few more cases.

Henceforth we take k to be any field of characteristic p = 2 (for instance k
= GF(2)) and, as a case of f with n =12, we consider the polynomial

fu)=Y2 1Y 4+ Y4+ Y24+ Y € k[Y).
Concerning this polynomial, in Section 6 we shall prove that:

First Mathieu Group Theorem (1.1). The equation f3(Y)+ X = 0 gives an
unramified covering of the affine line L, with Gal(fj2(Y)+ X, k(X)) = M,.

Now the “twisted derivative” (cf. Section 18 of [Ab5]) of fi2(Y)+ X is given
by
X, Y) =Y [fia(Y + X) - fia(X)]
and upon simplifying we get
X, ) =YY"+ XY+ V3 + (X4 X2+ )Y3+ (X*+ )Y + 1 e k[X, Y].
As a consequence of (1.1), in Section 6 we shall show that:
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Second Mathieu Group Theorem (1.2). The equation f{,(X,Y) = 0 gives an
unramified covering of the affine line L, with Gal(f],(X,Y), k(X)) = Mj,.

As a biproduct of the proof of (1.1), in Section 6 we shall show that:

Third Mathieu Group Theorem (1.3). The equation f1,(Y)+ fi2(X)+1 =10
gives an unramified covering of the affine line L, with

Gal(f12(Y) + fi2(X) + 1, k(X)) = My, (12).

Upon letting
fa(Y) = /2N + fiz(Y)
we clearly have
fa(Y)=Y* 4+ vi4vo4Y
which is a case of f with n = 24. As a companion to (1.1), in Section 6 we
shall prove that:

Fourth Mathieu Group Theorem (1.4). The equation f4(Y)+X = 0 gives an un-
ramified covering of the affine line L, with Gal(f,4(Y)+X, k(X)) = Aut(M1,).

Note that M), and its one-point stabilizer M;; are respectively the unique
sharply S5-transitive and the unique sharply 4-transitive permutation groups
of degree 12 and 11 discovered by Mathieu [Mat] in 1861. Also note that
M;1(12) is the 3-transitive but not 4-transitive representation of M;; acting
on 12 letters. Finally note that M), is an index 2 subgroup of its automorphism
group Aut(M;,) which is transitive but not doubly transitive permutation group
of degree 24. For information about Mathieu groups see Chapter XII of [HuB].

The fact that Theorems (1.2) and (1.3) both give M;; can be explained
by observing that the polynomials involved in them are closely related by the
equation Y f],(X,Y)+1 = fi2(Y + X) + fi2(X) + 1. At any rate, in Sections
2 and 3, by resolution of singularities of plane curves (cf. [Ab2], [Ab3], [Ab4]),
we shall prove Irreducibility Lemmas (2.1) and (3.1) which respectively say that
the polynomials f{,(X, Y) and fi2(Y)+ fi2(X)+1 are irreducible, and which
yield some estimates for the sizes of the above four Galois groups.

In (1.5) of [Ab6] it was shown that the polynomial Y23 + XY3 + 1 divides
an additive polynomial of degree 2!!, i.e., a polynomial of the form Y2" +
2}20 a;Y? with gy # 0. By slightly modifying the proof of this, in Section
4 we shall prove Linearization Lemma (4.1) which says that the polynomial
f4(Y) + X divides an additive polynomial of degree 2%, and which yields
some more estimates for the sizes of the said Galois groups.

In Section 6 we shall put together these estimates to prove Theorems (1.1) to
(1.4). Some other auxiliary lemmas needed in these theorems will be proved in
Section §.

2. RESOLUTION OF SINGULARITIES

By resolving singularities of a plane curve, let us prove the following:

First Irreducibility Lemma (2.1). The polynomial f|,(X,Y) is irreducible in
(GF(2)(X))[Y] and the order |Gal(f{,(X, Y), GF(2)(X))| is divisible by 8.

Upon letting

¢(X, Y)=X"f,(1/X, Y/X)
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we have
X, V) =Y (Y + D2 - 1]+ XY (Y + DS - 1]+ XBY (Y + 1)* - 1]
+ X007y + 1) - 1]+ x!
=Y+ YT+ X+ (X + X0+ )Y+ (X4 + DXCY + x 1!
and clearly (2.1) is equivalent to saying that: (*) #(X, Y) is irreducible in
(GF(2)(X)[Y] and |Gal(¢(X, Y), GF(2)(X))| is divisible by 8.
Let C be the curve in the (X, Y)-plane over GF(2) given by the equation

#(X, Y) = 0. Considering the quadratic irreducible polynomial 8 = Y2 +7Y +
1 € GF(2)[Y] we have

(1) d=¢(X,Y)=6'Y>+X°0%Y + X*Y3 + X0y 4+ x'\.
In particular
(1) $=06*Y3+ Xh(X,Y) where h(X,Y)e GFQ2)[X, Y]

and hence the intersection of the line X = 0 and the curve C consists of the
two points P and Q given by the maximal ideals (X, Y)GF(2)[X, Y] and
(X, ©)GF(2)[X, Y] in GF(2)[X, Y] respectively, and the said intersection
has no point on the line at infinity.

We shall show that: (I) C is analytically irreducible at Q. From (}) and (I)
it follows that ¢(X, Y) has an irreducible factor of Y-degree = (4 times the
degree of ©) = 8 with coefficients in the formal power series ring GF(2)[[X]],
and hence |Gal(¢(X, Y), GF(2)(X))| is divisible by 8. We shall also show
that: (II) C has exactly two (analytically irreducible) branches at P, they
are rational over GF (2), and their mutual intersection multiplicity at P is 6.
Finally we shall show that: (III) C has no singularities on the line at infinity,
and P and Q are the only singularities of C at finite distance. If C had two
components, then their degrees would be d and 11 —d with 0 <d < 11 and,
by Bezout’s Theorem, their intersection multiplicity (in the projective plane)
would be d(11 —d) which is at least 10. Thus (I) to (III) imply (*). Therefore
it suffices to prove (I), (II) and (III).

To prove (I) we shall resolve the singularity of C at the point Q by applying
a succession of QDTs, i.e., quadratic transformations. The initial form of ¢ at
Q is ©*Y? and by applying the QDT: X = X;, © = X8, centered at Q,
we get

¢ =Xi¢p where ¢ =(8;+X)*Y?+X{OY + XPY + X].
Here the factor X ;‘ is the contribution of the exceptional line, and the proper
transform of C is given by C; : ¢; = 0. There is a unique point Q; on C;
corresponding to Q, and (X;, ©)) is a basis of the maximal ideal in the local
ring of Q.

Now the initial form of ¢; at Q; is (©;+X,)*Y? and by applying the QDT:
X1 =X,, 6 = X3(8,+ 1), centered at Q; , we get

61 = X3d, where ¢, =03Y3+X703Y + X;.

Again the factor X3 is the contribution of the exceptional line, and the proper
transform of C; is given by C, : ¢, = 0. There is a unique point Q; on C;
corresponding to Q) , and (X3, ©,) is a basis of the maximal ideal in the local
ring of Q.
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The initial form of ¢, at Q, is Xi” and by applying the QDT: 6, = 65,
X, =65X;, centered at Q,, we get

¢, =O3p; where ¢3=63Y3+ X16;Y + X3.

The factor 63 is the contribution of the exceptional line, and the proper trans-
form of C, 1is given by C; : ¢3 = 0. There is a unique point Q3 on Cj
corresponding to @, , and (X3, ©3) is a basis of the maximal ideal in the local
ring of Q3. The initial form of ¢; at Q3 is ©3Y3. Thus C is analytically
irreducible at Q. ‘

To prove (II) we shall resolve the singularity of C at the point P again by
applying a succession of QDTs. The initial form of ¢ at P is Y3 and by
applying the QDT: X = X;, Y = XY}, centered at P, we get

¢=X3¢1 where ¢ =Y +X}Y+X8+ X8y +XxfY?
+ X873 + xPy] + X3y + xfrll
The factor X f is the contribution of the exceptional line, and the proper trans-
form of C is given by C; : ¢; = 0. There is a unique point P, on C,
corresponding to P, and (X;, Y;) is a basis of the maximal ideal in the local
ring of P .

The initial form of ¢; at P is Y? and by applying the QDT: X; = X3,

Y = X, Y,, centered at P, , we get

¢1 = X3¢, where ¢y = Yo(Ya+ X2)2+ X3 + X§hy (X2, Y2)

with hy(X2, Y2) € GF(2)[X;, Y>]. Here the factor X; is the contribution of
the exceptional line, and the proper transform of C,; is given by C, : ¢, = 0.
There is a unique point P, on C, corresponding to P, and (X>, Y;) is a
basis of the maximal ideal in the local ring of P;. ,

The initial form of ¢, at P, is Y,(Y; + X2)? and by applying the QDT:

X2 = X3, Y, = X3(Y; + 1), centered at P,, we get

b2 = X3¢s where ¢3=YE+ X} + Y3+ Xh(Xs3, V3)
with h3(X3, Y3) € GF(2)[X3, Y3]. The factor X3 is the contribution of the
exceptional line, and the proper transform of C, is given by Cj : ¢3 = 0. There
are exactly two points P; and P; on C3 corresponding to P, and (X3, Y3)
and (X3, Y; + 1) are bases of the maximal ideals in the respective local rings
of P; and Pé . '

Now ¢3 = (Y3+1)+(Y3+1)>+ X} + X{h3(X3, Y3) and hence Pj is a simple
point of C3. The initial form of ¢3 at P; is (Y3 + X3)? and hence P; is a
double point of C3, and by applying the QDT: X3 = X4, Y3 = X4(Y4 + 1),
centered at P;, we get

o3 = X}¢4 where ¢4 =Xs+ X4Ys + Y42 + X4Y42 + /\’4Y43 + X}h3(X4, X4Y4).

The factor X} is the contribution of the exceptional line, and the proper trans-
form of Cj is given by Cs : ¢4 = 0. There is a unique point P4 on C,
corresponding to P3, and (X4, Ys4) is a basis of the maximal ideal in the local
ring of P;. The initial form of ¢, at P, is X;, and hence C, has a simple
point at Py .

Thus C has two analytically irreducible branches at P . Since the multiplic-
ity of P on C is 3, one of the branches should have a simple point and the
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other a double point at P. Those two branches split after three QDTs, and
hence their intersection multiplicity is 2+2+2=6.
To prove (III), we homogenize ¢(X, Y) to get

=YY"+ Z%Y7 + XV’ + (X¥+ X0Z%2 + Z¥)Y3 + (X* + ZH XY + X1,

The partial derivatives of ® are

Oy = X0,
Oy =YX(Y2 4+ ZY + Z2)* + XS(Y* + X2Y?2 + Z2Y? + X* + Z9),
®; =0.

Solving the equations ® = &y = oy = P, = 0, we see that C has no
singularity at infinity and P and Q are its only singularities at finite distance.

3. MORE RESOLUTION OF SINGULARITIES

Again by resolution of singularities of plane curves, we shall now prove the
following:

Second Irreducibility Lemma (3.1). The polynomial f,(Y)+ fi2(X)+ 1 is irre-
ducible in (GF(2)(X))[Y].

Upon letting
WX, Y)=X[fia(Y/X +1/X) + fiz(1/X) + 1]
we have
X, V) =[(Y + D2 - 11+ X°[(Y + D)6 — 1]+ X3 [(Y + 1)* - 1]
+ XY+ 12— 1]+ Xy 4+ x12
=Y2 4+ Y84 X078 + (X8 + X0+ 1)Y* + (X + 1)X6Y2
+ X1y + x12

and clearly (3.1) is equivalent to saying that: (') w(X, Y) is irreducible in
(GF(2)(X))[Y].

Let D be the curve in the (X, Y)-plane over GF(2) given by the equation
v(X,Y) = 0. Clearly the intersection of the line Y = 0 and the curve D
consists of the point P given by the maximal ideal (X, Y)GF(2)[X, Y], and
the said intersection has no points on the line at infinity. Since, by Bezout’s
Theorem, the line Y = 0 has a nonempty intersection with each component of
D, it follows that P must lie on each (global) component of D . Therefore to
prove (') it suffices to show that: (") D is analytically irreducible at P.

To prove (") we shall again resolve the singularity of D at the point P by
applying a succession of QDTs. The initial form of w at P is Y* and by
applying the QDT: X = X;, Y = XY, centered at P, we get

w=Xjy, where y =Y}+X{Y2+XE+X3Y +X3YP+ X{Yig(X), 1))

with g(X;, Y;) € GF(2)[X;, Y]. Here the factor X} is the contribution of
the exceptional line, and the proper transform of D is given by D; : y; = 0.
There is a unique point P; on D; corresponding to P, and (X;, Y;) is a basis
of the maximal ideal in the local ring of P, .
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The initial form of y, at P, is Y} and by applying the QDT: X; = X;,
Y: = X,Y,, centered at P;, we get

wi = X3y, where w, = (Y7 + XaYa + X3 + X3 Y, + X5Y}
+ X3Y g(Xy, XoY)).

Again the factor X is the contribution of the exceptional line, and the proper
transform of D, is given by D, : w, = 0. There is a unique point P, on D,
corresponding to P;, and (X, Y>) is a basis of the maximal ideal in the local
ring of P;.

The initial form of y, at P, is (Y} + X,Y, + X?)? and by applying the
QDT: X; = X3, Y, = X313, centered at P,, and considering the quadratic
irreducible polynomial A3 = Y2 + Y3+ 1 € GF(2)[Y3], we get
vo = Xjws where 3 = A3+ X33+ X2 (Ys3+ )2+ X3 Y2+ X5Y g( X3, X3Y3).
The factor X3 is the contribution of the exceptional line, and the proper trans-
form of D, is given by D3 : w3 = 0. There is a unique point P; (which is not
rational over GF(2)) on D; corresponding to P,, and (X3, A;) is a basis of

the maximal ideal in the local ring of P;. Let A; = A3+ X3(Y3+ 1). Then
(X3, A3) is another basis of the said maximal ideal, and we have

wi = Al + X33+ X3(Ys + 1) + X3Y7 + X3V g(Xs, X3Ys).
The initial form of y; with respect to the basis (X3, A;) is A3 and by
applying the QDT: X3 = X4, A3 = X4A4, centered at P;, we get
ws=X2ys where yi=A3+XeAs+Xo(Ys+ 1)+ X2V + X7V g(Xa, X}Y3).

The factor X? is the contribution of the exceptional line, and the proper trans-
form of D; is given by D, : w4 = 0. There is a unique point P4 (which is not
rational over GF(2)) on D, corresponding to P;, and (X4, A4) is a basis of
the maximal ideal in the local ring of P,. Since Y3 + 1 does not belong to the
said maximal ideal, we see that y, belongs to it but not to its square. Therefore
D, has a simple point at P;, and hence D is analytically irreducible at P.

4. LINEARIZATION
By slightly modifying the proof of (1.5) of [Ab6], let us prove the following:

Linearization Lemma (4.1). Let F = f4(Y) + X . Then there exist elements
Ao, Ay, ..., Ay in k[X] with Ay # 0 and Ay = 1 such that ¥\, A;Y? =
HF forsome H € k[X, Y].

Now
F=Y*4+Y384+Y+Y+X

and by adding F + Y2* to both sides of this we get
(J34) Y=Y 4+ Y+ Y+ X+F

Let P = Q mean P~ Q = HF for some H € k[X][Y]. Then multiplying
(J54) by Y=24 for i =24, 26,28, 32, 36 we get:

(Jas) Y#=Y84+Vv84+Y 44X,

(Ja) Y6=y"04y8 4 Y34+ XY2,
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(Jag) YB=Y124 704754 XY4,

(J5) YZ2=yv%4+y7"%4+7°+XxY8,

(J36) Y¥=y® 4y 4yB 4 xyt2
From (J3,) we get

(J52) Y24 y6 4 xy8=y"4y°.

Squaring (J3;) we get
YO 4+ Y2 4 x2y16 = y28 4 yI8
and using (J>3) we obtain
(Jss) Y+ Y24 X2y 4 xy =y 4+ y2 4 y104 Y3,
Likewise, by squaring (Jss) and then using (J»4) and (J36) we obtain
(Jizg) Y' B4y X4y 24 (X +1)2Y84+Y = Y84y B4 XY 24 Y04 Y64 X,
Again, by squaring (Ji23) and then using (J24), (Ja), and (J36), we obtain
Y256 4 Y128 4 x8Y84 4 (X 4 1)*Y16
(J3s6) + X+ DY+ (X + 1)Y2 + XY
=YB4YB X+ )Y2 4704 X204+ Y34+ X3+ X2
Now adding (Ji23) to (J55) we obtain
YP6 4 (X + 1Y+ XY+ (X + DY+ (X + 1)Y2+ (X +1)%Y
=Y+ (X+1)2Y54+ V34 X3+ X2+ X.
Again, by squaring (J>s¢) and then using (J,4) we obtain
Y512 4 (X +1)16Y128 4 x8y64 4 (x 4 1)8y R
(J512) + Y84 (X + D)V 4+ (X + Y24+ Y
S(X+DY2 4 x4+ XY+ X2+ X,
Likewise, by squaring (J5;2) and then using (J>4) we obtain
Y1024 4 (x 4 1)2Y256 4 x16y128 4 (x 4 1)l6y64
(J1024) YO XX+ DAY+ (X + DY+ Y2+ (X +1)8Y
=X+ + X2+ X0+ X8+ X4+ X2+ X,
By squaring (Jig24) we obtain
Y248 4 (X 4 1)84YSI2 4 x32y26 4 (x 4 1)32y!128
(J3048) + Y24+ X3X + 13V + (X + 1)'OYB 4+ Y4+ (X + 1)!6Y?
=(X+1)10Y12 4 X244 x84 x16 4 x84 x4+ X2
By adding (X + 1)!2 times (J512) to (J;45) We Obtain

(J2048)
Y2048+[(X+ 1)64+(X+ 1)12]Y512+X32Y256

FIX + D32+ (X + 1)B1Y128 4 x8(X + 1)12y5¢

X+ DO+ 11732 + X3(X +1)8Y16

HFIX+ D+ X+ DY+ (X + D4+ 174+ (X + 1)12Y
SXHLXB X2+ X0+ X5+ X,

(J2s6)
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Finally, by multiplying the above equation by its right hand side X2 + X3 +
X!24 X%+ X5+ X and then adding the resulting equation to the square of the
above equation we get

Y4096+(X24+X13+X12+X9+X5+X)Y2048
+ (XIZS +X24+Xl6+X8)Y1024
HXB 4 X7+ X764 X724 X 4 X6 4 X X 4 X2+ X8
+X25+X24+X20 +Xl7 +X16 +X13 +X5)Y512
H(XO + X 4 XY X% XM+ X0 4 X7
+X33 +X32 +X24+Xl6 +X8)Y256
+(X56+X52+X48+X45+X40+X37+X32+X20+X13+X5)Y128
I GED CED NS CND C R CRY CND P CLEY <P O) a1
+X44+X40+X33 +Xl3 +X9+X5)Y32
X0+ XP XL X L XML X0+ X+ XD X0+ XEY
NG R R CED CEP CED G P CED €D o) &
NGRS R Gl CLED CRD D D AU G Gl G
FXO XX L X X X X X5+ XY
+XH+ X6+ X+ 1)Y?
+ X0+ X2 XB L XB X0+ X7+ X+ X2+ X0+ X)Y
=0, |
and this proves (4.1).

5. AUXILIARY LEMMAS
We shall now prove two auxiliary lemmas needed in the proof of Theorems
(1.1) to (1.4).
Lemma (5.1). There is no field " with k(f24(Y)) CT C k(Y) such that [k(Y):
rn=2.

- Suppose, if possible, that there is such a field I'. Then by Liiroth’s theorem
(see (2.6) of [AEH]) we have I' = k(T) for some T = Y? +aY + b with
a,b € k, and we can write fo4(Y) = T'?2 + oT'"! + BT0 + yT° + --. with
a, B, 7, - € k. By substituting the first equation into the second we get:

Y*4+v84+Y0+Y
=[P +a* Y0+ (@ +bHY 4+ N+ a[Y2 4 aY? 4]
+ YO + a2y 4+ B2V 4 )4y Y 4 aY + YO+ -],
Since aY?2 is the only term of Y-degree 22, we must have a = 0, and now
by simplifying the above equation we get:

Y484 Yo+ Y =Y2 4+ @+ B Y+ (@B +y)Y 8 +ayY' T ...,

Comparing coefficients we get f =a*, y =a?f =ab, ay =a’ =0, and hence
we must have a = 0. Therefore T € k[Y?] and hence f54(Y) € k[Y?] which
is a contradiction.
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Lemma (5.2). Let H and H be normal subgroups of a finite group G such
that HNH = 1, and G/H is isomorphic to G/H. Assume that for some
prime number w, the order of G is nondivisible by n? and the order of every

nonidentity normal subgroup of G/H is divisible by n. Then H=H = 1.

Namely, the subgroup HH of G is isomorphic to the direct product
[((HH)/H]x[(HH)/H]. Therefore either the order of (HH)/H is nondivisible
by n or the order of (HH)/H is nondivisible by n. By symmetry we may
assume that the order of (HH)/H is nondivisible by 7. Now (HH)/H is iso-
morphic to a normal subgroup of G/H and hence we must have (HH)/H = 1.
Consequently H ¢ H and hence H = 1. Since G/H is isomorphic to G/H,
weget H=1.

6. MATHIEU GROUPS

To prove Theorems (1.1) to (1.4), let K1,, K12, K|,, Ji2, and K4 be
the respective splitting fields of fi,(Y) + X, f(Y)+ X +1, f,(X,Y),
J2(N)+ fi2(X)+1,and fr4(Y)+X over /(X) in a fixed algebraic closure Q of
k(X) where we have put / = GF(2). Note that then Kj,(k), Ki2(k), K] (k),
Ji2(k), and Kj4(k) are the respective splitting fields of fi,(Y)+X, fi2(Y)+X+
1, 11X, Y), fi(Y)+ fiz(X)+1,and fp4(Y)+X over k(X) in Q, and obvi-
ously G(K2(k), k(X)) = G(Ky2(k), k(X)) where ~ stands for isomorphism,
and the Galois group of any Galois extension K/Kj is denoted by G(K, Kp).
What we want to prove is that G(Kia(k), k(X)) = Mi;, G(K{,(k), k(X)) =
My, G(Jia(k), k(X)) = My1(12), and G(Ka(k), k(X)) = Aut(M;;) where
we regard the Galois groups as permutation groups on the roots of the corre-
sponding polynomials.

In view of the relation between “twisted derivatives” and one-point stabiliz-
ers discussed in [Ab5], by (2.1) we see that G(Ki,, /(X)) is a doubly transitive
permutation group of degree 12, G(Kj,, /(X)) is the one-point stabilizer of
G(Ki,, I(X)), and the order of the said one-point stabilizer is divisible by 8.
Therefore by CTT and Special CDT on pages 86 to 89 of [Ab5] (or alternatively
by [Mil]), we have G(K;>, (X)) = M), or A;; or S;. It also follows that:
G(K},, I(X)) = My & G(Ki2, [(X)) = M.

We can take aroot y of f4(Y)+X in Q, and then upon letting X* = f1»(y)
we have X*2+ X* + X = fo4(y) + X = 0. It follows that /(X) C [(X*) C Ky,
and /(X*)/I(X) is a Galois extension with Galois group Z, (= the cyclic group
of order 2). Also X — X* gives an isomorphism of /(X) onto /(X*), and upon
letting K}, and K, to be the respective splitting fields of f2(Y) + X* and
f2(Y)+ X* + 1 over /(X*) in Q we have G(K},, [(X*)) = G(Ki2, (X)) =
G(Ky2, I(X)) ~ G(K,,, I(X*)). Since X*2+ X*+ X =0, we get fr(¥) +
X = (YY) + X*)(fi2(Y) + X* + 1). Therefore K4 is the compositum of

1, and K1, and G(Ky, K},) and G(Kp, K},) are normal subgroups of
G(Ka, (X)) with G(Kyq, K},) N G(Kas, K15) = 1 and

G(Kaa, I(X*))/G(Kza, Ky) = G(KT, [(X*)) = G(K ]y, [(X*"))
x G(Ky, [(X*))/G(Kaa, K1)

Clearly |G(K24, [(X*))| divides |G(K24, [(X))| and, in view of the Basic Pro-
jection Principle on page 94 of [Ab5] and (5.1) of [AY1], by (4.1), G(K24, I(X))
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is a homomorphic image of a subgroup of GL (12, 2) and hence |G(K»4, I[(X*))|
divides |GL(12, 2)|. As a factorization of |GL(12, 2)| into powers of prime
numbers we have

11
IGL(12, 2)| = J](2'2-2") = 2%6x38x53x 74 x 11x13x17x23x312x 73x 89x 127
i=0

and hence |G(Kz4, [(X*))| # O (mod 112). Now the groups M, 412, Si2
have the property that the order of any nonidentity normal subgroup is divisible
by 11 (the nonidentity normal subgroups are: M, in the first case, 4;, in
the second case, and A;, and S, in the third case). Consequently by taking
G(K, K1,), G(Kz,K),), G(Ka, 1(X*)), and 11 for H,H, G, and 7 in
(5.2) we see that G(Ka4, K},) = G(Kaa, K},) = 1, and hence Kaq = K}, = K.

Thus Kj4 is the common splitting field of f;2(Y)+ X* as well as fi,(Y) +
X* + 1 over /[(X*) in Q, and as a permutation group on the roots of either
polynomial we have G(K24, [(X*)) = My, or A, or S|,. Wecan take x € Ky
with fi5(x)+X* =0 and then /(X*, x) =[(x) and fi,(Y)+X*+1 = fj,(Y)+
S12(x) + 1. Therefore by (3.1) we see that fj,(Y)+ X* + 1 remains irreducible
in /(x)[Y], and hence G(K>4, /(X)) is a transitive subgroup of G(Kz4, [(X*))
when we view the latter as a permutation group on the roots of fj>(Y)+X*+1.
Since /(x) is a root field of f2(Y)+ X* over /(X*) in K4, the index of
G(K24, l(x)) in G(Kz4,I(X*)) is 12. Neither A;; nor Sj, has a transitive
subgroup of index 12 (see (2.19) on page 300 and Exercise 8 on page 308 of
[Suz]), and hence we must have G(K»4, [(X*)) = M, and G(Ky, l(x)) =
M (12). It follows that G(Ki3, (X)) = My, G(K|,, (X)) = M, and
G(J12, (X)) = My (12).

Let ko and k; be the algebraic closures of / and k in Q respectively.
Since M;; and M), are nonabelian finite simple groups, by Corollary (1.8)
of the Refined Extension Principle on page 97 of [Ab5] we see that the
groups G(Ka, I(X*)), G(Ki2, (X)), G(Kj,, (X)), G(Ji2, (X)) coincide
with the groups G(Ks(ko), ko(X*)), G(Kiz(ko), ko(X)), G(K|,(ko), ko(X)),
G(J12(ko) , ko(X)) respectively, and by (2.10) of [AY 1] we see that these groups
relative to ky coincide with their respective versions relative to k; , and by the
Basic Extension Principle on page 93 of [Ab5] we see that the said versions rel-
ative to k; are subgroups of the respective versions relative to & which them-
selves are subgroups of the respective original versions over /. Thus we get
G(Ky(k), k(X*)) = My2, G(Ky2(k), k(X)) = My2, G(K|,(k), k(X)) = My,
G(J12(k), k(X)) = My (12).

Now k(X*)/k(X) and Ky (k)/k(X*) are Galois extensions with Galois
groups Z; and M), respectively, and K4(k)/k(X) is a Galois extension whose
Galois group is a group extension of G(Ka4(k), k(X*)) by G(k(X*), k(X)).
Since M, is centerless and Out(M;;) = Aut(M,;)/M,; = Z,, by the Exten-
sion Lemma (as stated and proved in [Ab9]) it follows that there are exactly two
nonisomorphic extensions of M;, by Z,. Obviously M), x Z, and Aut (M)
are two such extensions. Therefore, G(Ky4(k), k(X)) = My x Z, or Aut(M,).

Suppose, if possible, that G(Ky4(k), k(X)) = Mj; x Z, and let u :
G(Kz(k), k(X)) —» M, and v : G(Kyu(k), k(X)) — Z, be the correspond-
ing projections. Since G(K34(k), k(X*)) is a nonabelian simple subgroup of
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G(Kz4(k), k(X)) , we must have

v(G(Kau(k), k(X7))) =1

Since G(K4(k), k(y)) is a subgroup of G(Ky(k), k(X*)), we get

v(G(Kau(k), k(»))) = 1.

Therefore G(K4(k), k(y)) is an index 2 subgroup of x~!(u(G(Ka(k), k()))).
Hence for the fixed field T of u~!(u(G(Ka(k), k(y)))) we have k(f(y)) =
k(X) c T C k(y) with [k(y) : '] = 2 which contradicts (5.1). Consequently
we must have G(Kz4(k), k(X)) = Aut(M;,).

[Abl]
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[Ab4]
[AbS]
[Ab6)
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[HuB]
[Mat]
[Mil]
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