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‘THE MAXIMUM MODULUS THEOREM
BY
A D. D. KOSAMBI

A fundamental result in the theory of functxons of a complex

variable is represented by the theorem :
 If §(z) be analytic in a closed region R, then max |f ( Z)l is assumed
on the boundary of R.

As corollaries, by considering l/j(z), we see that [f(z)| cannot
have a non-zero minimum in the interior of R ; an application of the
theorem to exp f(z) shows that no harmonic function can have a
maximum or a minimum within its region of definition.

The mch and beanng of the theorem has perhaps disguised the
fact that it can easily be extended to non-analytic functions, i.e., to

. transformations of the plane whlch are one to one and continuous,
but need not be conformal _ For instance, we may state a more
general form : AR S ' : g
THEOREM 1. : sl :
Hypothesis : u(%,y), v(xy) are real functions of the real
variables x,y, with continuous first partial derivatives and a
non-vanishing ]acobtan J=2 ( u,v)/a(z,y) in some closed
region R. ,
Conclusion : w*+1v* must assume. its- maxtmum value on the
boundary and not within the interior of R.

Proof : There is a maxnnum value of #' + ¢, wluch by the

hypothesis, is a continuous function of the two variables in a closed
- region. - This value cannot be taken on at an 1solated interior point,
for then, at that pomt we should have

Fre (u’+v’)EZu au+20 o _ =0

ox oy
a 2 i au @g_
(u+v’) Zua +20ay 0

: Thls gives ] 0, contradictory to the assumptlon, or u=v=0 at
. the point. But the latter cannot represent a maximum value unless
' u, v, are identically null, which would again give J=0.
If the maximum be assumed along a curve (or for that matter a
* dense set of points), say the curve C, then |9(w'+9v") /3s]c=0, and as

- the value is a maximum, we should also have the directional deriva-

tive along any curve cutting C vanish at the point of intersection.
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But if the~e two denvatxv& vanish, then it is clear that the partial
derivatives with respect to x,y, vanish all along the curve, which
leads to the same contradiction as above. Therefore, the maximum
is not enly assumed on the boundary, but actuaﬂy grater than any
interior value. :

Q E. D.

The same reasoning shows that u'+v’ cannot have a non-zero.
minimum in the interior of R. Furthermore, neither # nor » can
have a. maximum or a minimum within R. A general theorem
covers all of the&. cases :

Under the assumptwns oj theorem 1 70 functwn qo( u,v) wztk
. continuous first pamal denvat:ves can have a maximum or
e mintmum "ol an mtenor pomt of R unless aq:/ au—-
?q~/av = 0 al lhat pamt
The proof. is as indicated before. : %
W hcreas the transfoxmaﬂons considered ar¢ not conformal and
ce, do- not correspond to the more restricted, class of functions
- “efying the Cauchy-Riemann differential eguations, it is clear
nevertheless that they are not so general as might be wished, being in
“ict schlicht in R, due to theé non-vanishing Jacobian. For the ge-
-.ral case, exception would have to be made of points where the
inverse transformation failed because of the vanishing of J.



