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Precessions of an Elliptical Orbit.

(Notes on: Vibrating Strings ; Planetary Orbits;
The Raman Effect.)

By
D. D. XosaunL.

1. Any text-hook of hydrodynamics will give the follow-
ing equations for the motion of an infintte eylinder through a
perfect incompressible fluid, at rest at infinity

() M+ M)+ Epy=X
(M + M'}?}* fﬁpé =Y,

@ 1+ M) S =E

(M+M’}U§-fmk9ﬂ+9,

Here, M is the mass of an unit length of the cylinder, M’
that of the fluid displaced thereby ; & ¢ coordinates of the
contral axis with respect to axes fixed iu space, the whole
motion being in a direction perpendionlar to the length of the
cylinder. The constant of civculation about the body is
denoted by k ; density of the fiuid medium by p; compovents
of the external force per unit length by X, Y. In equations
{2), P, 0 aro components of the external force along the
tangent and normal fo the path of the center; ¢ the angle
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made by the direction of the velocity U, with & fixed direction.
(¢f. Lamb, Hydrodynumics, 5th ed., p. 76.)

The important characteristic of these equations is that the
total energy of the motion represented is exactly the same a8
when thers is no circulation (&= 0). In fact, the force of
girculation 18 perpendieuiar’ to the velocity, and so does 8o
work. These equations wmay be made also to represent the
onse of an eleotron in a magnetic field, a Foucault pendulum,
and even the restricted problem of three bodies, as by the
equations of Hill. We proceed to consider special cases.

11, It a vibrating string be seb in motion by plucking it
in the middle, most of its motion will be represanted by~

(8) y= A sin br sin bet

Seen lengthwise, the string s approximately our in finits
eylinder attracted to the center with a force proportional
directly to the distance. Due fo patural unevenness of the
apparatus the actual path will be a flat ellipse rather than a
straight line, and 80 cirewlation of the air will be set up. Ouwr
equations (1) become:

(4) £+2vp+A% ”02 - kp A2 = force ab unit distance
;j:‘" 2‘,»’.(';; +A%y=0

These may be formally integrated by an ingenious device
due to Bromwich (Proceedings of the London Math. Soc.
Reries 2, Vol. XIII, p. 225). Multiplying the sscond by
i = ~7-1 and adding to the first, we have :

{4¢) 5 —2Wn 4 ASe=0, amfain, 1= W 1
vit

() whenes  s=%¢ (AetP* + Be—trt)

whoere p=4# VIT AR
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With the initia} condifions 2'==20, 2= when t==1{), the motion

follows an hypoeyeloid tangent to |z} = with cusps on the
circle [ 2 | = q. '

(8) s= —~¢ gthpt

In polar co-ordinates, z==rei®

(6a) B, t::g% sinpt or = gip PP
_ - %

The path is thus a rosette, described by a casual observer as a
rotating eilipse, as also in the gyroscopic pendulum. We see
that a new period has appeared, that of precession ;

(7) T =9 dm (M + M)

=
Actually if one tightens the heavy string of a hanjo, and piucks
i in the middle, the whols motion sesms a biurred region to
naked eys, and its houndaries, instead of parrowing down nni.
formly to rest because of air resistance, are seen expanding
again, after a little while. The period of this expansion would
o8 just & half of the above. Anp ink dot on the string
apparently follows the “rotating ellipse,” and the period

iIT. The theory of relativity bas still to acoount for the

observed precessions of perihelion in our planets, espocially

Venus, We can consider the atmosphere of the planst and

other light surrounding debris such as the ringy of Saturn as

constituting a cireulatory eoffect with respect to the space
%
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cccupied by the planet, since the rotation of the planet is sure
to st this matter into motion., Unfortunately, the infinite
eylinder cannot yield mumerical resalts applicsble to the
planetary case, and the throe-dimensional analysiz pressuts
diffienlties. However, a eriterion wmay be obiained as to the
direction of rotation of the planet, i.e., av to the sirculation
‘set up. Notice in passing that Venua is known to have a
dense atmosphere though the question of its period of rotation
about its axis is still & point of some doubt,

Instead of taking equations {1} with attraction inversely
as tne square of the distance, we assume the divergence from
the normal atate to be small and apply squations { 2),

(8) Let U=Uy+Uy

} Uy ¥4, 88 i the Kaplorian condition.

than (M+M) - ‘m =P (M+M) ‘*U* < Uy=0

sud  (M+M)U j}‘? =kpU+Q and (M+M)U,%¥=Q

dt
, d % " Kpdt
whence o= . apd €= f m%

at M+ M/ ' v, M+

which leads to the result that ¢ in a com plate period increases
by %&Tﬁ: If the direction from which ¥ s measured be
taken as the radius vector tfo the perihelion, the orbit being
nearly cireular, the perihelion is retarded by this amount if %
be positive. The actual direction of precession depends only
on the direction of cirenlation. An advance would signify
that the direetions of cirenlation and of description of the

orbit were opposite; a retardation would mean that they were
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identical. Finally, this precession when small might also be
taken as a slight change of period of the moving body: ad.
vancs of perihelion as au increase of period, retardation asa
decrease. In the string, the circulation is set up by the vibra-
tion itself and a retardation should always occur.

IV, 'The solar system is but a step from the atomic
model. The two-dimensional fluid motion of our eylinder, of
a vortex, ' of an electrie chargs in an electromagnetic field are
indistinguishable, Thus the change of period just pointed out
in the case of a planet might well be seen 88 an extra line of
the spactram, if all the elestrons have a sole direction in de-
seribing the orbit; as two lines, symmetrically displaced from
the ordinary line, if the constituent elsctrons have both senses
of deseription. And indeed, this is the usual explanation of
the well known Zeeman effect, after Larmor. In the Raman
offect, however, a number of electrons are excited by a light
wave and send ouk a certain number of extrs waves not yet
satisfactorily explained (the Smekal jump is most unattrac-
tive). Wo might extend our analysis, and replace the con-
stant of circulation % by a periodic function of the time which
represents the chauge of electromagnetic intensity, The
phenomenon and the problem will not be discussed in the
present unote, though I hope a suggestion will not beill
received. Quantisation and the critical value methed of
Schrddinger should be used to obtain the proper numbers
corresponding to the new periods ecaused by the disturbing
function. Becondly, the asymmetry of the Raman effsot has
also to be considered. The Zesman sffect might be observed,
for purposes of comparison, in a magnetic field whersin the
intensity has a period comparable to that of the light waves
used in the more recent discovery. Let it finally be noticed
that while electrodynamically unsound models have usually
been employed for purposes of illustration and deduction,
equations of our type will be appiwahle wherever a stable peri.
odie motion of any given system is acted on by “not-sasrgic »
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forces, here forves perpendicular to the displacemeunt. As
for the mathematical justification of the assumption that in an
arbitrary system, a number of stable recurrent—if uot peri-
odic-motions exist, the reader is referred to modern dynamical
theorists, such as Birkhoil.

Hagvanp Unyvararry, BarrBsnes, 1627,

Bexanss Hivou Univrssrry, Arnre, 1380y

Note.—The Kérmén solution involving rotational motion
of the fluid about the infinite cylinder has been neglected ; it
should most certainly be taken intoaccount in any experi-
ments with vibrating strings.



