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Abstract

In solving multi-objective optimization problems, evolutionary methods have been ad-
equately applied to demonstrate that multiple Pareto-optimal solutions can be found in a
single simulation run. In this paper, we discuss and put together various different classi-
cal generating methods which are either quite well-known or are in oblivion due to lack
available resources and some of which were even suggested before the inception of evo-
lutionary methodologies. These generating methods specialize either in finding multiple
Pareto-optimal solutions in a single simulation run or specialize in maintaining a good
diversity by systematically solving a number of scalarizing problems. Most classical gener-
ating methodologies are classified into four groups mainly based on their working principles
and one representative method from each group is chosen in the present study for a de-
tailed discussion and for its performance comparison with a state-of-the-art evolutionary
method. On visual comparisons of the efficient frontiers obtained for a number of two and
three-objective test problems, the results bring out interesting insights about the strengths
and weaknesses of these approaches. The results should enable researchers to design hybrid
multi-objective optimization algorithms which may be better than each of the individual

methods.



1 Introduction

Multi-objective optimization is a rapidly growing area of research and application in modern-
day optimization. There exist a plethora of methods and algorithms for solving multi-objective
optimization problems, see for example [32, 13, 8, 4]. The methods can be divided in two
categories: (i) classical methods which use direct or gradient-based methods following some
mathematical principles and (ii) non-classical methods which follow some natural or physical
principles. Of them, the evolutionary multi-objective optimization (EMO) has been getting
growing attention over the past decade. The classification is also appropriate from two other
perspectives. The classical approaches usually use deterministic transition rules, whereas non-
classical approaches usually use stochastic rules. They are also different from each other in
another vital aspect. Classical methods mostly attempt to scalarize multiple objectives and
perform repeated applications to find a set of Pareto-optimal solutions. On the other hand,
an EMO method attempts to find multiple Pareto-optimal solutions in a single simulation
run, providing the entire range of solutions (with ideal and nadir points) and the shape of the
Pareto-optimal front.

However, there exist a few classical generating methods (stochastic and deterministic) which
either attempt to find multiple Pareto-optimal solutions in a single simulation run, or attempt
to solve multiple scalarized problems such that a good diversity among resulting solutions
is maintained. In terms of overall goal of the optimization task, these classical generating
methods are similar to the way EMO methods work. In this paper, we present some of
these classical algorithms, provide a systematic comparison of four different such algorithms
by showing simulation results on a number of two and three-objective optimization problems
of varying complexity. We also compare their performances with an EMO methodology and
unveil the problem classes where the classical generating methods are better and the problem
classes where the EMO methodologies have their niche. The importance of the study stems
from the fact although there has been many comparative studies of evolutionary algorithms [39,
16, 9] that there has been only one such (limited) comparative study with classical generating
methods by the authors [34]. This study reveals important insights about the working of the
algorithms, which can be combined together in a hybrid manner to develop even a better

algorithm than individual algorithms.



This paper is divided into five sections of which this is the first. The next section present an
overview of various classical generating methods, while the third section describe the chosen
algorithms. Comparison with an EMO methodology (the elitist non-dominated sorting GA
or NSGA-II [9]) is done in the fourth section. A discussion on the simulation results as well
as extensions which emanated from this comparative study are presented in the end of this

contribution.

2 Classical Generating Methods

The main goal of multi-objective optimization is to seek Pareto-optimal solutions. Over the
years there have been various approaches toward fulfillment of this goal. It has been observed
that convergence and diversity are two conflicting criteria which must be balanced in trying
to generate the entire efficient front [8]. Clearly, there are two different possible principles for

generating a set of solutions representing the entire Pareto-optimal front:
e One-at-a-time strategy, and
e Simultaneous strategy

In the former method, a multi-objective optimizer may be applied one at a time with the
goal of finding one single Pareto-optimal solution. Most classical generating multi-objective
optimization methods use such an iterative scalarization scheme of standard procedures, such as
weighted-sum or e-constraint method [13, 32]. The main criticism of most of these approaches
is that although there are results for convergence, diversity among obtained Pareto-optimal
solutions is hard to maintain in the objective space. Moreover, a careful thought suggests
that a systematic variation of weight vectors or & parameters in these scalarization techniques
does not guarantee a good diversity in the solution sets [5, 8]. Another important matter
is that independent applications of a single-objective optimization algorithm to find different
Pareto-optimal solutions one-at-a-time do not make an efficient search and the search effort
required to solve the problem to optimality this way needs to be found in every single time
the algorithm is applied.

In the simultaneous approach, multiple Pareto-optimal solutions are found in a single sim-

ulation run, thereby not requiring multiple applications of an optimizer. These procedures



are usually population or archive-based and often introduce a parallel search by sharing and
exchanging important information among population or archive members. There exist some
classical population-based generating methods which attempt to find multiple Pareto-optimal
solutions in a single simulation run. On the other hand, there are also some classical point-by-
point generating methods which involve archives and make an attempt to use a scalarization
scheme so as to generate a diverse set of solutions in a single simulation. However, all evo-
lutionary multi-objective optimization (EMO) methods use either an archive or a population
and find multiple Pareto-optimal solutions in a single simulation. Although classifying these
algorithms according to a single criterion is a difficult task, an attempt is made in the following
section to group similar methods together. It may be noted that specialized methodologies
exist for solving special class of multi-objective optimization problems, such as linear problems
[2], bi-objective problems [14, 23] or convex problems [15]. However, we shall concentrate here
on methods that are general and can solve problems with any number of objectives and without

any convexity assumptions.

2.1 Stochastic Point-By-Point Spreading Algorithms

These algorithms use one point in each iteration, but use an archive to store the non-dominated
solutions obtained thus far. Thus, once a Pareto-optimal solution is found, the search moves
from one Pareto-optimal point to another, thereby capturing a well distributed set of solutions
on the efficient frontier. According to our knowledge, there are two such methods suggested
in the literature.

The earlier method in this class of algorithms is the adaptive search method by Benson and
Meisel [1]. This method has also been presented by Hwang and Masud [19] and in a compre-
hensive survey by Marler and Arora [28]. The method uses a stochastic search together with
the gradient information of the objective functions. The individual function minimum solu-
tions are taken as the starting points. Thereafter, a search is made along a combined gradient
direction by an amount controlled by a step size parameter which is changed adaptively from
one iteration to another. For a detailed discussion of this method the reader is referred to the
comprehensive survey work by Marler and Arora [28].

A recent method by Schéffler et. al. [33] also belongs to this category. It is a trajectory



based method which uses function gradient information for a local search and a Brownian
motion based global search. This method is chosen a representative algorithm of this class in

this study and is described in detail in Section 3.

2.2 Stochastic Population Based Algorithms

These algorithms work with a population of points and iteratively progress toward the efficient
frontier. Since they work with a population, similar to an EMO methodology, many Pareto-
optimal solutions are found simultaneously in a single simulation run. To our knowledge, there
are two methods in this category suggested so far. Surprisingly, both methods were developed
in 1980s (even before the suggestion of EMO methodologies) and used ideas similar to the
EMO algorithms.

The first algorithm in this category is the sampling-search-clustering method suggested by
Torn [37]. In this algorithm, first, the initial points are sampled from the feasible region. After
the initial points are obtained in this way, they are pushed toward the efficient frontier by a local
optimizer. The local optimizer suggested is a random search algorithm, which also has been
successfully used in single objective global optimization problems [12]. Since many such single-
objective minimum solutions may be closer to each other, a clustering is performed, similar to
the clustering techniques used in EMO algorithms [38, 8]. This process is iteratively repeated
and finally the results are presented to a decision maker. A similar such EMO methodology
was suggested elsewhere [20].

Another similar algorithm is the one suggested by Timmel [35, 36]. This algorithm also
starts from a randomly sampled initial population. From each point (parent), another solution
(child) is created by traversing along a gradient direction. Thereafter, the child and parent
populations are combined together and a non-domination check is done to remove all dominated
points. We have chosen this algorithm as a representative one of this class and a detail

description is given in Section 3.

2.3 Direction-Based algorithms

These algorithms use scalarizing schemes that provide a good diversity among solutions in

the objective space. For this purpose, most of these methods start from carefully chosen



equidistant points on the ideal plane, that is, the plane passing through individual function
minimizers (some authors call it as the utopia plane) and then proceed along certain directions.
The progress along the search direction is measured using an auxiliary real variable. There are
many methods which belong to this category.

The first algorithm we shall discuss in this category is the normal boundary intersection or
the NBI method, developed by Das and Dennis [6]. Their study was aimed at getting a good
diversity of solutions on the efficient frontier by starting from normal directions to the ideal
plane. The study used an equality constraint formulation of the subproblems. A modified
version of the NBI approach (called the recursive knee approach) was developed elsewhere [7]
for convex problems. Better formulations were also developed elsewhere [27, 24]. Since this
algorithm is used in this study, we shall discuss the NBI in more detail in the next section.

Benson and Sayin [3] developed a global shooting procedure to seek points on the efficient
frontier. In this method, first, a simplex is obtained that contains the feasible region of the
problem in the objective space. Next, representations of the efficient frontier are obtained by
shooting rays toward certain facets of this simplex.

Kim and Weck [22] developed the adaptive weighted sum method for multi-objective op-
timization. Initially, the efficient frontier is approximated by employing a single-objective
optimization algorithm with the weighted-sum approach many times. Efficient front patches
are then identified and further refined by using additional equality constraints.

In Karasakal and Koksalan’s [21] algorithm, first, the nadir point is estimated and a few
points are found on the efficient frontier using the constrained Tchebycheff method. Next a
weighted L, hyper-surface is fitted and then equidistant points on this surface are obtained.

Finally, these points are projected on to the efficient frontier.

2.4 Other Generating Algorithms

Messac and Mattson [31] developed the normal constraint method for getting an even repre-
sentation of the efficient frontier through points. In the normal constraint method, there is
a sequential reduction of the feasible space by hyper-planes passing through a point on the
ideal plane. The method is described in detail in next section, as we use this method in this

study. Messac also developed the physical programming method [29] and then presented a dif-



ferent method [30] for generating the entire efficient frontier using the physical programming
approach.

Klamroth et. al. [25] developed a method for approximation of the efficient frontier. It
generates a piecewise linear approximation of the efficient frontier. Two separate methods —
mner approrimation and outer approximation — are presented. In these methods, the current
approximation is used as a distance measure. Also the approximation adds the next point
which is currently the worst approximated or where the approximation error is maximal.

Hillermeier [17, 18] developed a generalized homotopy method for multi-objective optimiza-
tion. In this method, the Pareto-optimal set is considered as a differentiable manifold and local

charts are constructed and evaluated numerically for obtaining new Pareto-optimal solutions.

3 Representative Algorithms

For the comparative study here, we select Schéffler’s [33] method among the stochastic point
by point spreading algorithms, while Timmel’s [35, 36] algorithm is chosen among the stochas-
tic population based algorithms. The NBI [6] method is chosen among the direction-based
algorithms, while the normal constraint [31] method is picked from the other algorithms. In

the following subsections, we describe these methods in somewhat more detail.

3.1 Schéaffler’s Stochastic Method (SSM)

A stochastic method for the solution of unconstrained multi-objective optimization problems
was proposed by Schéffler et. al. [33] in 2002. The method is based on the solution of a set
of stochastic differential equations. This method requires the objective functions to be twice
continuously-differentiable. It may be used for the computation of all or a large number of
Pareto-optimal solutions. In each iteration, a trace of non-dominated points is constructed by
calculating at each point x a direction (—¢(x)) in the decision space which is a direction of
descent for all objective functions. The direction of descent is obtained by solving a quadratic
subproblem. The following initial value problem (IVP) for a multi-objective optimization

problem is then set up:



where zg is a starting point. The numerical solution of the above IVP gives a single point
where the first-order weak Pareto-optimality conditions are fulfilled. After such a solution
is obtained, a set of non-dominated solutions is obtained by perturbing it using a Brownian

motion concept. The following stochastic differential equation is employed for this purpose:

dX; = —q(Xy)d(t) + edBy, Xp = Xo, (1)

where € > 0 and By is a n-dimensional Brownian motion having the following properties:
1. The expected value is zero,

2. The increments By, (By — By,), (B, — Byy) for every to(= 0) < t1 < t2 < ... are

stochastically independent, and

3. For every s < t, the increment (Bs — B;) is normally distributed with mean equal to zero

and a variance equal to (s — t)I,,, where I, is a n-dimensional identity matrix.

Figure 1 shows (in the objective space) how from a given point A the next iterate a is obtained.

Thus, starting from an initial solution, a number of solutions converging to the efficient frontier

fl

Figure 1: Schematic showing one iteration of SSM method.

are expected to be generated by this procedure. The —¢q(X;)d(t) term in Equation 1 is the
deterministic descent part, while the Brownian motion is the local random search term. In
all simulations here, to solve the above equation numerically, we employ the Euler’s method.

The approach needs two parameters to be set properly: (i) the parameter € which controls the



amount of local search and (ii) the step size o used in the Euler’s approach which controls the
accuracy of the integration procedure. At the end of a pre-specified number of iterations, a
non-domination check of the obtained solutions is performed and the resulting solutions are
declared as the obtained Pareto-optimal solutions. If the combination of Brownian motion
and deterministic descent search is unable to converge to the global Pareto-optimal front, the
algorithm may have difficulty in later finding many points on the global Pareto-optimal front.

For more information on this algorithm, interested readers may refer to the original study [33].

3.2 Timmel’s Population Based Method (TPM)

As early as in 1980, Timmel [35] proposed a population-based stochastic approach for finding
multiple Pareto-optimal solutions of a differentiable multi-objective optimization problem. In
this method, first, a feasible solution set (we call it a population) is randomly created. The

non-dominated solutions (Xo = {x?,x9,...,x%}) are identified and they serve as the first

approximation to the Pareto-optimal set. Thereafter, from each solution xg, a child solution

is created in the following manner:

luzvfz xk

||M§

where u; is a uniformly distributed random number (between 0 and 1) and ¢; is step-length in
the first generation. It is a simple exercise to show that the above formulation ensures that not
all functions can be worsened simultaneously. Thus, the child solution is either non-dominated
to the parent solution x%, or it dominates the parent. However, the variation of the step-
length over iterations must be made carefully to ensure convergence to the efficient frontier.
The original study suggested the following sequence for updating the step-length ¢; in the j-th

generation:

j—+oo

o0 [e.e]
lim ¢; =0, th:oo, Zt?<oo.
j=1 J=1

Figure 2 shows the creation of a child a from parent A (in the objective space) during the j-th
generation. It can be seen that not all children dominated their parents. Thus while in SSM the

descent direction ensures descent of all objective functions it is not the case with the direction



used in TPM. Thus a child may be nondominated to its parent and hence it will be included

in the next generation unless some other solution dominates it. After the child population

f

Figure 2: Schematic showing creation of a child a from parent A in the TPM method.

is created, it is combined with the parent population and only the non-dominated solutions
are retained. Since a non-domination check is performed weak Pareto-optimal solutions are
not there in the final optimized set. This set then becomes the second approximation to the
Pareto-optimal set. This procedure is continued for a pre-specified number of iterations. Note
that the population size can vary with iterations. In fact, in most problems, an increase in the
population size is expected.

The step-length variation mentioned above ensures the following aspects:

1. The step size should slowly decrease to zero as solutions closer to the Pareto-optimal set

are found and

2. The decrease of the step size must not be slow enough so that the algorithm gets caught

in sub-optimal points.

Thus, it is clear that the update of the step length is a crucial part of the working of the
algorithm and a tuning of the update strategy may have to be done for every problem. Here,
we use the following strategy for varying ¢; with generation j: ¢; = ¢/j (where c is a positive
constant), which satisfies all the above-mentioned conditions. For the interested readers, we
refer to the original study [35, 36] for further details. It is interesting to note that this algorithm

uses an elitist strategy, in which best of parent and offspring populations is retained.

10



3.3 Normal Boundary Intersection Method (NBI)

The NBI method was developed by Das et. al. [6] for finding a uniformly spread Pareto-
optimal solutions for a general nonlinear multi-objective optimization problem. The weighted-
sum scalarization approach has a fundamental drawback of not being able to find a uniform
spread of Pareto-optimal solutions, even if a uniform spread of weight vectors are used. The
NBI approach uses a scalarization scheme with a property that a uniform spread in parameters
will give rise to a near uniform spread in points on the efficient frontier. Also, the method is
independent of the relative scales of different objective functions. The scalarization scheme is
briefly described below.

Let us consider the following multi-objective problem (MP):

minges F(x), @

where S ={x|h(x)=0;9(x) <0,a <x <b}.
Let F* = (f, f5,..., fi;)T be the ideal point of the multi-objective optimization problem with
M objective functions and n variables. Let the individual minimum of the functions be attained
at x; for each i = 1,2,..., M. The convex hull of the individual minima is then obtained. The
simplex obtained by the convex hull of the individual minimum can be expressed as ®3, where
® = (F(x1), F(x3),... F(x3,)) is a M x M matrix and § = {(b1,bs,...,by)T | M, b; = 1}.
The original study suggested a systematic method of setting (@ vectors in order to find a
uniformly distributed set of efficient points. The NBI scalarization scheme takes a point on
the simplex and then searches for the maximum distance along the normal pointing toward
the origin. This obtained point may or may not be a Pareto-optimal point. Figure 3 shows
the obtained solutions (i.e. a, b, ¢, d, e, f, g, h) corresponding to equidistant points (i.e. A,
B, C, D, E, F, G, H) on the convex hull (i.e. line AH). It can be seen that points d, e and
f are not Pareto-optimal but are still found using the NBI method. In non-convex situations,
even the Pareto-optimal points which cannot be obtained by the usual weighted-sum schemes,
are possible to be obtained by this method. For example, in Figure 3 solution x which lies in

the non-convex region can be found by the NBI method while it cannot be obtained by the
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Figure 3: Schematic showing obtained solutions in NBI method.

weighted-sum schemes. The NBI subproblem (NBIg) for a given vector 3 is as follows:

maX(xt) t,
subject to @8+ tn = F(x), 3)

X €S,

where 1 is the normal direction at the point ®3 pointing towards the origin. The solution of
the above problem gives the maximum ¢ and also the corresponding Pareto-optimal solution,
x. The method works even when the normal direction is not an exact one, but a quasi-normal
direction. The following quasi-normal direction vector is suggested in Das et al. [6]: 7w = —®Pe,
where e = (1,1,...,1)T is a M x 1 vector. The above quasi-normal direction has the property
that NBlj is independent of the relative scales of the objective functions.

In addition to sometimes obtaining non Pareto-optimal solutions in the NBI method, an-
other limitation of the NBI procedure is that for dimensions more than two (in the objective
space) the extreme Pareto-optimal solutions are not obtainable in all the cases. The limitation
is due to the restriction of 0 < §; < 1 variable. This can be easily seen by considering a prob-
lem having a spherical efficient front satisfying f2 + f2 + f2 = 1 in the range f1, f2 € [0,1]. As
seen from Figure 4 there exist unexplored regions outside the simplex obtained by the convex

hull of individual function minima.
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Figure 4: Plot showing difficulties in obtaining Pareto-optimal solutions outside the simplex
by using NBI method.

3.4 Normal Constraint Method (NC)

Let us again consider the MP. The points p™* = F(x}) for all i = 1,2,..., M are called the
anchor points. Let the M-dimensional hyper-plane passing through the anchor points be
denoted by P* and let u" denote the nadir point. Using the ideal and nadir points, let f,
denote the normalized i*" objective function f;. The NC method uses the normalized function
values to cope with disparate function scales. This is in contrast to the use of quasi-normal
direction vector in NBI.

Next, let us denote by N, (for all k = 1,2, ..., M—1) the vectors from one fixed anchor point
(assumed here as M only i.e. u™*) to all other anchor points, i.e. Nj = z™* — **. Similar
to NBI by systematically varying (in fixed increments) 8 (= {(b1, b2, ...,ba)T | 3N, b; = 1})
vector set of evenly distributed points on the ideal hyper-plane can be obtained. Let us denote
by Zg as the point on the ideal hyper-plane corresponding to vector 4. The NC subproblem

(NCpg) for a given vector 3 is as follows:

minxy  fa(x),
subject to NZ(F— Zg) <0, for 1 <k < M-1 (4)
xeS

The normal constraint method uses inequality constraint reduction of the feasible space. Fig-

ure 5 shows the obtained solution using the NC method. The hatched part is the feasible
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region corresponding to point B in the ideal plane (i.e. AC). It can be seen that points b is

f2

fq

Figure 5: Schematic showing obtained solution in NC method.

not Pareto optimal but it is still found using the NC method. Since evenly distributed points
on the ideal plane are used, the final points on the efficient front are likely to be more evenly
distributed than the usual e-constraint method.

In order to to alleviate the deleterious characteristic of NBI method of not obtaining ex-
treme Pareto-optimal points in higher dimensional objective functions, Messac et. al. [31]
developed a computationally efficient approach of finding the lower and upper limits of each
variable 3; such that no region of the efficient frontier remains unexplored. To achieve this,
first, a hypercube is created that encloses the entire feasible space in the objective space. Then
the size of the ideal plane section is enlarged so that the projection of the hypercube can be
made on the enlarged ideal plane. Finally, unnecessary regions (where no projection of the
objective space lies on the enlarged ideal plane) are removed. It is to be noted that such a

generalization is also possible with the NBI approach.

4 Comparison with an Evolutionary Method

In this section, we compare the above four classical generating methods with the elitist non-
dominated sorting GA or NSGA-II [9] on a number of two and three-objective test problems.
The test problems are chosen in such a way so as to systematically investigate various aspects

of an algorithm. In the test problems, the exact knowledge of the Pareto-optimal front is
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available. For classical methods, a limited parametric study (for example parameters o and ¢
in SSM and parameter ¢ in TPM) is performed for each test problem and results from the best
parameter setting are presented. For the NSGA-II, we use a standard real-parameter SBX and
polynomial mutation operator with n. = 10 and 7,, = 10, respectively [8]. For all problems

solved using NSGA-II, we use a population of size 100.

4.1 Two-Objective Test Problems

First, we consider two-objective ZDT test problems [8, 11]. The test problems are slightly
modified so that they become unconstrained multi-objective optimization problems, as the
SSM method is only able to tackle unconstrained problems in its present form. We are currently

investigating a constrained version of SSM algorithm.

4.1.1 Modified ZDT1 Test Problem

The modified ZDT1 test problem can be stated as follows:

Minimize fi(x) = x1,
Minimize f2(x) = g(x) <1 - %) , (5)

where g(x) =1+ % Yisa T3,

where the box constraints are x; € [0,1], and z; € [-1,1] for ¢ = 2,3,...,n. Here, we
choose n = 30. This modified ZDT1 problem has a convex Pareto-optimal front for which
solutions correspond to 0 < 27 < 1 and ] = 0 for i = 2,3,...,n. Figure 6 shows the entire
feasible space (in the objective space) for this problem as well as points in the objective space
corresponding to 1,000 uniformly randomly generated points (within the box constraint) in the
decision space. The upper boundary of the feasible region corresponds to g(x) = 10 while the
lower boundary corresponds to g(x) = 1. This problem offers a difficulty in handling a large
number of variables.

The Euler’s method with a step size of ¢ = 0.8 along with ¢ = 0.05 is used in SSM.
An initial starting point is randomly created using the box constraints. It is to be noted
that the SSM method requires gradient information. To make a fair comparison with an EMO

methodology, gradients are calculated numerically here (using the central difference technique)
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Figure 6: Feasible region of the modified ZDT1 problem.

and the overall function evaluations is recorded. Figure 7 shows the obtained distribution of
efficient solutions after 20,000 (left plot) and 100,000 (right plot) function evaluations. Due to
the use of a descent direction, the SSM method quickly converges near to the efficient frontier in

this problem. However, the spread of solutions along the efficient frontier is very slow. Notice

L "
© 20000 evaluations © 100000 evaluations
— efficient front 08 — efficient front

0,912 1

08 q

0.7 q

0.2 B 0.2 o 4

Figure 7: Performance of SSM method on ZDT1 (left and right).

that from 20,000 function evaluations till 100,000 function evaluations, the procedure finds a
spread from 1 = 0.4 to 1 = 0.7. The use of a Brownian motion for obtaining a spread seems
to be too generic to get a faster spread along the entire efficient frontier. After even 100,000
function evaluations, the solutions are not quite on to the efficient frontier. The numerical
gradient evaluation is costly, requiring 2n function evaluations for each gradient. With a large

number of variables, such methods may become computationally expensive. However, the
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Figure 8: Performance of TPM method on ZDT1 (left and right).

simulation results show that this test problem does not offer too much of a difficulty to the
SSM method in quickly converging near to the efficient frontier.

Next, we apply the TPM method. We begin the search with a single solution (s = 1),
randomly created satisfying the box constraints. Figure 8 shows the obtained front after
20,000 (left plot) and 100,000 function evaluations. It is clear that the TPM method per-
forms extremely well on ZDT1 both in terms of convergence to the Pareto-optimal front and
maintenance of diversity.

The NBI method needs the computation of the ideal point and the anchor points. This re-
quirement causes an added difficulty for the NBI method. The minimum solution of f;(x) is, in
general, a weak Pareto-optimum solution, hence using a hyper-plane constructed using extreme
weak Pareto-optimal solutions causes the NBI method to also converge to intermediate weak
Pareto-optimal solutions. For example, the individual minimum for each of the two objective
functions optimized using the sequential quadratic programming (SQP) method are as follows:
(0,3.4278) and (1,0) for f; and fo, respectively, whereas the corresponding Pareto-optimal
solutions are (0,1) and (1,0), respectively. It is clear that some subproblems originating from
some points on the hyper-plane constructed using the weak Pareto-optimal solutions may not
result in finding true Pareto-optimal solutions. Thus solving these subproblems is a waste.

Here, the NBI subproblems are also solved using the SQP method. When finding multiple
Pareto-optimal solutions for a fixed number of overall evaluations by using a single-objective

optimizer sequentially and independently, one difficulty arises in distributing the total function
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calls to independent runs. Here, each SQP simulation is continued till convergence with a
specified error value (i.e. termination tolerance on the function value is set as € = 0.0001
in the SQP code of Matlab software). Thereafter, the next SQP is started using the next
vector. The process is continued till the total number of function evaluations reaches 20,000
or 100,000, as the case may be. Based on the average number of evaluations needed in each
SQP simulation, the number of § vectors are adjusted. A similar method for allocation of
function evaluations is also done for other test problems. The obtained frontier is shown in
Figure 9. As can be seen the weak Pareto-optimal solutions are also obtained. In solving
the NBI sub-problems using SQP, two different methods of setting the starting point are
used. In the first approach, as shown in Figure 9 (left plot), the NBI solution obtained using
the previous solution of sub-problem is used as the starting point of the current sub-problem,
while in the second approach (shown in Figure 9 (right plot)) a random initial solution is taken
as the starting point of the current sub-problem. As many as 131 Pareto-optimal solutions
are obtained using the first approach, while only 46 solutions are obtained using the second
approach. Although intuitive, the first approach is observed to work much better than the
second approach in this problem. In all other problems, we simply use the first approach, as
also suggested in [6], unless otherwise stated. ;From Figure 9, it can be also be seen that the
NBI method is capable of finding a good spread of Pareto-optimal solutions even with 20,000
function evaluations in the ZDT1 problem. Since, a systematic set of initial points (5 vectors)
are considered in this approach, a good spread is obtained. If more densed 3 vectors are used,

a more dense set of Pareto-optimal solutions could have been found.
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Figure 9: Performance of NBI method on ZDT1 (left and right).
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Figure 10: Performance of NC method on on ZDT1

ZDT1.

Next, we apply the NC method using the same boundary points. The NC method uses
an additional inequality constraint to restrict the feasible objective space and hence it allows
a more flexible search than NBI, which requires handling of a nonlinear equality constraint.
Figure 10 shows the obtained front after 20,000 function evaluations. It is clear that the NC
method performs extremely well on ZDT1, both in terms of convergence and maintenance of
diversity. However likewise NBI, a large number of NC subproblems are a waste since they
find weak Pareto-optimal solutions.

Finally, we apply NSGA-II for a total of 20,000 function evaluations. Figure 11 shows that
a good distribution is achieved. Based on all these simulations, it can be concluded that the
ZDT1 problem is best solved by using a systematic procedure such as the NC or NBI method,
whereas the population based approaches, that is, TPM and NSGA-II also perform well on

this problem.

4.1.2 Modified ZDT2 Test Problem
The modified ZDT2 test problem can be stated as follows:
Minimize f1(x) = x1,

Minimize fa(x) = g(x) <1 - (g&)f) , (6)

where g(z) =1+ % S a?,
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where the box constraints are z7 € [0,1] and x; € [—1,1] for i = 2,3,...,n. Here again we use
n = 30. This problem resorts to a non-convex efficient frontier. The Pareto-optimal solutions
correspond to 0 < z7 <1 and z] =0 for ¢ = 2,3,...,n. This problem provides two difficulties
to an optimization algorithm: (i) a large number of variables and (ii) a non-convex efficient
frontier.

The Fuler’s method with a step size of ¢ = 0.1 along with ¢ = 0.01 is used in the SSM
algorithm. Figure 12 (left and right) shows the obtained distribution of solutions after 20,000
and 100,000 function evaluations, respectively. Although the convergence near the efficient
front is quite similar to that in ZDT1, the distribution is poor.

In the TPM method, we use a population of size 100 randomly created satisfying the
box constraints. Solutions after 20,000 function evaluations are shown in Figure 13. A good

convergence and diversity of solutions is observed again.

T T T T T T
: ‘ ‘ ‘ ‘ ‘ ‘ © 20000 evaluations a © 100000 evaluations
— efficient front — efficient front

091 R 09r

08F B 08
07 1 o7t
06} , 061
051 1 05
04
03f , 031

0.2 4 0.2

0.1r

, . , . , ,
% o1 02 o3 oz o5 o5 07 o8 o9 1 0 01 02 03 04 05 06 0.7 08 0.9 1

f, fl

Figure 12: Performance of SSM method on ZDT2 (left and right).

Figure 14 shows the solutions obtained using the NBI method. Here, the individual mini-
mum of each objective function are as follows: (0,3.4296) and (1,0) for f; and fa, respectively.
A good set of solutions even with 20,000 function evaluations is apparent from the figure. Since
the search is performed along a direction towards the Pareto-optimal front, the NBI approach
does not get affected by the convexity of the efficient frontier.

Figures 15 and 16 shows the NC and NSGA-II solutions for 20,000 function evaluations,
respectively. It is also clear that the non-convexity of the efficient frontier does not provide
any difficulties to NC, NBI, TPM and NSGA-II approaches, while the performance of the SSM

approach is poor.
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4.1.3 Modified ZDT3 Test Problem:

The modified ZDT3 test problem can be stated as follows:

Minimize f1(x) = x1,

Minimize fo(x) = g(z) <1 — e — sin(107r:c1)> , (7)

where g(z) =1+ % i T,

where the box constraints are z; € [0,1], and z; € [-1,1] for i = 2,3,...,n. We use n =
30. This problem has a convex discontinuous efficient frontier. The Pareto-optimal solutions
correspond to 0 < z7 < 1 and 2] = 0 for ¢« = 2,3,...,n. The Euler’s method with a step
size 0 = 0.5 along with an € = 0.01 is used in SSM. Figure 17 shows the obtained distribution
after 20,000 (left plot) and 100,000 (right plot) functions evaluations. Only a portion of the
efficient frontier is discovered by this method. This example also indicated that SSM performs
poorly in the case of multi-objective problems having disconnected efficient frontiers. The
TPM method is applied with an initial population of size 5,000, randomly created satisfying
the box constraints. Figure 18 (left and right) shows the obtained solutions after 20,000 and
100,000 evaluations, respectively. Two figures show that all disconnected efficient fronts are
discovered by this method.

Figure 19 shows the distribution of the NBI method after 20,000 evaluations. Here, the
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Figure 15: Performance of NC method on on ZDT2.

7ZDT2.
individual minimum of each objective function are as follows: (0,3.9979) and (0.9999,0) for f;
and fo, respectively. It is apparent that although disconnected efficient fronts are discovered
by this approach it takes a large number of function evaluations. A dense set of points can
be obtained using this approach however the number of function evaluations required will be
large. Also similar to that in ZDT1 and ZDT2 problems the method finds a large number
of weak Pareto-optimal solutions (such as point D). As can be seen from Figure 19 only few
subproblems find a Pareto-optimal solution (such as point A). Other subproblems find local
Pareto-optimal solutions (like point B and C). The important point to observe here is that
subproblems will find points B and point C (i.e. the local Pareto-optimal solutions) even when
global solvers are used to solve these subproblems. This is an inherent drawback of searching
only along an inclined line. Although the NBI method performed very well on ZDT1 and ZDT2
problems having a continuous efficient front, the disconnectedness of the efficient frontier seems
to have provided difficulty to this approach. This method also ends up finding a dominated
portion of the true efficient frontier. This is not surprising because the idea of non-domination
is never applied in any step of the NBI approach.

Figure 20 shows the performance of the NC method on ZDT3. Since the NC method uses
an inequality constraint formulation, the feasible space is more compared to corresponding
sub-problem of NBI, thus there are more chances to be trapped in local optimal in the case of

NC. For example in Figure 20, the subproblem corresponding to point Zz obtains point A as
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solution while the corresponding solution would have been point B.

A comparison with the NSGA-II results (Figure 21) indicates the NSGA-II with only 20,000

evaluations is able to find all disconnected efficient fronts.

4.1.4 ZDT4 Test Problem:

Next, we use the 10-variable ZDT4 test problem [8]. This problem has a total of 100 distinct
local efficient fronts in the objective space. The global Pareto-optimal solutions correspond to

0 <z} <1landaz =0fori=23,...,n. The algorithms face a difficulty in overcoming a

large number of local fronts and converging to the global front.

The Euler’s method with a step size of ¢ = 0.1 along with ¢ = 0.001 is used in SSM.
Only a few weak Pareto-optimal solutions (f; = 0 and fo = 70 to 70.4) are found after 20,000

evaluations. Since the SSM method requires functions to be twice continuously-differentiable
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and since ZDT4 is not twice differentiable precisely at 1 = 0, the gradient computation is
erroneous at x1 = 0, resulting in a failure of the method.

The TPM method is applied with 2,000 initial solutions randomly created satisfying the
box constraints. Figure 22 shows that a set of dominated local-Pareto-optimal solutions is
discovered after 20,000 (right plot) and 100,000 (left plot) evaluations. It can be seen that the
population is stuck on three different local-Pareto-optimal fronts. The simple algorithm used
in the TPM method can get stuck to a local-optimal solution and the ZDT4 problem with
many local efficient frontiers provides enough difficulty to this approach for finding the true
global efficient frontier. Also it can be easily seen that once the algorithm gets stuck to some
local Pareto-optimal solution it is difficult to get out of it. Thus, a step size adaptation scheme
may be important for the success of this algorithm.

The multi-modality of the search space also causes the NBI method to not find the global
efficient frontier. Here, the individual minimum of each objective function are as follows:
(0,81.1707) and (1,0) for fi and fy, respectively. The SQP method is inadequate to find
the global optimal solutions. Thus we do not show any result of NBI. Figure 23 shows the
performance of the NC method after 100,000 evaluations. It also is not able to reach the global
Pareto-optimal front. However, Figure 24 shows that NSGA-II with only 20,000 evaluations is
able to converge to the global efficient frontier.

The problem ZDT4 provides difficulty in terms of multi-modality of the search space. It

24



~ (B 20000 evaluations
3 Se efficient front

~
~
~

~
feasible Yegion
2 corresponding,
to point Z Se S
2 B ~Z

43\ < s/ Ideal plane
~

Figure 20: Performance of NC method on ZDTS3.

© 20000 evaluations
— efficient front

1.2

Figure 21: Performance of NSGA-IT method on ZDTS3.

is evident from the simulation results that the classical generating methods face enormous
problems in overcoming the multi-modalities, whereas in this type of problems evolutionary
multi-objective (EMO) methods are particularly found to be useful. This problem makes a clear
distinction between population-based and point-by-point-based generating methods of solving
multi-objective optimization problems. To converge to the efficient frontier in this problem, an
optimization algorithm must have to overcome a number of local efficient frontiers. Since in
finding every Pareto-optimal solution, such hurdles have to be overcome, it is too demanding
for a classical point-by-point approach to expect to do the task well independently every time.
On the other hand, a population-based evolutionary approach recombines the decision variable

vectors of good solutions to create new and hopefully better solutions through its recombination
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operator. Thus, if one population member somehow reaches close to the global efficient frontier,

it can pull the rest of population members close to the global frontier by means of population

interactions, thereby causing a faster and more reliable search. Although, the trick of using

the previous optimal solution to start a new subproblem can be used as an alternative, thereby

ensuring starting with a close-by solution for subsequent subproblems, finding the first Pareto-

optimal solution using a classical local search method also always remains as a hurdle. Thus,

we can conclude that an iterative single-objective approach to generate a well-distributed and

well-converged Pareto-optimal set may not always be a wise choice. If generation of the entire

Pareto-optimal front is desired, it may be better to use a population-based approach which uses

an implicitly parallel search through its population members, such as the algorithms motivated



by evolutionary principles [8].

4.1.5 Modified ZDT6 Test Problem:

The n = 10 variable modified ZDT6 test problem is as follows:

Minimize fi(x) = 1 — exp(—4a)sin®(4rz),

Minimize fa(x) = g(x) (1 - (’;1(%))2> , (8

where g(z) =149 (3" ,27/(n— 1))0.25 ’

~—

where the box constraints are x1 € [0,1] and z; € [—1,1] for i = 2,3,...,n. This problem has a
non-convex and non-uniformly spaced Pareto-optimal solutions. The Pareto-optimal solutions
correspond to 0 < z7 <1 and 27 = 0 for ¢« = 2,3,...,n. The Euler’s method with a step size
of 0 = 0.15 along with ¢ = 0.001 is used in SSM. Figure 25 shows the distribution of obtained
solution after 100,000 function evaluations. The algorithm is not able to find a well-converged
set of solutions. Although there is no local efficient frontier at the location where the algorithm
can get stuck, parameters play an important role in the success of SSM and in this problem it
is seen that for small values of parameters there is an ascent in functions, instead of a descent
in them. A theoretical analysis suggests that at each point x the direction (—g(z)) is a descent
direction for all functions, however with a finite step size this result does not hold.

The TPM method with 1,000 initial random solutions produces a set of solutions closer
to the efficient frontier, but there are only a few solutions found even after 100,000 function
evaluations (Figure 26). For this problem, there is a slow improvement in each iteration and
by the time the solution reaches near the efficient frontier, the step size t; becomes very small
and it would take a long time before the solutions fall on the efficient frontier.

The NBI method (Figure 27) performs poorly on this problem. Here, the individual min-
imum of each objective function are as follows: (0.3883,8.8097) and (1,0) for fi and fo,
respectively. Since the density of solutions along the frontier is non-uniform, the SQP method
along with the NBI strategy is unable to find a good distribution. Similar is the case with NC
method and is hence not shown here. On the other hand, with parameters n. = 10, 1, = 10
after 100,000 evaluations NSGA-II is not able to convergence entirely to the efficient frontier

(Figure 28, shown with squares). However with parameters 7. = 1, n,, = 1 NSGA-II intro-
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duces more search, thereby causing NSGA-II to convergence and maintain a good distribution
with 100,000 function evaluations (Figure 28, shown with circles).

Based on these simulations, we infer that a non-uniform density of solutions in the objec-
tive space (which occurs in many real-world problems [8]) provides enough difficulty to the
classical generating methods. This is another class of optimization problems in which an EMO

methodology performs comparatively better than the classical methods.

4.2 Three-Objective Test problems

Now, we consider a couple of three-objective test problems developed elsewhere [11] to study

the effect of number of objectives with all five algorithms.
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4.2.1 DTLZ2 Test Problem:

First, we consider the 12-variable DTLZ2 test problem [11] having a spherical efficient front
satisfying f2 + f2 + f2 = 1 in the range f1, f2 € [0,1]. The Euler’s method with a step size
of ¢ = 0.1 and € = 0.01 is used in SSM. Figure 29 shows all obtained solutions after 100,000
evaluations. It is clear that the SSM approach is able to get the solutions on the frontier, but
the distribution of solutions (obtained mainly by the Brownian approach) is not adequate. It
will take enormous number of evaluations for the algorithm to find a distribution across the
complete efficient frontier. However as apparent from the figure, the descent property of the
search direction requires only a few iterations to reach the efficient frontier.

The Timmel’s method (TPM) is applied next with 1,000 initial random solutions. After
20,000 evaluations, the approach is able to find a reasonable coverage of the entire efficient
frontier (Figure 30). It is interesting that the boundary solutions are adequately discovered by
this approach.

The performance of NBI approach is similar. Here, the individual minimum of each ob-
jective function are as follows: (0,0.7449,1.2736), (0.9618,0,0.5179) and (1.1516,0.3886,0) for
f1, fo and f3, respectively. Initial solutions for the SQP sub-problems seem to be an important
parameter in the success of these methods. As an example, Figure 31 shows the performance
of NBI approach, after 100,000 evaluations, with Pareto-optimal points as the starting points.
It finds a few well-distributed solutions. It is to be noted that in the case of DLTZ2, an entire
Pareto-optimal curve (on say, fs-f3 plane) corresponds to the individual minima of an objective
function (say, f1). Thus it is unlikely, (as shown in Figure 31) the simplex obtained by convex
combinations of individual function minima will cover the entire efficient front!'. It is in this
case that size of ideal plane section needs to be enlarged by the approach presented in [31].
Even with such an approach, although the diversity is excellent, the requirement of a large
number of evaluations for a high-dimensional objective space is a drawback of this algorithm.
Figure 32 shows the performance of the NC approach on this problem. It is seen that the SQP
strategy along with the NC method is not able to find most of Pareto-optimal solutions.

The spread of solutions using NSGA-IT (with 20,000 evaluations) is shown in Figure 33. Al-

though the distribution is not as regular as in the NBI approach, the obtained solutions spread

!This problem is similar to finding the nadir point from individual minima, as discussed well in the classical
multi-objective optimization literature [26].
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Figure 29: Performance of SSM method on Figure 30: Performance of TPM method on
DTLZ2 using 100,000 evaluations. DTLZ2 using 20,000 evaluations.

Figure 31: Performance of NBI method on Figure 32: Performance of NC method on
DTLZ2 using 100,000 evaluations. DTLZ2 using 100,000 evaluations.

across the entire front. As pointed elsewhere, a better niching operator than the crowding-
distance operator, such as a clustered NSGA-IT or a eeMOEA [10] or another EMO such as
SPEA2 [38] can employ a better distribution of solutions in problems having more than two
objectives. The application of clustered NSGA-IT on DTLZ2 is shown in Figure 34.

If these algorithms are applied on DTLZ3 which has a number of local efficient frontiers as
in ZDT4, the classical algorithms will have similar difficulties in converging to the true efficient

frontier. Thus, we do not show the results on DTLZ3.

4.2.2 DTLZ5 Test Problem:

The DTLZ5 is a 12-variable problem having a Pareto-optimal curve: f% =1- f12 — f22 with

fi = f2 € [0,4/0.5]. This problem, although a three-objective one, has a one-dimensional
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Figure 34: Performance of clustered NSGA-
IT method on DTLZ2 using 20,000 evalua-
tions.

Figure 33: Performance of NSGA-IT method
on DTLZ2 using 20,000 evaluations.

efficient frontier. The SSM, using Euler’s method with a step size of ¢ = 0.5 and € = 0.01, finds
the partial front after 100,000 evaluations, as shown in Figure 35. The TPM approach (with
500 initial random solutions) finds the complete front, as shown in Figure 36. The NC method
is inadequate to find the global optimal solutions. On the other hand, the NBI approach finds
a different one-dimensional curve as the efficient frontier (Figure 37). The single-objective
minimum solutions obtained in this problem are as follows: (0,0,1.0256), (0,0,1.0864) and
(0.8962,1.2517,0) for f1, fo and f3, respectively. NBI moves along quasi-normal direction
from the ideal plane, the intersections of these lines will not necessarily give Pareto-optimal
solutions as shown in this example. We explain this matter in the following paragraph.
Consider Figure 39 showing a typical three-objective optimization problem (with an objec-
tive space SRQPTS) having a Pareto-optimal curve, as shown with a thicker line TP. In this
problem, a single-objective minimization of f; and fo will result in any solution on the line TS.
Say, we obtain solution A and B, respectively. Without a loss of generality, we assume these
two solutions to be identical here. However, minimization of fs will result in any solution in
the region PQR. Say, we obtain solution C, as marked in the figure. Then, the ideal plane de-
generates to the line AC (or BC). An NBI approach from solutions from this line will result in
the solutions shown with filled circles, which are not members of the true Pareto-optimal front
(curve TP). Only in the event of special cases (such as the solution C’, lying on an extended
line OP, obtained as the minimum solution of f3), true Pareto-optimal solutions will be ob-

tained by the NBI approach. Similarly, if the single-objective minimization of f1 and fs results
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Figure 35: Performance of SSM method on Figure 36: Performance of TPM method on
DTLZ5. DTLZ5.

Figure 37: Performance of NBI method on Figure 38: Performance of NSGA-II method
DTLZ5. on DTLZ5.
in slightly different solutions on the line TS (as in the present case with the SQP approach)
the ideal plane is two-dimensional. However its projection on the efficient front would only be
a small patch (similar to the case discussed in Figure 4) or the normal direction to the ideal
plane will not contain the true Pareto-optimal front entirely (as in this case). Unfortunately,
this difficulty is an inherent one for any such higher-dimensional problems, as was discussed
in Figure 4 and as apparent here in higher-dimensional problems having a lower-dimensional
Pareto-optimal front.

On the other hand, like TPM, NSGA-II (with 20,000 function evaluations) does not have
any of these difficulties in finding a good distribution on the true Pareto-optimal frontier, as
demonstrated in Figure 38. With NSGA-II, the convergence is better and free of any spurious

solutions in comparison to the TPM approach.
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Figure 39: An illustration of a difficulty faced by NBI approach in problems like DTLZ5.

5 Conclusions

This study has brought into light four different classical generating methods which could be
used to find a set of Pareto-optimal solutions in a single simulation run, similar to the principle
of solving multi-objective optimization problems using evolutionary methods. The comparison
of these methods with an evolutionary approach —the NSGA-II — on a number of test problems
have adequately demonstrated that these methods perform very well when the problem size
and search space complexity are small. Among the four methods, the SSM approach seems to
be slow in finding a well-distributed solution set and with a limited number of evaluations the
method ends up finding only a part of the entire efficient frontier. However, due to the use
of a direction of descent on all objective functions simultaneously, it usually reaches a local
efficient front quickly. It is of the view of the authors that such kind of descent information
can also be tried to hybridize EMO algorithms for a better local search.

The TPM approach is similar to an elite-preserving population-based EMO approach with
an exception that with iterations the population size can increase indefinitely, thereby making
the latter iterations slow. The approach also requires fixing a step-size update scheme, which
requires fine-tuning for every problem and the real effect has been found to show up while

handling multi-modal and more complex optimization problems.
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The NBI and NC approaches are systematic mathematical programming approaches in
which a number of searches are performed from a uniformly-distributed set of points in the
objective space. Although in easier problems, these methods have shown their strengths, par-
ticularly when a subproblem is started using the Pareto-optimal solution obtained after solving
the previous subproblem, they have clearly showed their weaknesses in solving more complex
problems, involving disconnectedness, multi-modality, multi-objectivity, and non-uniform den-
sity of solutions in the efficient frontier. It has also been discussed and demonstrated that
evolutionary population-based methods (such as NSGA-II and others) are good candidates
for finding a set of well-distributed and well-converged efficient solutions due to their implic-
itly parallel search abilities. On this account, classical iterative single-objective generating
approaches are too demanding to solve complex multi-objective optimization problems. More-
over, the optimal solutions obtained using the NBI and NC approaches are not necessarily
Pareto-optimal.

On a number of two and three-objective test problems, it has been observed that the
TPM, NC and NBI are better approaches than the SSM approach. For higher dimensional
problems TPM and NSGA-II have performed the best. However, for problems having multi-
modal efficient fronts or non-uniform density of points in the objective space, all four classical
methods have not performed well. They get stuck either to a local efficient frontier or to
suboptimal solutions. On the other hand, on all problems considered here, the NSGA-II
approach with almost an identical parameter setting, has performed well in achieving both
convergence and diversity of solutions.

On another note, this study has shown the importance of the ZDT and DTLZ test problems
proposed elsewhere [8, 11] in evaluating multi-objective optimization algorithms. Although
simpler problems are comparatively easier to solve by almost all methodologies, algorithms
were put to real test when ZDT3, ZDT4, ZDT6 and three dimensional DTLZ problems were
tried.

With a clear demonstration of the strengths and weaknesses of classical and evolutionary
multi-objective optimization algorithms in this study, it is time to recombine the positive
aspects of two approaches and create new and more powerful hybrid optimization methods.

Different avenues are possible. One way forward would be to replace the SQP or the single-
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objective optimization approach embedded to these classical algorithms with an evolutionary

algorithm, thereby providing the global approach in the search. Another approach would be

to use some of the classical directional search principles as additional operators in an EMO

methodology for better convergence properties. Some such extensions would be an immediate

focus for useful research and application in the area of efficient multi-objective optimization.
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