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of photons that do not overlap in time
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We discuss the possibility of quantum interferences and entanglement of photons that exist at different intervals of
time, i.e., one photon being recorded before the other has been created. The corresponding two-photon correlation

function is shown to violate Bell’s inequalities.
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Coherent superposition of states, quantum interference,
and entanglement are at the heart of quantum physics,
playing a key role in fundamental investigations as
well as potential applications. So far, the prototypical
experimental setup to observe higher-order quantum
interferences consists in photon pairs, produced by
parametric downconversion (PDC) in nonlinear crystals,
subsequently sent onto a beam splitter [1-3]. In this way
Hong—-Ou-Mandel (HOM) two-photon interferences [1]
have been observed with the two photons being identical
in their spectral, spatial, and polarization modes and
measured within their coherence time [4]. HOM two-
photon interferences have been demonstrated also with
uncorrelated photons. These may stem from independent
or even disparate sources like two PDC sources [5], two
atoms, ions, semiconductor quantum dots [6-8], or a
quantum dot or PDC source interfering with a coherent
or thermal source [9,10].

The temporal overlap of the individual photons at a
beam splitter is not a fundamental requirement for the
observation of two-photon quantum interferences, the ul-
timate constraint being rather the indistinguishability of
the corresponding two-photon amplitudes [11-14]. For
example, Franson proposed a two-photon interferometer
where two photons, simultaneously emitted from a two-
photon source, propagate toward the detectors along
spatially separated paths [13,14]. Since it is assumed that
the source emits the two photons at the same time but
leaves the exact moment of emission unpredictable,
coincident detection as well as identical optical path
lengths for the individual photon paths are required in
order to obtain indistinguishability of the two emerging
two-photon amplitudes. These give rise to quantum inter-
ferences even though the time delay between them may
be much larger than the individual single photon (first
order) coherence time [13,14].

In this Letter, we discuss a different two-photon inter-
ferometer where the photons are emitted from indepen-
dent single photon sources (SPS) [15]. By recording the
photons in the far field and by assuming that each detec-
tor records precisely one photon, two two-photon ampli-
tudes appear, which differ in phase and contribute both
coherently to the two-photon signal [16]. As we assume
uncorrelated emitters, here no assumption with respect
to the time of emission of the individual photons can be
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formulated. The question then arises what requirements
with respect to the emission time and time of detection of
the two photons have to be fulfilled in order to obtain
indistinguishability between the two-photon amplitudes
and to observe two-photon interferences.

In the following we demonstrate that for identical SPSs
in the considered interferometer no such requirements
exist. In particular, we show that the individual optical
paths of the two photons may not only differ by an
amount larger than their individual coherence lengths
but that the time delay between the detection of the
two photons may even be larger than the transit time
of the photons from the source toward the detectors.
This is equivalent to the statement that two-photon inter-
ferences may be observed even though the two photons
exist at different intervals of time, i.e., one photon being
recorded before the other has been emitted. We also dem-
onstrate that this two-photon signal may violate Bell's
inequalities in the Clauser and Horne (CH74) formulation
[17]. In view of the above statement this implies that
entanglement among two photons may exist even though
the two photons do not overlap in time.

Let us consider a system of two independent SPSs,
which upon excitation each emit a single photon at a ran-
dom time by the process of spontaneous decay; the exact
functional dependence of the decay process is, however,
of no importance. Two detectors measure the photons in
the far field of the SPSs so that they can not distinguish
from which of the two SPSs the photons were emitted.
We define a measurement cycle by two detection events
at the two detectors, i.e., we assume that each of the
two detectors registers precisely one photon so that
two-photon absorption processes at one detector are
excluded.

As an example for two independent SPSs, we consider
two uncorrelated and potentially disparate two-level
atoms A and B, with lower states |g)4 (|g)5), upper states
le) 4 (le)p), and decay constants y, (yg), where the corre-
sponding transition frequencies w, = wp = ®w are as-
sumed to be identical. The two atoms are localized at
positions R, and Rp with a separation d > 1, so that
any interaction between them can be neglected. The
two detectors are located at positions r; and ry, where
r; -R,|>d ({=1,2, n=A,B) so that the far-field
condition is fulfilled (see Fig. 1).
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Let E(H(ri,ti) be the positive frequency part of the
total electric field operator at position r; and time ¢;
(i = 1,2), given by

E<+> (I'Z', tz) = A1(+) + B£+> = EAeiik(i‘i'RA)SX (ZZ)
+ Ege " ERaSy (1;). (1)

Here, k = 2/1—” =2 is the wave number of the scattered
photons, r;:= I;— is a unit vector in the direction of
the ith detector, and the amplitudes of the electric fields
are given by E, = Eg = \/hw/€,V. The operator S;, (;)
corresponds to the time dependent lowering operator
|9),, (€| of the transition |e),, — |g),, in the Heisenberg pic-
ture for the two-level atom n (n = A, B). We denote with
t; the (retarded) detection time of a photon at r; and with
L=t - tg, the emission time, where ¢, = % is the time of
propagation from the atoms toward the detector at r;.

Using the master equation for the density matrix p of a
two-level atom in case of pulsed excitation

op N ot - S~ HS S-S
aitn = —iw[S, p] - }/(S;Snp - ZSnpS:{ + /)SnSZ)a

and employing the quantum regression theorem, we
obtain for the two-time expectation values (S;, (¢;)S, (¢;))
(St () = elior) b= (S, (1;)8, (¢;)

— ol 10 (55 (0)S,(0)),
with ¢ > t; (i.j = 1,2, n=A,B). In Glauber notation
and with the foregoing considerations the second-order
correlation function can be written as
G(Z) (rl, r2! tlv t2)

= (B9 (ry, 1)) B (ry, 1) B (ry, 1) B (r1. 11))
= 2F4 (e 2ahitral) 4 o~atre)lith) coslpy — y]),  (2)
with (E))" = E) and the relative phase ¢; given by ¢;=
@(r;) = kd sin[&;(r;)], where &;(r;) is indicated in Fig. 1.
Assuming for simplicity ¢z = tp, ~ tr, We obtain from

Eq. (2) for the visibility V of the two-photon correlation
signal

Ry -2
J ’YA - TE())
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G (ry,12,t1,t2)

far field
Fig. 1. (Color online) Two photons are emitted by two inde-
pendent SPSs A and B, located at R4, and Rp, with decay
constants y, and yg, respectively. The two photons are mea-
sured at times ¢; by two detectors at r; (¢ = 1,2) in the far field
of the SPSs.
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G(2> _ G(Z,) e~ (ratrp)(tittz) p—
Vity. ta)= G(I;?X+ Gr(nzl;1 - e~2rali-2yply v Vy=1.
max min

3)

From Eq. (3) we can see that if the two decay constants
v4 and yp differ significantly, coincident detection of the
two photons, ¢; = 5, is required to obtain a substantial vis-
ibility. However, if the two decay constants are equal,
Y4 = 7B =7, the visibility of the two-photon correlation
signal (abbreviated V,) becomes independent of the
detection times of the two photons as we simply obtain
V,=1. This means that the time difference ¢ -1,
between the two detection events may not only exceed
the coherence time 7, = 1/y of the individual photons but
in particular it may exceed the time a photon needs to
propagate from the atoms toward the detector. This
allows for the following scenario: upon excitation, an
atom scatters a single photon after about the decay time
y~L. Without loss of generality the photon propagates
from the atoms toward the first detector in a time ¢p
and is measured in the far field at position r; and time
t;. Because of the probabilistic nature of spontaneous
decay, the other atom may scatter thereafter a photon
that is measured after the propagation time ¢ by the sec-
ond detector at time ¢, at ry (see Fig. 2). Taking into ac-
count only measurements where the time delay between
the two detection events {3 —{; exceeds (p, we thus
obtain a two-photon interference signal with a visibility
V, = 100% among two photons that never existed in the
same interval of time.

We can appreciate the situation by investigating the
specific atomic state produced after the measurement
of the first photon and before the measurement of the
second photon. It can be written in the form

W(ry) = —=(06) + ¥ eg)), 0

which expresses the absence of information about the
particular atom emitting the photon due to the far-field
detection scheme: either the first atom has scattered
the photon and is transferred to the ground state or
the second atom has emitted the photon; both possibili-
ties have to be taken into account to fully describe
the state of the system, whereby the two possibilities
differ by a phase factor ¢/#("). The state ¥(r,) thus acts
as a quantum memory, which stores the information
about the phase difference ¢(r;) between these two
possibilities—even though the second photon has not
yet been emitted. Starting from the state ¥(r;) the sec-
ond photon is then scattered.

By postselecting only those detection events where the
second photon is measured by the second detector at a
time ¢, > t + t;, asecond phase difference ¢(ry) appears
iR,
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Fig. 2. (Color online) Schematic representation of the scenar-
io that the first scattered photon is detected before the second
photon is emitted. In this case the two photons do not exist in
the same interval of time.
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between the two possibilities that either the second or
the first atom has scattered the second photon; both
phase differences, ¢(r;) as well as ¢(r;), then contribute
to the total photon—photon correlation signal. Hereby,
the two-photon amplitudes remain indistinguishable at
any time due to the far-field detection scheme and the
probabilistic nature of the decay process: each two-
photon amplitude consists of two (delayed) photons of
which the precise origin is unknown, i.e., no which-
way information can be obtained, even if one photon
is already measured and the second photon is not yet
detected.

Note that for y4 = yg = y the normalized second-order
correlation function takes the form [cf. Eq. (2)]

1 o
g (rp, ety ty) = ie_zy(tIHZ)(l +cos[py —@1]).  (5)

Inserting this expression into the Bell inequalities in
CH74 formulation [17], the inequalities read [18]

—_e 2r(lottn) < 92(1,2) - g (1,2) + g (1',2) + g (1, 2))

— e 2r(l+n) _ g=2r(hoth) < (), (6)

for t;y < t;.t;, and with ¥ (i, §) = ¢ (r;. 1;. 1;, ¢;). By post-
selecting detection events where we have a fixed time
delay t; — t; and t; = t; = t;, the time dependency can-
cels. If in addition we choose ¢, — t; > tp, we arrive with
the Bell angles (2,22 2 1) for the relative detector posi-
tions ¢; — ; at a violation of the CH74 inequalities, i.e., at
an entanglement between photons that did not exist in
the same interval of time [19].

In conclusion, we studied quantum interferences and
violation of Bell’s inequalities with photons from inde-
pendent single photon sources that do not overlap in
time. We showed that such interferences can produce
a visibility of 100% and violate Bell’s inequalities in the
CH74 formulation. The appearance of quantum interfer-
ences can be explained by the lack of spatial and tempo-
ral information about the photons in the considered
interferometer: due to the far-field detection scheme
and the probabilistic nature of the emission process
indistinguishability of the two-photon amplitudes is
preserved, independent of the photon detection times.
As specific sources we considered independent atoms.
However, other single photon sources will display a simi-

lar behavior, e.g., trapped ions, quantum dots, or single
molecules.
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