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Abstract. A simple example is given to illustrate that an idempotent state may not be the haar

state of any subgroup in the case of compact quantum groups.

Suppose G is a locally compact group and ν is a probability measure on G. If ν is idem-

potent, i.e. if it satisfies the equation ν ∗ ν = ν, then it is a well-known fact that the support

of ν is a compact subgroup H of G and ν is the haar measure of H. We present here a simple

counterexample to show that the same thing cannot be said for measures on compact quantum

groups.

1. Let A be the C∗-algebra C/ ⊕ C/ ⊕ C/ ⊕ C/ ⊕M2(C/ ). Let

ek = δ1k ⊕ δ2k ⊕ δ3k ⊕ δ4k ⊕

 δ5k δ8k

δ7k δ6k

 , k = 1, 2, . . . , 8,

where δ denotes the Kronecker delta. Then {e1, . . . , e8} form a basis for A. Define a map

µ : A → A⊗A as follows:

µ(e1) = e1 ⊗ e1 + e2 ⊗ e2 + e3 ⊗ e3 + e4 ⊗ e4 +
1
2

(e5 ⊗ e5 + e6 ⊗ e6 + e7 ⊗ e7 + e8 ⊗ e8),

µ(e2) = e1 ⊗ e2 + e2 ⊗ e1 + e3 ⊗ e4 + e4 ⊗ e3 +
1
2

(e5 ⊗ e6 + e6 ⊗ e5 + ie7 ⊗ e8 − ie8 ⊗ e7),

µ(e3) = e1 ⊗ e3 + e3 ⊗ e1 + e2 ⊗ e4 + e4 ⊗ e2 +
1
2

(e5 ⊗ e6 + e6 ⊗ e5 − ie7 ⊗ e8 + ie8 ⊗ e7),

µ(e4) = e1 ⊗ e4 + e4 ⊗ e1 + e2 ⊗ e3 + e3 ⊗ e2 +
1
2

(e5 ⊗ e5 + e6 ⊗ e6 − e7 ⊗ e7 − e8 ⊗ e8),

µ(e5) = e1 ⊗ e5 + e5 ⊗ e1 + e2 ⊗ e6 + e6 ⊗ e2 + e3 ⊗ e6 + e6 ⊗ e3 + e4 ⊗ e5 + e5 ⊗ e4,

µ(e6) = e1 ⊗ e6 + e6 ⊗ e1 + e2 ⊗ e5 + e5 ⊗ e2 + e3 ⊗ e5 + e5 ⊗ e3 + e4 ⊗ e6 + e6 ⊗ e4,

µ(e7) = e1 ⊗ e7 + e7 ⊗ e1 − ie2 ⊗ e8 + ie8 ⊗ e2 + ie3 ⊗ e8 − ie8 ⊗ e3 − e4 ⊗ e7 − e7 ⊗ e4,

µ(e8) = e1 ⊗ e8 + e8 ⊗ e1 + ie2 ⊗ e7 − ie7 ⊗ e2 − ie3 ⊗ e7 + ie7 ⊗ e3 − e4 ⊗ e8 − e8 ⊗ e4.

It is a matter of straightforward verification that µ is a unital ∗-homomorphism and G = (A, µ)

is a compact quantum group.
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2. Let ρk be the functional
∑
αiei 7→ αk. Then ρ1, ρ2, . . . , ρ6, along with ψ1 = 1

2(ρ5 +ρ6 +ρ7 +

ρ8) and ψ2 = 1
2(ρ5 + ρ6 + iρ7− iρ8) are all states, and they span the space of all functionals on

A. Therefore any state ρ will be of the form

ρ =
6∑
i=1

ciρi + c7ψ1 + c8ψ2

=
4∑
i=1

ciρi + (c5 +
1
2

(c7 + c8))ρ5 + (c6 +
1
2

(c7 + c8))ρ6 +
1
2

(c7 + ic8)ρ7 +
1
2

(c7 − ic8)ρ8,

where ci ≥ 0 for all i, and
∑8
i=1 ci = 1. Evaluating the two functionals ρ ∗ ρ and ρ at the

basis elements and equating them, we get a system of equations which lead to the following

possibilities:

a) ρ = ρ1,

b) ρ = 1
2(ρ1 + ρ2),

c) ρ = 1
2(ρ1 + ρ3),

d) ρ = 1
2(ρ1 + ρ4),

e) ρ = 1
4(ρ1 + ρ2 + ρ3 + ρ4),

f) ρ = 1
8(ρ1 + ρ2 + ρ3 + ρ4) + 1

4(ρ5 + ρ6),

g) ρ = 1
4(ρ1 + ρ4) + 1

2ρ5,

h) ρ = 1
4(ρ1 + ρ4) + 1

2ρ6.

These, then, are all the idempotent states on A.

3. We shall now show that the state ρ = 1
4(ρ1 +ρ4)+ 1

2ρ6 is not the haar state of any subgroup

of G.

Suppose, if possible, H = (C(H), µH) is a subgroup of G and ρ is the haar state of H. This

means that there is a unital ∗-homomorphism φ from A onto C(H) obeying (φ⊗ φ)µ = µHφ,

and ρ = hφ, where h is the haar state of C(H). Let I = {a ∈ A : ρ(a∗a) = 0}. Using the

modular properties of the haar state (see theorem 5.6 of [1]), we find that I is a closed two-sided

ideal. Now, observe that e7 ∈ I, but e∗7 6∈ I, which contradicts the fact that I is an ideal.
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