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Abstract

We show lower bounds in the multi-party quantum communicatomplexity model. In this model,
there are parties where théh party has inpui; C [n]. These parties communicate with each other by
transmitting qubits to determine with high probability thedue of some functiod” of their combined
input(Xy, X, ..., X;). We consider the class of functions whose value dependsortlye intersection
of X1, Xs, ..., X;; thatis, for eachF in this class there is afi- : 2["! — {0, 1}, such that

F(Xl,XQ,...,Xt):fF(Xl ﬂXgﬂ...ﬂXt).

We show that the-party k-round communication complexity of' is Q(s..(fr)/(k?)), where
sm(fr) stands for the ‘monotone sensitivity §f’ and is defined by

sml(fr) 2 max |{i: fr(S U{i}) £ fr(S)}.

For two-party quantum communication protocols for e disjointness problenthis implies that
the two parties must exchangin/k?) qubits. An upper bound ab(n/k) can be derived from the
O(+/n) upper bound due to Aaronson and Ambainis (see &lso [BCWBJEAWOZ]). Fork = 1,
our lower bound matches thi&(n) lower bound observed by Buhrman and de WdIf_[BdWO01] (based
on a result of NayaK [Nay99]), and far< k < n'/*, improves the lower bound 6i(,/n) shown by
Razborov[[Raz(02]. (For protocols with no restrictions oa thumber of rounds, we can conclude that
the two parties must exchan@&n'/3) qubits. This, however, falls short of the optinfad,/n) lower
bound shown by Razborov [Raz02].)

Ourresult is obtained by adapting to the quantum settinglidgganinformation-theoretiarguments
of Bar-Yossef, Jayram, Kumar and Sivakumar [BJKIS02]. Usirigmethod we can show similar lower
bounds for theC ., function considered ir [BJKSDZ2].

1 Introduction

Classical communication complexity: The communication complexity model of Y&o [Ya®d79] provides
an abstract setting for studying the communication redufce computing a function whose inputs are
distributed between several parties. In its most wideldist version, there are two partiedjce andBob
with inputs X 4, Xp C [n], who exchange messages based on a fixed protocol in ordetetonilge the
value of some functio' (X 4, X). The goal is to design a protocol so that the parties needduesge as
few bits as possible. This model of communication is re@yiwell-understood (see the book of Kushilevitz
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and Nisan[[NK9/]) both in the deterministic and the randadigetting. In this paper, we will be interested
in the randomized setting, where the parties are allowedrtavith some small probability (say at most
%). Tight lower bounds are known for several functions, irs timodel, for example, the equality function

X ~ Xp [Yao79,LS81], the set disjointness functidiy N X 29 [KS92,[Raz9P] and the inner-product
function| X 4 N X | (mod 2) [CG88].

Quantum communication complexity: The two-party quantum communication model (see Seffigh 2.1
was introduced by Yad [Yag93], in order to investigate if epomication costs for computing functions
distributively reduces significantly when the parties dtewsed to exchange qubits and perform quantum
operations locally. Since then, there has been a flurry afitees this model. We will be mainly inter-
ested in the bounded error version of this model, where tloep@avties are allowed to err with some small
probability (say at mos%). It was observed early that for the equality and the inmedpct functions the
quantum model does not provide any significant savings: tmeptexity of the equality function is still
O©(log n) [Kre95] and the complexity of the inner-product functiorstdl ©(n) [Kre95,[CvDNT98].

The set disjointness function: For the set disjointness function, however, quantum pasowere found

to be strictly more powerful than their classical randordizeunterparts. Since the communication com-
plexity of the set disjointness function is central to thekvpresented in this paper, we describe its history
in greater detail. In the bounded error classical settingada-rankl and Simori_ [BESB6] showed a lower
bound ofQ2(y/n). This was improved to aft(n) lower bound by Kalyanasundaram and Schnitger [KS92];
their proof was simplified by Razborol [Raz92]. There is aigtitforward protocol withn + 1 bits of
communication wherélice sends her entire input ob, who computes the answer and returns iAte
ice. Interest in the communication complexity of several peotd related to the set disjointness function
has been revived recently because of their connection twisgdower bounds in the classical datastream
model [AMS99,[FKS02, GGI102, [Ind00, GMMOOD[ JKS03,"SS02]. One of these problem isdhe
promise problemAlice andBob are given inputsX 4, Xp € {0,1,...,m}", with the promise that either
forall i € [n], | Xa[i] — Xg[i]| < 1 orthere exists an € [n], such that X [i] — Y[i]| = m; they must
communicate in order to distinguish between these two tgbésputs. For this problem, Saks and Sun
[SS02] showed a lower bound 6f(n/m?) in a restricted model; their lower bound was strengthened by
Bar-Yossef, Jayram, Kumar and Sivakumar [BJKS02], whoinbththe same lower bound without any
restrictions.

In the quantum setting, the set disjointness function wasditdressed by Buhrman, Cleve and Wigder-
son [BCW98], who showed that there is a protocol for this pobwith O(y/nlogn) bits of communica-
tion. This bound was improved (,/nc'°8” ™), wherec is a small constant, by Hoyer and de WaIf[HAW02],
and recently t@(,/n) by Aaronson and Ambaini5s [AA03]. By a result of Razborov [BZkthis last bound
is optimal.

Multi-party classical communication complexity: There are several ways to generalize the two-party
model to the multi-party model. In this paper, we will coresidhe version where there ateparties

Py, Py, ..., P, with respective inputs(y, Xs, ..., X; C [n]. In each round of communication some party
sends a message to another party. The party who receivessthméssage can determine the desired value
F(X1,Xs,...,X;) based on his current state at that point. Recently, becduige connection to the
problem of computingrequency momenis the data stream model [AMS99], the followiq@gomise set
disjointnessproblem has been studied. Here, the parties are requiredtiogtiish between two extreme
types of inputs: in the first typeX,, Xo, ..., X; are pairwise disjoint; in the second typg;, X, ..., X;
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have exactly one element in common but are otherwise disjoior this problem, Chakrabarti, Khot
and Sun[[CKS03] show a lower bound Qfn/(tlogt)), improving an earlie2(n/t?) lower bounds of
Bar-Yossef, Jayram, Kumar and Sivakumiar [BJKIS02] and2ém/t*) lower bound of Alon, Matias and
Szegedy[[AMS99]. A slight variant of this problem, calle@ tapproximate set disjointness problem, was
considered by Nisarn_[NisD2]; the lower bounds mentionedvalapply to Nisan's version as well. The
multi-party quantum communication complexity of theselpems has not been considered before this
work.

1.1 Ourresults

The upper and lower bounds on the two-party quantum comratioic complexity of the set disjointness
function are tight up to constant factors, if there are ndric®ns imposed on the number of rounds (i.e.
the number of messages) in the protocol. The best upper haesd (/n) rounds of communication, and
from it one can derive &-round protocol where the parties exchange a total of at @6s}'k) qubits. For

k = 1, Buhrman and de Wol{ [BdW01] observed that the lower boun@f) follows from the results

of Nayak [Nay99] for the index-function problem. Fér > 2, Klauck, Nayak, Ta-Shma and Zucker-
man [KNTZ01] showed a lower bound af'/*, but this is subsumed by RazboroV’s [Raz02] lower bound
of Q(y/n) which holds even if there is no restriction on the number afnds. However, for smalt,
Razborov’s lower bound is far from the best upper bound knavamelyO(n/k). Our first result, gives
lower bounds for the two-party-round communication complexity that comes closer to thgeujpound.

Result 1 The two-partyk-round quantum communication complexity of the set digjess function is

In fact, this lower bound holds even if the protocol is onlgued to distinguish between disjoint sets
and sets with exactly one element in common. Using easy tiedsmne can conclude that a similar lower
bound holds for several other functions. A functibris said to beset disjointness-liké its value depends
only on the intersection ok 4, X; that is, there is anfp : 2" — {0,1}, such thatF'(X 4, Xp) =
fr(Xa N Xp). We obtain a non-trivial lower on the communication comlerf such functionsr’, if the
underlying functionfr has highmonotone sensitivitys,, (fr) = g‘?}’ﬁ {i: fr(SU{i}) # fr(S)}.

n

Result 1': The two-partyk-round quantum communication comp_lexity of the a set digj@ss-like function

Fis Q(sm(fr)/ (k).
For theL, promise problem we get the following.

Result 2 The two-partyk-round quantum communication complexity of the promise problem is
Q(n/(kmF1)).

We define a model for multi-party quantum communication cexity and show the followint

Result 3 Thet-party k-round quantum communication complexity of the promiselisgiintness problem
is Q(n/k?). [This lower bound also holds for Nisan’s approximate sejalntness problem.]

All our lower bounds hold even if the parties start with adiy prior entanglement that is independent
of the inputs.

*Our lower bound appears to contradict #én/t) upper bound of[[BIJKS02]. This is because that upper bound the
simultaneous message model, whereas in our definition aftgoaprotocols one is required to pass fixed length messages f
one party to another.



1.2 Techniques used

The original lower bounds for the set disjointness probleithé classical setting are based on deep analyses
of the communication matrix and can be said to be based oditceepancy methofCha00]. Razborov’s
recentQ(,/n) lower bound for quantum protocols also uses the discrepamethod. The discrepancy
method for quantum protocols was formulated explicitly neker [Kre95] (see also Klauck [KlaD1] and
Yao [Ya093]), but Razborov’s proof extends it substantidly developing interesting and powerful tools
based on the spectral theory of matrices.

Recently, however, Bar-Yossef et al. [BJK$02] proposedtorination-theoretic approach for studying
set disjointness-like problems in the classical settingint) a refinement of the notion of information of
communication protocol originally defined by Chakrabestij, Wirth and Yaol[CSWCCY01], they showed
that a linear lower bound for the set disjointness probleliovis from (1) lower bound on a certain in-
formation cost of a two-party communication protocol coimy the AND of just two bits! Their work
provided a compelling and beautiful illustration of infaation-theoretic tools in the analysis of communi-
cation protocols.

We adapt their approach to the quantum setting. In orderit lwut the contribution of this paper
more clearly, we will now informally describe the informatitheoretic argument underlying their proof
and discuss how we adapt them to the quantum setting. Thenargthas two parts: in the first part, using
a direct-sum argument for information from Bar-Yossef etfBIKS02], one reduces the set disjointness
problem to a communication problem associated with the ANBvo bits (one withAlice and one with
Bob); in the second part, one shows that this problem on two ditsid.

The information cost approach: The first part of the argument is based on the notion of inféiona
cost of communication protocols, defined (lby [CSWCCYO01]pethe mutual information between the
inputs (which are assumed to come from some distributiod)tlaa transcript of the protocol. Bar-Yossef et
al. [BJKS02] examine the information cost of the protocaldeveral distributions. Let the number of bits
transmitted by the protocol ke Then, the information cost is also boundedddgr each distribution.

At this point it will be convenient to view the inputs éflice andBob as elements of0,1} and the
set disjointness function ag?’_, X 4[i] A Xp[i]. A typical distribution considered by Bar-Yossef et al. is
defined as follows. For eachindependently, one party is given the infuand the other party is given a
random bit. Using the sub-additivity property of mutualarthation, one concludes that the sum ovef
the mutual information between the transcript and the idpuyl] is bounded by; a similar statement holds
for Bob’s inputs. It is then not hard to argue using a standard auggegygument that there is @rand a
product distributionD*, for inputs(X 4[], Xg[j] : 7 # ¢) such that the following conditions hold:

e Forallj # i, X4[j] A Xp[j] = 0 (with probability 1).

e If X4[i] is set to zero and[i] is chosen at random (and the remaining bits are chosen aegord
to the product distributiorD*), then the mutual information between the transcript ahgli| is at
most2c¢/n; similarly, if Xp[i] is set to 0 andX 4[i] is chosen at random (an the remaining bits are
chosen according to the product distributibri), then the mutual information between the transcript
and X 4[¢] is at mostc¢/n.

From the first condition, by viewingX 4[], Xg[j] : j # i) as private random bits of the two-parties, we
obtain from the protocol for set disjointness a protocot t@mputes the AND of the two bitX 4[] and
Xpgli]. The stage is thus set for analysing the information cosbafputing the AND function: a lower



bound ofe on this quantity translates to a lower bound(X{iern) on the communication complexity of the
set disjointness function.

In order to implement this programme in the quantum setng, has to define a notion of information
cost for quantum protocols. It is not immediately clear hbig tan be done, because gquantum operations
are notorious for destroying the states on which they agiaiticular, it is not reasonable to expect that the
complete transcript of all messages is part of the final dlstse of the algorithm. Even if the complete
transcript is available in the final global state of the alpon, it may not contain any information about the
inputs of either party. If the parties are allowed prior aglament, then using quantum teleportation, one
can implement any protocol such that the messages arecelbasd completely random. So, the transcript
will just be a random string of lengthindependent of the actual inputs!

The definition of information loss for quantum protocols: We address these difficulties by considering
the information carried by each message separately. As\@zsabove messages may themselves carry no
information, so we examine the information carried in thesgagje by including the context in which it is
received. For example, consider a protocol for the AND mrobl Fix some distribution for the inputs of
Alice andBob. We account for the information carried in a message seAlibg to Bob, by considering the
mutual information betweeAlice’s input and theesntire state ofBob, including the message just received.
The information loss (we use the term loss instead of costh@fprotocol (for the given distribution) is
defined to be the sum of these quantities (bothAlare andBob) taken over all rounds. With this definition,
the arguments of |[BJKS02] are easily carried over to the unarsetting. We can then conclude that if the
information loss of computing the AND of two bits isthen the communication complexity of the set
disjointness function iS(ne).

We have arrived at the second part of the programme, thab ishdw non-trivial lower bounds on
the information loss of computing the AND of two bits. In theginal argument of [[BJKS02] this was
achieved by a direct argument using certain distance mesb@tween probability distributions. Since, we
are working with a different notion of information loss, shhirgument does not appear to be immediately
applicable in our case; so, instead of reviewing it, we wolmdirectly describe our argument. We are given
a quantum communication protocol for computing the AND fiortc We consider two kinds of inputs:
first, Alice has 0 andBob has a random bit; secon8ob has a 0 andilice has a random bit. Suppose
we are given that for such distributions at no stage doese&ivexcof a message gain more thabits of
information about the input of the sender. We wish to show iha is very small, then this leads to a
contradiction. Our argument can be understood at an iéuigivel in the framework of round-elimination.
Suppose, Alice sends the first message. We know that her geedsas not deliver much information about
her input toBob, that is, the combined state Biob at the end of the first round is essentially the same
when theAlice’s input is 0 and whenAlice’s input is 1. So, Alice might as well send exactly the same
message in the two cases, and incur a small error in the toeissc That is, no matter what her actual input
is, Alice sends her first message assuming that her input is 0. Sincéamepaior entanglement, we can
eliminate this round of Alice, and obtain a protocol with deaer round of communication. Now, it is
Bob’s turn. Our hypothesis says that his second message dodslivetr much information about his input
to Alice, when her input i$). But the modified protocol so far has proceeded adide’s input is0 (even
though her actual input might be something else). We candliosnate Bob’s first message as well.elf
is small, then the increase in error probability on accodrnhis manoeuvre is also small. Proceeding in
this manner we eliminate all rounds. But it is obvious thah# parties exchange no messages they cannot
compute any non-trivial function unless one allows hugergsrobability. Since, there are at mdstounds
of communication, this gives us a lower bound of the farm ¢(k). Using these ideas one can show an



Q(n/k?) lower bound on two-party quantum communication complegftthe set disjointness function.
There are two aspects of our proof that require further contme

Local transition:  Recall the argument used above to elimingliee’s first message. We know thBbb's
state is roughly the same everAlice generates her message assuming that her ingutowever, this
does not immediately imply that the error probability of gretocol is not changed much. The final answer
is not just a function oBob'’s state but the combined stateAlfce andBob. In particular, even though the
Bob’s state is similar after the first round for the two inputdite, his work qubits might be entangled with
Alice’s qubits differently in the two cases. This problem arisisroin round elimination arguments and by
now standard solutions exist for it by considering figelity [J0z94] between quantum states. This allows
Alice to perform alocal transition [KNTZ01] on her work qubits, in order to restore them to thereot
state should she discover later that her actual input isreifit from what was assumed while generating her
first message t8ob.

A paradox?: In our notion of information loss of quantum protocols it msgortant that the parties start
in a pure global state. In fact, this notion is unsuited for classregldomized communication complexity.
Consider the following classical protocol for computing tAND of two bits (a,b). Alice sendsBob a
random bitr, retaining a copy of if and only if « = 1. Bob sendsAlice r & b; if a = 1, Alice can recover

b using the copy of- she has and determineA b. Now, clearly, the first message does not deliver any
information toBob. Furthermore, wherlice has a0, Bob’s message delivers no information about his
inputs, becausgélice does not retain a copy efin this case. So, according to our definition this protocol
has zero information loss for both the distributions coaesed above. Yet, the protocol computes the AND
correctly! Interestingly, no such quantum protocol steytiith a pure global state is possible.

1.3 The rest of the paper

In the next section, we give some the definition and notatsedun the rest of the paper. In Sectidn 3, we
prove Resulfll. Result 2 and Result 3 also follow using singitguments, but their proofs are not included
in this abstract.

2 Preliminaries

2.1  Quantum communication

We definet-party quantum communication protocols which are a natxinsion of the two-party quantum
communication protocols as defined by Yao [Ydo93]. fetX; x Xy --- Xy — Z be a function. There
aret parties, Py, P, -- -, P, who hold qubits. When the communication prototbktarts, P; holds |x;)
wherez; € X; together with some ancilla qubits in the sté¢. These parties may also share an input
independent prior entanglement (say). Different parties possess different qubits|¢f. The parties
take turns to communicate to compuytéry, zo, - - -, x¢). Suppose it ig?’s turn to communicate té». P;
can make an arbitrary unitary transformation on her qubits then send one or more qubits . The
number of qubits send is predetermined and is independehedfiputz,. Sending qubits does not change
the overall superposition, but rather changes the ownemshthe qubits, allowingP, to apply her next
unitary transformation on her original qubits plus the nevdceived qubits. At the end of the protocol,
the last recipient of a message performs a von Neumann negasat in the computational basis of some



qubits in her possession (the ‘answer qubits’) to outputreswarll(zy, z2, - - -, ;). We say that protocdl

computesf with §-error in the worst case (or simply with errdy, if max,, z, ... 2, Pr{Il(z1, 22, -, 2¢) #

f(z1, 29, -, 2¢)] < d. The communication cost dfl is the number of qubits exchangedlihbetween
all the parties. Thé:-round §-error quantum communication complexity ¢f denoted b)Q’g(f), is the
communication cost of the bestroundd-error quantum protocol with prior entanglement forWhenJ is

omitted, we mean that = 1.

We require that the parties make a ‘safe’ copy of their injgussng, for example, CNOT gates) before
beginning protocoll. This is possible without loss of generality because thatmpare in computational
basis states. Thus, the input qubits of the parties are seviras messages, their state remains unchanged
throughout the execution dl, and they are never measured i.e. some work qubits are neeasudeter-
mine the resulll(zq, =9, - - -, ;). We call such protocolsafe and henceforth, we will assume that all our
protocols are safe.

Supposed, B, C are three disjoint finite dimensional quantum systems lgasime joint density matrix

p. Letp 4 be the reduced density matrix of A. Th8QA) 2 S(p) 2 T plog p is thevon Neumann entropy

of A. Themutual informatiorof A andB is defined ad (A : B) 2 S(A)+S(B)—S(AB). Theconditional
mutual informatiorof A andB givenC'is defined ag((A : B) | C) 2 S(AC)+S(BC)-S(C)—S(ABC).

If C is a classical random variable taking the classical vathevith probability p., it is easy to see that
I(A:B) | C)=> _plI(A° : B°), where(AB)® denotes the joint density matrix of and B when
C =|c). We also writel (A : B | C = ¢) for I(A°: B).

Fact 1 (seelICvDNT98]) Let Alice have a classical random variabl&. Supposeéilice and Bob share a
pure state on some qubits (a prior entanglement) indepearafeXi. Initially Bob’s qubits have no informa-
tion aboutX. Now letAlice and Bob run a quantum communication protocol, at the end of wiBdb'’s
qubits possess: bits of information aboufX'. Then,Alice has to totally send at least /2 qubits toBob.

Fact 2 (Sub-additivity of information,see [KNTZO1l]) LetD be aclassical random variable. Laf;, ... X,

be classical random variables which are independent gikenLet A/ be a quantum encoding of =
Xi...Xp. ThenI((X : M) | D) >>""  I(X;: M) | D).

Definition 1 (Trace distance) Let p, o be density matrices in the same finite dimensional Hilbeacsp
The trace distance betwegrando is defined as follows|{p — o[, 2Ty Vip—0o)(p—o).

Definition 2 (Fidelity) Letp, o be density matrices in the same finite dimensional Hilbestef{. Their

fidelity is defined asB(p, o) = SUDPK ), 10) | (¥]#)], where K ranges over all finite dimensional Hilbert
spaces andl)), |¢) range over all purifications of, o respectively ifH{ @ K.

Fact 3 (seellAKN98]) Let p, o be density matrices in the same finite dimensional Hilbeatsf{. Let F
be a measurement (POVM) @t Then,|Fp — Foll1 < |lp — o],

The following lemmas are derived in the appendix.

Lemma 1 Letpq, po be two density matrices in the same finite dimensional Hikgeace, I any Hilbert
space of dimension at least the dimensioft{ofand|¢;) any purifications ofp; in H ® K. Then, there is a

local unitary transformatior/ on K that mapg¢2) to |¢) = (I®U)|p2) (I is the identity operator ofi()
such that

[l¢1) (1] — [0h) (8hl]|, < 24/1 — B(p1, p2)? < 2¢/2(1 — B(p1, p2)).-



Lemma 2 SupposeX and @ are disjoint quantum systems, wheXeis a classical random variable uni-
formly distributed ovef0, 1} and@ is a quantum encoding — o, of X. Then,1—B(o1,02) < I(X : Q).

2.2 Conditional information loss

Let D, X4 and X5 be random variables taking values in some finite gt&’4, and X’z respectively. We
say thatD partitionsX = (X4, Xp) ifforall d € D, X4 and X are independent conditioned on the event
D = d. Given random variableX andD, the random variabléX, D)™ is obtained by taking independent
copies of(X, D). Thus,(X, D)" takes values iiX4 x Xp)" which we identify withX} x X';. Suppose

D partitions X, and(X,D) = (X, D)", then itis easy to verify thdD partitionsX.

Definition 3 (Embedding) For a € A", j € [n], andu € A, let embed(a, j,u) be the element ofl”
obtained by replacin@/[j] by u, that is,embed(a, j, u)[i] 2 ali] for i # j, andembed(a, j, u)[j] 2

Definition 4 (Collapsing input) Supposé : X" — Z. We say thak € X" collapsest’ to the function
h:X — Zifforall u € X, F(embed(x, j,u)) = h(u). We say that a random variabl¥ taking values in
X™ collapsesF' to h if it is collapsesF' to h with probability 1.

Definition 5 (Conditional Information loss) LetII be a two-partyk-round é-error quantum protocol for
computingF : X4 x Xgp — Z. LetAlice start the protocol and lefd’ B¢ be the joint state oflice and
Bob just after theith message has been received. Ket (X 4, X ) be random variable taking values in
X4 x Xp which is partitioned by the random variable. Then, theconditional information lossf IT under
(X, D) is defined by

A i i
ILAL| (X, D)) = Zf:L iodd!(Xa:B"| D)+ Zf:l, ievenl(Xp : A" [ D).

Thek-round é-error conditional information loss of” under (X, D), denoted byL,, 5(F | (X, D)), is the
minimumlL(IT | (X, D)) taken over allk-round §-error quantum protocolsI for F'. [Note thatd bounds
the error forall inputs. In particular, this error bound applies even to itpuot in the support ok .]

3 Lower bound for set disjointness

Lemma3 LetF': X} x X§ — Z. LetX be a random variable taking values it 2 X4 x Xp; suppose
X is partitioned by a random variabl® taking values in some sét. Let(X,D) = (X, D)". Suppos&
collapsesF to the functionh : X4 x Xg — Z. Then/ILys(h | (X, D)) < Z2Qk(F).

Proof. Supposdl is ak-roundd-error quantum protocol foF with total communicatiorz. Let us assume
that Alice starts the communication. Our goal is to show that there fisr@aund §-error protocol forh
with small information loss und€rX, D). While analysindlI, we will need to maintain that the combined
state ofAlice andBob is pure at all times. However, we will rul on random inputs drawn from certain
product distributions. In such a situation, we will adope flollowing convention. We will assume that
in addition to the usual input registelf 4, Alice has another set of registeif$ .. When we require that
Alice’s inputs be some random variab¥es, we in fact, start with the following state in the registig, IN 4:

> wexy V/Pa|T)|T), Wherep, 2 Pr[X4 = z|. Similarly, we simulateBob’s random inputX 5 in registers
INg andIN 5. Then, we run the protocdl as before with input registethl 4 andIN g. During this execution



no quantum gates are applied to regist&s andIN . From now onX 4 (similarly X g) denotes the state
of the registerdN 4, which stays constant because the protd€aé safe. In this revised protocal’, let
A'B* denote the state of the entire system immediately afteitthmessage has been received (note that
A’ includes the registdiN 4 and B! includesIN ). Consider the execution &f’ on inputX = (X4, X3)
conditioned onD = d; note that under this conditioX 4 and Xz are independent and the convention
described above for simulating random inputs applies. Tiserhave

Vi,1 <i<kyiodd YU I((Xalj]:B')|D=d)<I((Xa:B")|[D=d)< 2

The first inequality above follows from Fdgdt 2 because by @fnition of (X, D), (X4[j] : 1 < j < n)
are independent random variables when conditioneB ea d; the second inequality follows from Fddt 1.
Averaging over the possibilities fdD, we obtain: Vi, 1 < i < k,7 odd Z?:l I((Xalj] : BY) |
D) < 2c. Similarly, we obtainvi, 1 < i < k,ieven >0, I((Xg[j] : A% | D) < 2¢. Summing these

inequalities over all rounds we obtain

> i1 <Zf:17 . odd{(Xalj] : B'| D) + Z?:L evend (Xglj] : A" | D)) < 2ck,
which implies:

EIj» 1<j<mn, Ele’ i Oddl((XA[]] : BZ) | D) + Zf:l, i evenl((XB[j] : AZ) | D) < % (l)
Fix a value ofj so that the last inequality holds. Fére D", let

1(@) 2

S odal(Xali]: BY) D =d) + ¥, evend (Xpli]: 4) [D=d).  (2)
Then, from 1), and the definition of conditional mutual infationEp [I(D)] < 2,

We will now obtain a protocol foh by ‘embedding’ its input as thgth input of II’. Using a straightfor-
ward averaging argument we first fix a valdes D" so that

S~ PrlD = dlI(embed(d, j, ) = E[I(embed(d j, D) < . )
deD

Consider the following protocdll;, for computingh(u,up). Oninputug € X4, Alice prepares her input
registers as follows. In the registeisl 4[¢], INA[/] : ¢ # j) Alice places the SuUperposition . vn—1 \/Pz|2)|x),
wherep, = Pr[(X4[(] : ¢ # j) = = | D = dJ; registerIN4[j] is set to|u). On inputug € Xz, Bob
prepares his input registers in a similar fashion. Thidite andBob apply the protocoll’, treatingIN 4
andINz as input registers. Note thit 4 andIN 5 do not exist inll},.

We need to verify that this protocol for computinghas two properties. First, it computesorrectly
with high probability. For this, we note that in this protdcat all times, the state of the registers that were
present in the original protocal (that is all registers exceph 4 andINB) is identical to their state when
the original protocoll is run with inputembed(X, j, (u4, u5)) conditioned on the evedd = d. SinceX
collapsest' to h, we conclude thakl;, computesi(u4, up) with probability at least — 9.

Second, we need verify thdt(IT;, | (X, D)) is small. We expand the LHS dfl(3) using the definition
@) of I(d) and show that each termin it is at least the correspondimgitet_(I1;, | (X, D)). For example,
consider the ternf(X 4 : B* | (D = d)) in the definition ofiL(IT, | (X, D)). Note that the stateX 4, B%)
of II, on input X conditioned onD = d, is identical to the state obtained frofX 4 [;], BY) of I by
omitting the reglsteINB[ i, whenII’ is run on inputX conditioned onD = embed(d, j, d). It follows
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from the monotonicity property of information thatX 4 : B* | (D = d)) is at mostl (X 4[j] : B* | (D =
embed(d, 7, d))). We can then conclude (details omitted) tHatl;, (X, D)) < 2, n
As in [BJKSO02], letD be a random variable taking values{id, B} uniformly. Let X4, Xp = {0,1}
andX = (X4, Xp) be arandom variable taking valuesin x Xz = {0, 1}2, whose correlation wittD is
describedPr[X =00 | D = A],Pr[X =10 | D = A|,Pr[X =00 | D = B],Pr[X =01 | D=B| = 5
It is clear that conditioned o® = A andD = B, X4 and X g are independent. Note that™ collapses
DISJ to AND . We now show a lower bound for the conditional inforioatloss of AND undel X, D).

Lemma 4 Let(X, D) be as above. Let> 0. ThenlL, 5(AND | (X, D)) > 4=29°.
Proof: LetII be ak-rounde-error quantum protocol for AND withy 2 IL(IL, (X, D)) = ILx s(AND |
(X, D)). Consider the situation ifll just after theith message has been sent. kétdenote the qubits
of the ith message. Lek 4, X5 denote the random variables correspondind\lioe’s and Bob’s inputs
respectively inll. Suppos€ X4, Xp) = (x,y). ;y> be the global state vector éflice’s andBob’s
qubits, and letd", B* denoteAlice’s qubits andBob’s qubits respectively at this point in time. Suppose
i is sent fromAlice to Bob. ThenB? = B~ Um’ and A*"1 = A’ U m?, and the unions are over
dISJOInt sets of qubits. Let!,, 5, denote the reduced density matricesi6f B' in the statg¢., ). Define
¢y 2 I(X : B | D)and¢l, 2 I(Y : A' | D). LetUA"" denote the unitary transformation that
Alice applies toAif1 after receiving théi — 1)st message frorBob, in order to prepare thih message.
Then, |¢%,) = UA"|¢i,1). By Lemmal®,1 — B(By, Bl) < I((X : BY) | Y = 0) < 2cl; and1 —
B(agol,agll) < I((Y : A7) | X = 0) < 2. To keep our notation concise, for state vectarsand
|¥) we write [||¢) — |1)]|, instead ofj||¢) (¢ — \zp><zp]|]t By Lemmd, there exist unitary transformations
VB o, acting onBi~! andVd' |, acting onA? such that

HVOO—>01|¢ - H <4(c;HY? and HVOO—>10|¢ Yoo — |dlo) H < 4(ci)12, (4)

Defined; 1 2 H Oggglw hy — WHUH . Using the unitary invariance and triangle inequality af th
t
trace norm, the fact that unitary transformations on disjeets of qubits commute, arid (4),

i—1 (3 i i—1
6 = || Velaoleh) — It = || (ViRZan) Vit olobn) — (Vian) ek
’L 1 z 1 i
= Voo-&o(vooqm) 1’¢01> (Vooq(n) 1’¢11>Ht
i—1 i—1 i—1 i—1 i—1 i—
= V()0—>10(Vog_>01) ly4 |¢01 > (Vog_)m) lr4 |¢ 1 H

i—1 1—1 i—1 i—1 1—1
= V00—>10UA (Vog—»m) 1‘%1 > UA (Vog—m IW H

< |Vt (Ve e — ValaoU ™ o +

%0~10UAi71\¢i_> UA”¢ I e R e el
= || 0aRZon Mot — 1aih) |, + || Vrolsbo) — I¢k0l]|, + [[165Y) — (ViR eiTY
= |l - oﬁ;él H+H VitLaolsbo) = I#ho) |, + ||[Veanlelsh — It

< 4(ETHY? 4 4(c 3)1/2 + 6.
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It is easy to check tha% = 0. Hence using concavity of the fourth root functiap, < 4k (%)1/2. Now
a correctk-rounde-error protocol for AND must have (from Fddt 3 and using thet that a local unitary

transformation does not affect the density matrix of theatemsystem)g,, > |35, — 67|, > 2 — 4e.

(1—2¢)2
Hencen > 5 - [ ]

The following is now immediate from Lemnfia 3 and Lemigha 4.

Theorem 1 Any two-partyk-round bounded error quantum protocol for the set disjoiss problem needs
to have communication cost at led3{ % ).

Corollary 1 Any two-party bounded error quantum protocol for the sejoitisness problem needs to have
communication cost at least (n'/?).

Acknowledgements

Our original proof gave a lower bound 9f(n/k*) for set disjointness. We later improved itSgn /k2) us-
ing an inequality from[ILin91]. Hartmut Klauck independignpointed out to us that similar improvements
can also be obtained using an inequality from [DCHR78]. Vdmkhbhim for sharing with us his insights and
pointing reference |[DCHR78] to us.

References

[AAO3] S. Aaronson and A. Ambainis. Quantum search of spagigions. Manuscript at quant-
ph/0303041, 2003.

[AKN98] D. Aharonov, A. Kitaev, and N. Nisan. Quantum cirtsuivith mixed states. IRroceedings
of the 30th Annual ACM Symposium on Theory of Compupages 20-30, 1998. Also
quant-ph/9806029.

[AMS99] N. Alon, Y. Matias, and M. Szegedy. The space comitjexf approximating the frequency
moments.Journal of Computer and System Sciené&é{1):137-147, 1999.

[BCW9I8] H. Buhrman, R. Cleve, and A. Wigderson. Quantum iassical communication and com-
putation. InProceedings of the 30th Annual ACM Symposium on Theory ofpGlamg,
pages 63-68, 1998. Also quant-ph/9702040.

[BAWO1] H. Buhrman and R. de Wolf. Communication compleXityer bounds by polynomials. In
Proceedings of the 16th IEEE Conference on Computationahflexity pages 120-130,
2001.

[BFS86] L. Babai, P. Frankl, and J. Simon. Complexity clasaecommunication complexity theory.

In Proceedings of the 30th ACM Symposium on Theory of Compptiggs 337-347, 1986.

[BJKSO02] Z. Bar-Yossef, T. Jayram, R. Kumar, and D. Sivakunda information statistics approach
to data stream and communication complexity. Pimceedings of the 43rd Annual IEEE
Symposium on Foundations of Computer Scief082.

[CG88] B Chor and O. Goldreich. Unbiased bits from sourcesedk randomness and probabilistic
communication complexitySIAM Journal of Computingl7(2):230-261, 1988.

11



[Cha00]
[CKS03]

[CSWCCYO01]

[CVDNTO8]

[DCHR78]

[FC95]

[FKS02]

[GGI+02]

[GMMOO00]

[HdWO02]

[INd00]

[JKS03]

[Joz94]

[JRS02]

B. ChazelleThe Discrepancy MethodCambridge University Press, 2000.

A. Chakrabarti, S. Khot, and X. Sun. Near-optimavés bounds on the multiparty commu-
nication complexity of set-disjointness. Rroceedings of the 18th Annual IEEE Conference
on Computational Complexit003. To appear.

A. Chakrabarti, Y. Shi, A. Wirth, and A. C-C Yamformational complexity and the direct
sum problem for simultaneous message complexity.Pioceedings of the 42nd Annual
IEEE Symposium on Foundations of Computer Scigpages 270-278, 2001.

R. Cleve, W. van Dam, M. Nielsen, and A. Tapp. Quamtentanglement and the commu-
nication complexity of the inner product function. Rroceedings of the 1st NASA Interna-
tional Conference on Quantum Computing and Quantum Conuations Lecture Notes in
Computer Science, vol. 1509, pages 61-74. Springer-VetR@g. Also quant-ph/9708019.

D. Dacunha-Castelle, H. Heyer, and B. Royndftmle d'EE de Probabiliés de Saint-Flour
VII. Lecture Notes in Mathematics, vol. 678. Springer-Verl:j/8.

C. Fuchs and C. Caves. Mathematical techniques famtgun communication theor@@pen
Systems and Information Dynami&¢3):345—-356, 1995. Also quant-ph/9604001.

J. Feigenbaum, S. Kannan, and M. Strauss. An appaiil'-difference algorithm for
massive data streamSIAM Journal of Computing32:131-151, 2002.

A. Gilbert, S. Guha, P. Indyk, Y. Kotidis, S. Muthukrisiom and M. Strauss. Fast small space
algorithms for approximate histogram maintenancéroceedings of the 34th Annual ACM
Symposium Theory of Computjmpges 389-398, 2002.

S. Guha, N. Mishra, R. Motwani, and L. O’'Callagha@lustering data streams. Fro-
ceedings of the 41st Annual IEEE Symposium on Foundatio@emiputer Sciencgpages
359-366, 2000.

P. Hoyer and R. de Wolf. Improved quantum commumicatomplexity bounds for dis-
jointness and equality. 1Bymposium on Theoretical Aspects of Computer Scigrages
299-310, 2002. Also quant-ph/0109068.

P. Indyk. Stable distributions, pseudorandom gatoes, embeddings, and data stream com-
putations. InProceedings of the 41st Annual IEEE Symposium on Foundatib@omputer
Sciencepages 189-197, 2000.

T.S. Jayram, R. Kumar, and D. Sivakumar. Two appboa of information complexity. In
Proceedings of the 35th Annual ACM Symposium on Theory opQlamg, 2003. To appear.

R. Jozsa. Fidelity for mixed quantum statksurnal of Modern Optics41(12):2315-2323,
1994.

R. Jain, J. Radhakrishnan, and P. Sen. The quantammanication complexity of the
pointer chasing problem: the bit version. Pnoceedings of the 22nd Foundations of Soft-
ware Technology and Theoretical Computer Science Corderpages 218-229, 2002.

12



[Kla01]

[KNTZ01]

[Kre95]

[KS92]

[Lin91]

[LS81]

[Nay99]

[NCO0]

[Nis02]

INK97]

[Raz92]

[Raz02]

[SS02]

[Yao79]

[Yao93]

H. Klauck. Lower bounds for quantum communicatiamnglexity. InProceedings of the
42nd Annual IEEE Symposium on Foundations of Computer Scipages 288-297, 2001.
Also at quant-ph/0106160.

H. Klauck, A. Nayak, A. Ta-Shma, and D. Zuckermamtdraction in quantum commu-
nication and the complexity of set disjointness. Aroceedings of the 33rd Annual ACM
Symposium on Theory of Computipgges 124-133, 2001.

I. Kremer. Quantum communication. 1995. Mastenissis, Hebrew University, Jerusalem.

B. Kalyansundaram and G. Schnitger. The probalilisdmmunication complexity of set
intersection.SIAM Journal on Discrete Mathematics(4):545-557, 1992.

J Lin. Divergence measures based on shannon entt&BE Transactions on Information
Theory 37(1):145-151, 1991.

R.J. Lipton and R. Sedgewick. Lower bounds for visi.Proceedings of the 13th Annual
ACM Symposium on Theory of Computipgges 300-307, 1981.

A. Nayak. Optimal lower bounds for quantum automata random access codes. In
Proceedings of the 40rd Annual IEEE Symposium on FoundatidriComputer Science
pages 369-376, 1999.

M. Nielsen and I. ChuangQuantum Computation and Quantum Informatiddambridge
University Press, 2000.

N. Nisan. The communication complexity of approxgim@ set packing and covering. In
Proceedings of the 29th ICAL.Pages 868—-875, 2002.

N. Nisan and E. KushelevitzCommunication complexity Cambridge University Press,
1997.

A.A. Razborov. On the distributional complexity disjointness. Theoretical Computer
Science106(2):385-390, 1992.

A. A. Razborov. Quantum communication complexitysymmetric predicateslzvestiya
Math, 6, 2002. In Russian. To appear. English version at quatt2p4025.

M. Saks and X. Sun. Space lower bounds for distanceosippation in the data stream
model. InProceedings of the 34th Annual ACM Symposium on Theory opGiimg, pages
360-369, 2002.

A. C-C. Yao. Some complexity questions related siributed computing. liProceedings
of the 11th Annual ACM Symposium on Theory of Compugiages 209-213, 1979.

A. C-C. Yao. Quantum circuit complexity. Proceedings of the 34th Annual IEEE Sympo-
sium on Foundations of Computer Sciengages 352—-361, 1993.

13



A Quantum information theory background

In this section we give some basic quantum information+thigo definitions and facts which will be useful
in stating and proving our main results. For an excellembghiction to quantum information theory, see the
book by Nielsen and Chuang [NCO0Q].

SupposeP, () are probability distributions on the same finite sample egak Their total variation
distanceis defined as follows|| P — Q||; £ > iery [P (i) — Q(i)]. The quantum generalisation of the total
variation distance of a pair of probability distributiorssthetrace distanceof a pair of density matrices.
Recall that a density matrix over a finite dimensional HittsraceH is a unit trace, Hermitian, positive
semidefinite linear operator of.

Definition 6 (Relative Entropy) If p, o are density matrices in the same Hilbert space, their re@en-
tropy is defined as$'(p||o) 2Ty (p(log p —logo)).

Let p be a density matrix in a finite dimensional Hilbert sp&teSupposeF is a measurement (POVM)
on’H. ThenFp denotes the probability distribution on the (finite numbBmpossible outcomes of got by
performing the measuremefit on the statep. The following fundamental facts (see [AKN98]) show that
both the trace distance and relative entropy only decreagedorming a measurement.

Fact 4 Letp, o be density matrices in the same finite dimensional Hilbeatsf{. LetF be a measurement
(POVM) onH. Then,|Fp — Foll1 < ||p — o[,

Fact 5 Letp, o be density matrices in the same finite dimensional Hilbeatsfi. LetF be a measurement
(POVM) onH. Then,S(Fp||Fo) < S(pllo).

JozsallJoz94] gave an elementary proof for finite dimensidilbert spaces of the following basic and
remarkable property about fidelity.

Fact 6 Let p, o be density matrices in the same finite dimensional Hilbesiced?{. Then for any finite
dimensional Hilbert spac&C such thatdim(K) > dim(H), there exist purificationgy), |¢) of p,o in
H ® IC, such that

B(p,0) = [(1|9)]-
Also,
Blp.o) = [vaval,.

We will also need the following result about fidelity, provieg Fuchs and Cavels [FC95].

Fact 7 Letp, o be density matrices in the same finite dimensional Hilbeatsf{. Then

k

B(p,0) = il > VT (Ep) Tr (Fo),
TR =1

where{Fy, ..., F}} ranges over POVMs of. In fact, the infimum above can be attained by a complete
orthogonal measurement 6.

The following relation is known between fidelity and tracstdince between two density matricés _[NICOOQ].
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Fact 8 Let p, o be density matrices in the same finite dimensional Hilbeatsf{. Then
2(1 - B(p,0)) < llp—oll, < 2/1— B(p,0)2.
The following information-theoretic facts follows easflpm the definitions.

Fact9 Let X be a classical random variable and be a quantum encoding &f. Let X take the values

1,...,1 with probabilitiesp+,...,p; and letoy, ..., o; be the respective density matricesMt Leto 2

>, pjo; be the average density matrix df. Then,[(X : M) = 3\_, p;S(a;j||o).
B Improved Average encoding and Local transition theorem

In this section, we observe that the following lemma from HR78] can be used to improve the average
encoding and local transition arguments[of [KNTZ01]. If Lexa{® an@l7 are used in their place, the factor
k* in the denominator of some existing lower bounds (&.g. [KRIZand [JRS02]) can be replaced b3

Lemma5 Letp ando be two density matrices such th&p||o) is finite. Then,
B(p,o) > 27 50lo)/2,

Proof: Let M be the complete orthogonal measurement which achievesfineum as in the Fa¢fl 7. Let
P and @ be the classical distributions resulting after the measerd M is performed. From Fal 5 and
concavity of thdog function it follows that:

—(1/2)S(pllo) < —=(1/2)S(P||Q) = szlog V @i/ i
< logZx/W

= log B(P,Q) = log B(p,0).

Corollary 2 Letp ando be two density matrices such th&tp||o) is finite. Then,

1 - B(p,0) < (n2)/2)S(pl|o)-

Proof: If ((In2)/2)S(p||o) > 1then the inequality is trivial sincB(, ) > 0. Therefore wheii(In 2)/2)S(p||o) <

1,
B(p,o) > 275lo)/2
> exp((2)/2)5(llo)
> 1-((In2)/2)S(p|lo) (since exp™*>1—x, for 0 <z <1)
S 1-B(po) < ((02)/2)S(]0).

The following lemma follows immediately from the above dtary and FacfB.
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Lemma 6 (Average encoding theorem)SupposeX, @ are two disjoint quantum systems, wheéfeis a
classical random variable which takes valuevith probability p,., and @ is a quantum encoding — o,

of X. Let the density matrix of the average encodingrb% > »Pz0z. Then,
> pa(1=B(p,p2)) < (In2/2)I(X : Q).

The following lemma follows immediately from Fddt 6 and H8&nd Corollary R

Lemma 7 (Local transition theorem) Let p1, po be two density matrices in the same finite dimensional
Hilbert spaceH, K any Hilbert space of dimension at least the dimensiof/p&nd|¢;) any purifications

of p; in H ® K. Then, there is a local unitary transformatiéhon K that maps¢z) to |¢5) 2 (I®U)|p2)
(I is the identity operator oft{) such that

[lo1) (1] — [85)(dal]], < 2¢/1 = Blp1, p2)? < 2¢/2(1 — B(p1, p2)) < 2¢/In2(S(p1lp2)).

Fact 10 ([Lin91]]) SupposeX and( are two classical correlated random variables, wheéfds uniformly
distributed over0, 1} and@Q is an encodinge — P, of X. Then,

1-B(P, ) <I(X:Q).
Following corollary is immediate from Falct 7 and monototyiaf information,

Corollary 3 SupposeX and ) are disjoint quantum systems, whekeis a classical random variable
uniformly distributed ovef0, 1} and@ is a quantum encoding — o, of X. Then,1 — B(o1,09) < I(X :

Q).

16



	Introduction
	Our results
	Techniques used
	The rest of the paper

	Preliminaries
	Quantum communication 
	Conditional information loss

	Lower bound for set disjointness
	Quantum information theory background
	Improved Average encoding and Local transition theorem

