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Recently de Bruijn [l; 2] estimated the functions f(x, y) and

g(x, y), where/(x, y) denotes the number of positive integers ^x, all

of whose prime factors are ^y, and where g(x, y) denotes the number

of positive integers gx, all of whose prime factors are >y. A special

and interesting case are the estimates

(10       f[x, (log »)»] = 0(x*->'*+<) ,

(1")      g[x, (log *)*] = x      II      (1 - p-1) + 0(x1-1",+2'*2+«)

where e is an arbitrarily small positive number, p denotes primes,

h>2, and the constants implied in the O-symbols depend on e and h.

Vinogradoff [4] in his proof of the theorem that every large odd

number is the sum of three primes, gives a much cruder estimate

than (1'). Recently Ankeny2 proved that if p = 3 (mod 4), then

n(p)<p', tor p>p0(e), where n(p) is the least positive quadratic non-

residue of the prime p. This proof uses de Bruijn's estimates for

j(x, y) and g(x, y) in a sharper form, however, than those given above.

We follow de Bruijn in proving (1') and (1") which are listed as

Theorems 1 and 2 below. Although these results are only special cases

of de Bruijn's work, they seem important enough to merit simple

proofs. Although our proof follows de Bruijn's very closely, we believe

it is considerably simpler.

Writing

(2) n tt - r')-1 = !>»»-.
vSv 1

(3) f(x, y) = }Z On,
n£ x

we have

(4) r«IKi-r') = i>»»-,
P&V 1

(5) 1 + g(x, y) = z2t>n
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where f (s) is the zeta function of Riemann and c„ and 6„ equal 1 or 0.

Let a = l+l/log x, 6 = 1 — \/h, T = x2lh, and h>2. For convenience

let x be half an odd integer. This choice of x does not mean a restric- .

tion, as can easily be seen after the proof.

Lemma 1. For c>l, 0<y^l, R>0,

I      J          n C+Ri    yl                                                                     y'
- I — ds - E(y)   ^-^-
2ici J c-Ri    s                            irR\\ogy\

where

\0ify< 1.

The proof follows Landau [3, p. 112].

Let y > 1 and apply Cauchy's Theorem to the rectangle with cor-

ners c + Ri, d±Ri, d<0.

I    1      C C+B'   y'
-;   j —ds -   1

I 27Tt J c-Ri       S

I     J        /» d—Ri   yt                                p d+Ri   ya                      1       /* c+^*    y*
—: I — ds + —: I — ds-\-: I — ds
2iriJ c-Ri     s 2iriJ d-Ri    S 2iriJ d+Ri    s

1     f Ryd 1      rc yc Ryd
^- I     y'dr + —— +- |     ydr =---—,

2iri2J_o — oV        27ri?J_o0 7ri2 log y        7rO"

and the result follows by letting d—* — co.

Let 0<y<l and apply Cauchy's Theorem to the rectangle with

corners c±Ri, d±Ri, d>c.

I    J       /• c+Ri   yt—■   I —*
2ici J C-Ri     s      I

I     J       n d—Ri   ya 1       /* <*+*'   y' 1       /* e+B*   V*

-    —  I - A + —   I - <fs + —.   I ^- <fc
I 2iri J e-Ri     s 2-ki J d-Ri    s 2iriJ d+Ri    S

1    r* Ryd        1    r" y Ryd
< -   I        yrdf+_J_+ -   I        yrdr   = -   '-r+-J_,

2iri? J c ird       2irR J e tR \ log y \ vd

and the result followed by letting d—*<».

Theorem 1. For any fixed h>2

f[x, (log x)»] = 0(xW+'),

where t is an arbitrary positive number.
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From Lemma 1, (2), and (3) we obtain, since c„ = 0 or 1,

1      Ca+Ti      -r-r ds
/(*. y)= —        x'Uii-p")-1-

llTlJ a-Ti pfiy S

(6)

t„.i w r|iogx/M|i ■

To estimate

£_1_
„_i m° | log x/n |

break the summation into   Zi+E2 +2^3, where n<x/2 in   Zi>

n^2xin ^2, and x/2<n<2x in 2s-

E = o(E-) = o(iogx),

^ = 0 ( f"y~"dy)  = 0 (o^r)   = 0(1°g *)-

The estimate for ^3 is obtained by using

1 (x - n\
— (-I if n < x,

[ ,1 /       x — n\\ 2 \   n   /
I log x/n\   =   log ( 1 +-     >

I       \ n   / \        n — x
- if n > x.

n

Hence, remembering that x is half an odd integer,

£ = o(   Z^—r) = o(   E  T-^-r) = <>Qogx).
S \*/2<n<2*   na I n  —   X\/ \z/2<n<2*   \H —   X\ /

Therefore the 0-term in (6) is

(x° log x\
-5_ \ = o(x1-i"*+«).

The integral term in (6) is evaluated by applying Cauchy's Theo-

rem to the rectangle with corners a±Ti, b + Ti, and is seen to have

the value (l/27ri)(/i-f-Jr2+/3), where

/> b-Ti /• b+Ti n a+Ti

Ji =    I Jl =    I
a-Ti •» b-Ti J b+Ti
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On this rectangle

IX (i - p-r1 = o \ n (i + r*)l = o |"exP E p~h] ■

Er>- E 'W -1" " " - Z -«>[r*-«+i)-]
pSl/ 2S(^v * 2StSy

+°[f]
_0( £ -l-±)+o(£)

\ 2s(s„log / /1+V        Vlogy/

\ J 2 /* log t       J yi/th th log t) Mog y/

-o&>») +o(f^) -off?) = o(-0.
Mog y/ Mog y/ Mog y/

Hence, for some constant k,

v-r / k log a; \
Ild-r')-1   =0(exp-—^—).
psv \ log log x/

Therefore the order of Ji and J3 is

(x1+t'\
-J = 0(x1-2"'+''),

and that of J2 is

o(x»+'' f-^ = 0(x1-l"<+'),
\        J-T (b2 + t2)1'2/

which gives the theorem.

Theorem 2. For any fixed h>2,

g[x, (log x)h] = x      II      (1 - P'1) + 0(x1-1'h+2ih'+').
j>S(log x)h

Following the proof of Theorem 1, we have

1    /*°+r' ds
(7)       g(x, y) = —- I       *?(*) II (1 - rO — + 0(xl-2'h+>).

ZirlJ a-Ti p^y S
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The integral term in (7) can be written as

* II (1 - r1) + — (Ki + Ki+ K3),
p%v 2-K1

where the Kt are integrals with the same limits as the /,-.

Using the completely elementary result [3, Satz 407]

r(«r + ii) = 0(t1'') [1 > <r ̂  1/2],

the rest of the proof proceeds exactly as before.
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