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1. Let x denote a nonprincipal character (mod p), where p is an odd prime.
Denote by x, the principal character. I made the following
Congecture: It 1s known that

p—1 ) —_
() = X x(n) & = V'p e(x)

where Ie(x), = 1; e(x) = 1s a root of unity only when x* = xo.

In this paper, I prove the conjecture. In the special case when (p — 1)/2
is also a prime a proof was recently given by Straus, Peck, and me, by a method
whose power in other directions we hope to investigate later.

For a recent study of Jacobi and Gaussian sums, I would like to refer to a paper
of A. Weil ‘“Jacobi sums as Gréssencharactere” in Trans. Amer. Math. Soc., 1952.
My thanks are due to A. Selberg for a stimulating conversation on the subject of
this paper.

2. Let k be the least positive integer such that x* = xo. Then we have p — 1
= gk, where ¢ is an integer. Write 7(x) in the form

k-1
Tl(w; g-) = ZO mem!
where w==ek  (bk)=1, S,,.=Zr""”
t=1

and g denotes a primitive root (mod p); ¢ = e**/?. We operate in the field
R(e*/*) where w = 4 pk. We write 8 = ¢>*/* and note that the automorphisms of
R(6) are given by § — 6* where 0 < h < w, (h, w) = 1.

3. Suppose that e(x) is a root of unity. Since 7*(x) lies in R(w) (Hasse, Vorles-
ungen 1tiber Zahlentheorie, Springer Verlag, pp. 440—450), it is easy to see that our
theorem is true for k odd > 1. Hence suppose k even. Since 7*(x) lies in R(w), we
easily see that if e(x) is a root of unity, we must have
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e(x) = 1™ k.

Thus our supposition gives

k—1 —_
Ti(w, §) = 3 w™Sp = Vp it

m=

k=1
Write Tw = T, " = 22 &™Sptindn
0

where h is prime to 4 pk. Thus,
Ty = o AT (00 §) = =V pimhe,
Thus, from (1) and (2), we see that if h =1 (mod k), then
@ hindh A/ pimgs — Ve,
Let h=2k+1 (1<v<p 20k+ 10 (mod p)).
We can choose v so that ind A = k — 1, for example. Then (3) and (4) give
w = =*1.

Thus, £ = 2 and we have proved the
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THEOREM. If x # xo and 7(x) = \/Z—)e(x), then e(x) is not a root of unity unless

x* = xo.

A different solution has also been obtained by L. J. Mordell and L. G. Peck.

The author wishes to dedicate this article to Professor HANs RADEMACHER.



