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1. TueEOREM. Lefp be a prime. If the numbers r,r + s, 1t + 2, - -,
r + (m — 1) s are congruent™ (mod p) to the numbers 0,1, 2, - -+, (m — 1)
[mot necessarily tn this order), then if m < p — 1, we must have either
r=0s=1orr=m — 1,58 = — 1.

Remarks. (i) If m = p the numbers 7 + s (O< i< m — 1) are
congruent to the numbers 0, 1,2, «--, m — 1 for any values of » and s
provided s is prime to p.

(i) Ifm =p — 1 the theorem is false for we can take any s % =+ 1 and
then chooser = s — 1. ‘

Proof. If the set ‘

1 7nr+s -, 74+ m—1)s=0,12 --., (m —1) in some
order, then by addition from (1), -

sm (m —1) _ m (m — 1)

(2) my + 5 = 5
since m < p, this gives
s—1)(m—1
(3 »= — ( )?f )
Again, from (1),
m—1 m—1
2 v+t = T B
=0 =0

Using (3), this becomes
mm — 12 (s — 12 s(s— 1)m (m — 12
2

4

SIGEEC L TCEE e
or
m(m_112)(s*1){3(m—-1)(s——1)—~6S(m—1)+2(3+1)(2m”1)}50
or

mm— 1) (s —1
( 12)(, ){(m—i—l)(s-l—l)}so
since m < p — 1thisimplies s = & '1. Our result follows immediately.
2, We have also obtained a ** pictorial *’ proof of the above theorem,

by arranging the numbers on the unit circle, the number 7 being represented
by 62'”:' 7"?.

* All congruences are to the modulusp,
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