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Theorem. If P, denotes the greatest prime factor of X2+ 1, then
(1) P, > ¢ log log
where ¢ 1is an absolute positive constant.
Remarks. (1) sharpens the well-known result
(2) Py —> oo as x — oo,
which is a consequence of the Thue-Siegel! theorem. It is noteworthy that
Stegel’s® method is not capable of yielding awything stronger than (2).
Proof.  All letters, Latin or Greek, denote integers ; # denotes a prime ;
m (p, x) is the highest power of p contained in x; D is a non-square integer ;
P, is the rth prime; N, = p1. P2 paen.... P the product of the first
y primes; given t), #; then ¢,, 1, are defined by
(3) (¢ + u, YD) = (t; + u, ¥YD)*
so that
(4) w,="Cragy ) + C3 w33 D + 7Cq 15 £/ D2 ... ..
where
r!
o= 8! (r—s)!
We need the following lemmas.
Lemma 1. Ifp/D, s > 1,s=1(2) then

s§~1
(8) m(p,vru) <m (p, Cy ut DZ [ = 5]
-1
(5) m (p,ru) < m (p, Couwr D [$ =3, 3%D]
Proof. Letm (p,7) =a,m (p,u) = B [a,B =0].

Case (i) p = 5.,

Denote by ls. and r.s. the left and right sides of (5) respectively.
Then we have '

(6) ls.=oa 4+ 8.

s—1
(1) r.s.==m(p, ’CJ)+m(p,u8D2 )
®)  mm(p C)+Bs+ 15

* Landau, Verlesungen iiber Zahlentheorie, 3.
2 Iond.,
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Turther .
m (5,C) = m (N EZT 5 0 (3, 1)

R ——
From (8) and (9),
10) rs.>a+ B+ (s—1) (3 +8) — ——

(11) >a+ B [p =5]
Our result follows from (6) and (11).
Case (i) p =3, D=0 (3%
In this case it follows from (7) and (8) that
ts. = (p,"C) + Bs 4 (s — 1)
—1

>a+ B+ (s—1)(1+ )
$

—a BHl—-1 (14—

>a+ B [B>0]
while the Ls. is o + 8.

Lemma 2. If x =1ty, v =1y, is the smallest solution in positive integers

of x2 — Dy? = — 1 then the numbers u, [if :]3 (2):] defined in (3), contain al
= .

8

[from (9)]

least one prime factor not contained in D.
Proof. Observing that u,=1(2) for =1 (2)
immediately from (4) and lemma 1.
Since all the solutions of #2 — Dy2 = — 1 are given by x = t,, y = u,
[r = 1(2)] it follows from lemma 2 that
Lemma 33 If
(12) #2— Dy2 = —
then y contains at least one prime factor not contained
(x, v) of (12), except, possibly, the smallest (y = u)
Lemma 4.4

, lemma 2 follows

in D for every solution

ty = & (D) <exp. (c; ¥D log D),

w1 = u (D) <exp. (¢; vD log D),
where ¢y 1s an absolute positive constant. ‘

% This result has bee_*n proved by St3rmer in Videnslkabs selskabets skrifter, Christiania,
1897, No. 2, 48 pp. This Paper was inaccessible to me.
¢ Schur, Gittinger N achrichien, 1918

. Vijayaraghavan, Proc, London Math, Soc. (2), 1927, 26, 403-114,
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Proof of the theorem. et m be a positive integer, not a perfect square,
which is a product of powers not higher than the second of primes chosen
from py, s, ps,...., ?r. It is a consequence of lemmas 3 and 4 that for
every

x > exp. (¢; Vm log m)
the expression #2-+1 has at least one prime factor not contained in .
Giving to m all possible non-square values comprised in the expression
no. p02 . 2,97 (where each 6 is 0, 1 or 2) it follows that for every
% > exp. (2 ¢; N, log N,)
the expression x* + 1 has at least one prime factor greater than $,. Hence
when
(13) exp. (2c; N, log N,) < # << exp. (2 Ny;1 log N, 4)
then
(14) P, > 9,.
But
(15) log N, ~ $,.
From (13), (14) and (15) it follows that for all x satisfying (13) we have
(16) Pr > p, > ¢, log log % (c, > 0)
Since to every large x we can find a unique 7 to satisfy (13), our theorem is
now proved.





