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§1. Letg(n; B, Bo) denote the number
Max gln, m)
i< m< B,

where g(n, m) is the least value of s such that m can be expressed as a sum-

of s nth. powers > 0. Thus g(n; 1, oo) = g(n).
Let3” =1 2# + r (0 < 7 < 27), so that » depends only on #. Pillai
has shown that!
| Theorem 1. If n > n, and
(1) () + 2@ <r<2 — @) — @ — 20,
then gn;L,B)=2" +1 -2 :
where , B = nbn't,
This is his lemma 15, and a slightly modlﬁed proof has been published by
Padhy.? DPillai proceeds to prove by the Vinogradow method (Annals of
Mathematics, May 1935) that
Theovem 2. If n > n, then
g(n; B, o) < 200,
where B = nbx'l,
It is an immediate consequence of these two theorems that
Theorem 3. If r satisfies (1) above, then, for n > n,, . .
, gn)y =2 +1 — 2.
In this note we prove that
Theovem 4. (1) is true for infinitely many n.
This is obviously a consequence of T
Theorem 5. Let f(n) denote the fractional part of (3)*. Then the in-
equality _ . .
i< fn) <3
is true for infinitely many n.
'Frota theoréms 4-(or 5) and-3 we obtain
Theovem 6. Pillai’s exact formula for g(n), namely
gn) =22 41 — 2.
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is true for infinitely many n.

§2. Write (8)7 =1, + f(n), so that 7, is an intégéiﬂ

Lemma 1. I fO < flm) < %, then, either

W 2<fm +1)< ¢
r ) fls A1) = 4 f0m), fon + 1) < 3

Proof.——We have

)" =1, + fm), 0 < flm) < %.
If I, = 1(2) it follows that

F<flm+1) =%+ 4§fm <3

and thus (1) holds.
If, however, 7, = 0 (2), we obtam

2) fm+ 1) =%fm) <% %=1}
From (2), either _ .

(o) flm + 1) = § f(m) and % < flm + 1) < }

(B flm + 1) = £ f{m) and fim + 1) <%, :
In case (a), (i) holds. Case (B) is (ii). Hence the lemma.

Repeated application of lemma 1 gives the generalized

Lemma 2. If fm +7) <% [r=0,1,2,--+, 5 — 1]
then, etther, :

or

W 3<fim+9) < i
() fm + 5) = @ fom), fm +§) <

An exactly similar reasoning proves that——-wntmg O(m) for 1—f(my,
Lemma 3. Lemma 2 is true when f(m) is replaced by 6(m) throughout.

or

Since f(m) is fixed, and (§)* - oo as s —> oo, (ii) of - lemma-w? will - be’

false for a certain s, and hence
Lemma 4. If 0 < f(m) < %, then theve exists an mteaer § = s(m) such

that : - N

i< fim+s) <3 [s>0] :
Similarly from lemma 3 we get lemma 4 with the function f( ) replaced by
f¢m), which ‘means that, since 8(m) = 1 — = f(m),. .
Lemma 5. If f(m) > &, then there exists an integer s = s(m) such that
I<fm+s)<%.7 " [s>0]
From lemmas 4 and 5, theorem 4 is an immediate copsequence.

§3. S.8. Pillai has commumcated to me the motre dlﬂicult result lthat

the number of solutions.of

ﬂm<1m%§r<h<x”

is greater than z— for large x. But this r‘ésﬁit.'doéé: 1ﬁot‘i¢bn;c‘ai'ﬁ thebfe‘fﬁ 5



