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Let vy be a valuation of a field X, with residue field &, of characteristic #2. Suppose that K-is a function field
of a conic over K and v is @ prolongation of vy 1o K, whose residue field & is not algebraic over kg I is well

known {cf. [Residue fields of valued function fields of conics, Proc. Edinb. math. Soc. 36 (1993)], 469-78]) that
either & is a simple transcendental extension of 2 finite extension of kyor k is a regular function field of 2 conic

over k,. The paper contains the answer 1o a natural question posed by Wadsworth which states that if vy vy are
any two prolongations of v, to K with residue fields &, k, non-algebraic over &, such that neither & or k, is
a simple transcendental extension of a finite extension of kg, is it true that k, is kq-isomorphic 1o ks
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0. INTRODUCTION

Let X be a function field of a conic over a field K, Let v, be a valuation of K, with residue field
kg of charactenstic #2 and v be an extension of v, to K having residue field & which is not an
algebraic extension of k;. In 1992, we proved that either k is a simple transcendental extension of
a finite extension of &, or it is a regular function field of a conmic over ky (cf. [2, Theorem 1.1,
1.2]}. This ted Wadsworth to ask the following natural question.

Let K, k,vg, kg be as above and v|, v, be any two prolongations of v, to K_ with residue
fields &, and k, not algebraic over ky. If neither k| nor &, 13 a simple transcendental extention of
a finite extension of k5, does it follow that k, 18 ky-isomorphic ta k,7

In the present paper, it is shown that the answer to the above question is "yes". Indeed we
prove that there exists at most one prolongation v of v, to K whose residue field is not a simple
transcendental extension of any finite extension of k, but it is transcendental over &k, We have also

given a set of necessary and sufficient conditions for the existence of such a prolongation.
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I. STATEMENTS OF RESULTS

We first introduce some notation and a definitien. Let (K, v) be a vaiued field. For any &, in the
valuation ring of v, we shall denote by &* its v-residue, ie., the image of £ under the canonical
homomorphism from the valvation ring of v onto its residue field.

We use "tr". to abbreviate transcendental, "char” to abbreviate characteristic and X, ¥ for
indeterminates.

An extension (K, v)/(Ky, vy) of valued fields is said to be residually tr. if the residue field
of v is a non-algebraic extension of the residue field of v,

In what follows, K is a function field of a conic over a field KO of char #2 ie. K is the
guotient field of a domain KX, Y1/(f), where f is an irreducible polynomial of degree 2 ir
KylX,Y]. As in [2, Lemma 2.1], it can be easily shown that there exist explicitly constructible

elements ¢, de K, such that K = Ky(x,y) where (x, y) satisfies the Ky-irreducible  polynomial

2

X2~ ¥’ - 4, which is referred to as a defining polynomial for K/K,. Observe that if ¢).dy in Ky

are suchthat ¢= claz. d=dlb2 for some a,be I(;. then Xz—c] Yz-dl is also a defining polynomial
. 2 2
for K/K,, for we can write K =Kj(x,, y;), where x; =x/b,y, =ay/b satisfy x, =c, y; +d,.
We shall prove :

Theorem 1.1 — Let vy be a valuation of a field Ky with residue field k; of characterisiic

#2 and value group G Let K =Kx, y} be a function field of a conic over Ky with (x, y) satisfying

X - Cyz ~d=0 for some ¢, d in K, There exists a residually transcendental extension v of vy 10 K
whose residue field isnot a simple transcendental extension of a finite extension of ky if and only

if, the following three conditions are satisfied :

i) cd=#0.

(i} volc) € 2Gy, vold) € 2Gy,

(iii) 2 e * .
The equation x“=c¢, l’2+dl has no solution over ko, where ¢, d; € K, are chosen such
that c/c,, d/d, are in Kg and vo{c])zvo(dl):ﬂ.

Theorem 1.2 — Let K, Ky, v, G, ky be as in the above theorem. Then there exists at most
one residually transcendental extension v of v, to K, whose residue field k is not a simple

transcendental extension of a finite extension of ky If such a prolongation v exists, then k can be
) . ) 2 " *
expressed as kq(t, u), with [ transcendental over k, andt, u satisfying a relation 1" = ¢, W +d,, where

cr ‘f: belonging respectively 1o ch and dKS satisfy vn(c|)=v0(d1)=0,



ON A QUERY OF ADRIAN WADSWORTH- 947
2. PROOF OF THEOREMS 1.1, 1.2

We retain the notation imtroduced in the first section. As in [2, §2 Notation] for a residually tr.
extension v of vy to K'=K(x,y), we shall denote by ' its restriction to the simple tr. extension

Ky) of Ky and by E=E(y/vy) the number defined by £ = min {[K;(): Ky (&1 &e K0,
VE) 20, & is tr. over k).

It can be casily seen that when £ = 1, then there exist a, be K0 such that the v'-residue

of z = (y —a)b is tr. over ky;, in this case for any fiy)= 2 cizi in Kg[y), c; € K, we have
i20

V(D) = min vgle)); w D

and the residue field of v" is the simple tr. extension ko(z‘) of kg

For proving the theorems, assume first that there exists a residually tr. prolongation v of
vy to K having value group G whose residue field is not a simple tr. extension of a finite extenston
of ky. As remarked in the proof of [2, Theorem 1.2}, this assumption implies that E(v’/v0)= 1, -
ky is algebraically closed in k and that G =G, Let a,be K be such that the v-residue z* of z=
(y — aVb is tr. aver ky. Observe that x #0, for otherwise K would be the simple Ir. extension
Ko(») of X, andthe residue field of v would be ko(z*), contrary to the assumption. Choose
0#Re K, such that v(x) =v(R) and set

n= (cy2 + d}/R2 = x*/R%.

It has been shown in the last paragraph of the proof of {2, Theorem 1.1] that in the
present situation the residue field & of v is ko{z* Vn"). On expressing cy2+d as a polynom:al in
z = {y — alb, we see that

be 2 2abc e+d
=1 2L 125 24— - (2)
! (RZJ R R’

In view of formula (1),

Z 2
O=v(m) = min{vo(%}vo(zz—gc]vo(ﬂ—;—:—é]} o 3

Therefore, (2) shows that 7" is a polynomial of degree <2 in Z over kq. The assumption
that k is not a simple tr. extension of k; together with the fact that k; is algebraically closed in £

implies that 7" must be a polynomial of degree 2 in 7 over ko So by virtue of (2),

vo(bzc‘/}i’z) =0 E
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It is immediate from (3) and (4) that
2, _ 2
vol{2abc) 2 vi(R) = vg(b7c)

Keeping in view that vy(2)=0, i.e., that char k;#2, the above inequality gives

vgla) 2 vg(b). Thus we see that [i) =[y—;—£) +(—g—] is also tr. over k{), On writing

RZIb ) RY

using formula {1) (with {y - a)}/b} replaced by y/b) and arguing as above, we conclude that
2\ _ 2\ _ 5
volb ) = V(R = vy{d). o {3

It is clear from (5) that cd# 0 and vy(c), vo(d) are in 2G, as desired in Theorem 1.1.

Observe that the residue field & of v is given by

k= ko2, 1) - (6)

* 2 . -
|y 2_ s _|bc| 2 (4
(3] pere{% e[ 4] o

As (bzc/Rz)‘ and (d/Rz)' are non-zero by (5), it follows from {3, Corollary 2.9 that k; is
algebraically closedin k (which is not a simple tr. extension of kj) and hence condition (i) of
Theorem 1.} is satisfied by virtue of {3, Theorem 14].

where

Since (y/b)" is tr. over ko and by (5), vo(b)zévo {d/c), we see that for any fly)= Ea,-yi
in Kylyl,

W) = min (vela) + ivg (b))

is independent of the choice of the particular residually tr. prolongation v of v, whose residue field
is not a simpie tr. extension of a finite exiension of k; Thus v is uniquely determined on Ky(y).
Moreover, the restriction v of v to K (y) has only one prolongation to the quadratic extension K
of Ky(y), for otherwise in view of the fundamental inequality [1, Chapter 6, §8.3, Theorem (b)),
the residue field of v would be the same as the residue field ko((y/b)‘) of v". The proof of
Theorem 1.2 is now complete.

To prove the converse part of Theorem 1.1, assume that the conditions (i) - (il1} of Theorem
1.1 are satisfied. Fix elements ¢, d; of K such that vole ) =vyldy) =0 and c=c, az,d=dl b* for
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some @, be Kx, this is possible in view of conditions (/) and (i}. Then K=Ky(x;.y,) where
2 2

x| =x/b, y=ya/b are related by x;=¢,y +d,. We shall construct a proicngation v of vy 10 K such

that the restdue field k& of v is ko[r, u), where r=x: (e, the v-residue of x) and uzy; satisfy

2_* 12 *

t“=clu +d|.

Let v’ denote the Gaussian valvation on Ky(y,) extending v, which is given by

vi(E af.y‘! )= rnlin (vole). a; € K.
¥

Since x =c; y; +d) is not a square in the residue field ky(y}) of v/, it follows from the
fundamental inequality [1, Chapter 6, §8.3, Theorem 1(b)] that v' has a unique proiongation to the
quadratic extension K =Kq(x,,y;) of K(y;). If v denotes this umque prolongation, then its residue
field is clearly ko(xI,y;) which is not a simple tr. extension of k, in view of Theorem 1.4 of (3]

and condition (i} of Theorem 1.1,
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