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Feynman diagram method for atomic collisions
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Abstract. Feynman diagram method of treating atomic collision problems in per-
turbation theory is presented and matriX elements are calculated for a number of pro-
cesses. The result for the resonant charge transfer in hydrogen is identical to the
well known OBK value. However, in processes like collisional ionisation, the results
are different from those obtained by conventional methods.
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1. Introduction

Feynman diagram method has proved to be very useful in a variety of problems
in relativistic as well as non-relativistic physics. Apart from its indispensability
in relativistic particle physics (Akhiezer and Beretetskii 1965), it has
been found to be a very successful tool in handling many-body problems
in nuclear, solid state (Fetter and Walecka 1971) and atomic physics
(Kelley 1974). However, no attempt seems to have been made to apply this
method to atomic collision problems. While exploring such possibilities
the authors have found that in problems such as charge exchange processes the
diagrammatic method not only gives an elegant physical picture of the phenomena
but at the same time makes the calculation simple. The lowest order diagram
consists of an electron exchange quite Similar to the photon exchange in elastic
scattering of charged particles. For the resonant charge transfer in hydrogen
proton collision one obtains the familiar OBK amplitude (Brinkman and Kramers
1930); there is no diagram corresponding to the JS amplitude (Jackson and
Schiff 19534) in the lowest order. Another charge transfer mechanism operates
in exchange scattering of electrons by hydrogen which can te represented by a
Feynman diagram with a proton exchange. The success of the diagrammatic
method in these processes has prompted us to apply it to a host of other atomic
collision processes. Principal among these are the photo-electric effect and jts
inverse (the radiative recombination), ionisation of atoms by electron and ionic
impact. Detailed calculation of the amplitude of these processes are presented
in this paper.

The theory of charge exchange in positive ion-atom collision relevant to Feynman
diagram method is presented in section 2 where amplitudes of other typicalrearrange-
ment processes of experimental interest have also been evaluated.  Section 3 js
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devoted to the calculation of photo-electric effect and its inverse process of radiative
recombination where relativistic and Coulomb effects have been ignored for the
sake of simplicity. In section 4, calculation of matrix element for ionisation of
atoms by electron and ionic impact is presented. Section 5 is devoted to discussions.

2. Charge transfer collisions

We consider the process
At 4+ B—> A4 4 B

where 4™ is a positive singly ionized atom which picks up an electron from the atom
B after collision. In other words, exchange of an electron between B and A+
characterises the collision. This exchange is, * literally * expressed by the Feynman
diagram of figure 1.

The momenta of various particles indicated in the diagram refer to the centre
of mass system. The rules for writing down the matrix elements being quite standard
(Bhasin et al 1965) need not be repeated here. Using these rules, we obtain

M= I'(KI’ wy, 'K:’_Kia (.0) AF(KI'—"K(; W, m)

X I'(K, w; K—K, w) 1
where
Sp= 8!&""(277)4 6@ (Pi ""Pf)a (Ei ""E!) M,
w = KP2Mgt, wy= K2Myt, 0 = Qi —w; =0 —w,
K2
2y = K*2Mp— e, @)= mf: €4

¢4, €g being binding energy of the electron in atoms “ 4’ and * B’ respectively.
I (py, wy; Pay ws) is the vertex function representing the interaction of particles

1 and 2 and the bound state composed of these particles and Az (p, w, m) is the -

propagator for the ¢Iectron. The vertex function I' (py, wy; Pa, wy) is related
to the Fourier transform

2 (m2l’1 — mlpz)
12 ny + My

of the Schrédinger wave-function of the bound state formed by particles 1 and
2 as follows (see Appendix):
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Figure 1. Feynman diagram for charge transfer process 4+ -+ B-+ A+ B,
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. — Y o NV pe® (P
'F(pl wi; Po, wQ) - gm( M, _l_ s ) [ Y 27’}’12 wz) 2]1’11 wl)]
(2)
The non-relativistic propagator can be written as
1
Ar (P, w, m) = (3)

pP2m —w—in’

Substituting eqgs. (2) and (3) in eq. (1) and taking into account the fact that particles
A* and B* are on thc mass-shell i.e., p?/2m = o we get

K, — K,)?2
M = gt (@K, — K) g0 6K, — K) (1220 0], @
where
[I:MB'*'/MB b:MA'E'/MAa

The general formula €q. (4) can now be applied to the particular cases of
(@) HT + H(ls) - H (ls) -+ HT,
(b) et + (et e, — (e" )y, + e,
(¢) H - (wh ey, = Hds) 4 pt.

For the process (a)

s M . 1s M .
M =g, (m + M K- Kf) Ente (}71 -+ M K Ki)

-

2
X L(K ~— K)*2m — K22 (M + m) + 21%'4 -+ e] , 5

where e is the binding energy of the hydrogen atom ground state and M is the mass
of the proton. Using the fact that K2 = K,? = (K?) which follows from over-all
energy-momentum conservation and

Ls _ 8arli2 502
&t (p) = T+ pE°

—1

$=a;’,

a, being Bohr radius for ground state,
Eq. (5) simplifies to

_ 32ms? ]

T GRS SR P | 6)

with 8 = m/M and cos 0 = K; . K;/K*® which is readily seen to be the OBK ampli-
tude. It is worth pointing out that figure 1 being the only possible Feynman diagram
for the charge transfer process in the lowest order, OBK amplitude (Brinkman and
Kramers 1930) constitutes the entire matrix element. There being no other diagram
we conclude that JS amplitude (Jackson and Schiff 1953 «) is not obtainable from
diagrammatic formalism. It scems therefore that Wick’s contention (Jackson and
Schiff 1953 b) that proton-proton potential should not contribute to the capture
amplitude is borne out by Feynman diagram formalism. In view of the absence of the
JS term, one may say that diagram method suffers from the drawback that in the
lowest order there is no agreement with experiment. This is mainly due to ignoring
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the long-range Coulomb interaction between the bound electron and the colliding
proton, which may be regarded as an initial state (or final state) interaction. The
successful method of taking this effect into account is the Impulse Approximation
initiated by one of us (TP) (Pradhan 1957) and refined by several others (Mcdowell
and Coleman 1970).

For the process (b) the matrix element is simpler on account of equality of

"masses of all the particles involved. We find

18 18
M = g5t (Jf K, — Kf) 8ete ('% Kf ""'Ki)

| 0 .
X 5 [8,* + 1K (L - 8sin® 6/2)], )

where s, is the inverse Bohr radius of positronium. It is to be noted that we are

using non-relativistic dynamics and as such ignoring spins of electron and positron. .

Using the formula

18 {1l/2 g 512
4 = b —_
gote (D) (5,2 -+ PR’
and the relation K2 = K2 = K? in eq. (7) we obtain
32ms,5 |

M= =
"l (L Ssint 02)P ®)

which is identical to the OBK amplitude for the process under consideration.
For the process (C), the matrix element works out to

32ms® l

m [, o [ M - 3
[s 4 1 (g + 4 sin a/z)) ]

M=

©)

where K? = K2+ K> and cos0=K, K;/ | K | Ki |

As in the two previous cases, this is also identical to the corresponding OBK ampli.
tude.

The mechanism for all the charge transfer processes considered so far is electron
exchange. It may be worthwhile to consider a process which occurs through ionic
exchange. In electron scattering by atoms, apart {from the direct scattering of the

electron the process where the incident ¢lectron is captured and the atomic electron.

ejected must be considered.* This latter process
e+ Ad—A-+e
can be represented by the Feynman diagram given in fgure 2-

It is clear from the diagram that the mechanism for this process is through the
exchange of the ion A¥. The matrix element for this diagram i

* This Jatter process is the only mechanism for inelastic electron scattering.
e+He(l’S)—>He(2*P) + e

by Helium. The direct and exchange amplitudes can be measured individually by spin analysis of

the scattered beam in experiments using polarised electrons on atoms.

Pty
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Figure 2. Feynman diagram for electron-atom scattering e+ A—> 4 + ¢
- through ion exchange.
M": F(Kf, w,; Kf'—"‘K,L, (.U) AF(Kf""K,) W, MA+)
r'K,—K, o; K;, w) : ' (10)
For the particular case of electron scattering by hydrogen where the exchanged
particle is a proton this works out to

_ 327s b 1

M= Fr R T 48 0P f=

m|M (11)

which is somewhat different from the corresponding expression obtained by using
the Born-Oppenheimer approximation (Mott and Massey 1965).

3. Photo-electric effect

‘We shall consider the processes of atomic K-shell photo-electric effect
hv + A — 4T+ ¢ and its inverse, the radiative recombination AT+ e —Av 4 4,
in the non-relativistic approximation, and ignore Coulomb effects. There are two
diagrams for each of these processeshin the lowest order. For the photo-effect
these are represented by figures 3 @ and 3 b.

The matrix elements for these diagrams can be written as
M,=T(p, ogr; p—K ) Ar(p— K, 0 ;m)
%w (»—K; p) . (K), (120)
My=T(p,wy; p—K ) Ar(p—K, 0; Mz+)
an (=K pa (&), (125)

where », (p — K, p) is the charged particle-photon vertex and ¢ (K) is the polarisa-
tion vector of the incident photon. The vertex y,(p — K, p) is given by
(Heitler 1954)

N o
»(p—K, p=e \/ 2’77‘2621) (13)
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(e) (F-K, w) (3a)
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< =
¥ (AD (F-K, w) (3 b)
) (K, w,:) (A*)vcﬁ’, w,)

Figure 3a. Feynman diagram for photo-electric effect hv + A — ¢ + A+ through
electron exchange.

Figure 3 5. Diagram for photo-electric effect through ionic exchange.

Substituting formulas (2) and (3) for I and Ap respectively and formula (13) for

7 in egs. 12 and 125 we: get
8 elic /255Z5/k p.a
1 .
[zzs2 +.( M‘ K) ] (14a)

8retic \/7354’5/Kp ‘a .
MA+[ZZS2+( K) (14.5)

M, =

Mb=

The matrix element M, is identical to the standard Born approximation result
(Heitler 1954). The matrix element M, for tke second diagram is smaller than M,
by a factor of m/M_ + and consequently very small and can therefore be neglected.
It is a recoil effect and represents the extent to which the ion At can te “ pusked
by the photon.

The inverse process of radiative récombination can be represented by diagrams
which are identical to those of figure 3 except that incoming and outgoing particles
are interchanged. Thus the matrix elements are the same as those of the photo-
electric effect, '
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4, Collisional ionisation

We shall consider the ionisation of atoms by electron impact
A+e—At+ e + e,

as well as heavy ion impact
A+ 2Z A+ Z+ e

There are two Feynman diagrams for each of these processes. Figures 4a and 4b
represent ionisation of an atom by electron impact and figures S and 5b represent
ionisation by heavy ion impact.

The matrix elements for the ionisation by electron impact work out to be

’ " M * 4 2
Ma:"—gA““e(K"l"K—‘—Ai‘K)',—I?—iC;K,—P‘ (15-a)
(A) (K,.n) (A" (K+K, wed
v (e) (‘R"QR“'—“R, W)
@© (K, wf)
~ “4 a)

) (K=K, ')

L >
©) (K, i) ® (K, wp)
(A) (K, 0 ) (K7 w’h

— >

A7) ®+K” w)

&t (K'+ K", W)
e (4 b)

(NR-K, w)

3 > —

(e (K, w)) ) (K wh)

Figure 44. Feynman diagram for ionisation of atom by
impact e + A-> A+ 4+ ¢’ + ¢ through electron exchange.

Figure 4 . Diagram for ionisation by electron impact through ionic exchange.

electron
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Figure S5a. Feynman diagram for ionisation of atom by ionic impact

A+ Z—> A%+ e+ Z through electron exchange.

Figure 5b. Diagram for ionisation of atom by ionic impact through ionic
eXchange.

Mb=g44+e(K”+ﬂK 47‘7'8"F(IK“"—K ,“) (15 b)

M, |K—K'2

where Fis the form factor of ion 4+. The matrix elements for ionisation by ionic
impact represented by figures 5a and 5 b can be written as

M e Z f(| K' — K |?
o= gt (4 Y HEUGZKD, s
4 ZF (| K’ — K [ f (K’ — K |)?

where f is the form factor of the ion. The amplitudes (15 b) and (16 b) representing
diagrams (4 b) and (5 b) are smaller in magnitude compared to those of (15 @) and
(16 a) respectively on account of the extra factor F(| K’ — K |2). These diagrams
do not seem to have been considered in earlier treatments of the problem,

e

e Lol
W*%} P
3 .
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5. Discussion and conclusions

The calculations presented in this paper are convincing enough for adoption of
Feynman diagram fechnique for atomic collision processes. There are a large
number of complicated atomic and molecular reactions which can be represented
by very simple Feynman diagrams involving exchange of either an electron or an
ion or an atom. One has only to know the appropriate wave-functions represent-
ing the vertex functions occurring in the diagram to werk out the complete matrix
element. It is our hope that the diagram technique will prove to be a very handy
tool for calculation of atomic and molecular collision processes in physical, chemical,
biological and astrophysical problems.

Appendix
Here we derive the relation

mypy —m
F(pla w1y Doy Wo) = &1g (M)

my -+ My

(o)== )] &

between the vertex function I" and the Fourier transform gy, of the Schrédinger wave
function of the bound state formed by particles 1 and 2. For the very special case
of m; = m, the relation has been mentioned in the paper of Pradhan and Tripathy
(Pradhan and Tripathy 1969). However, the detailed steps have been omitted and
general case of unequal mass particles has not been considered. We have thought
it to be important enough to obtain the relation between I' and g for the unequal
mass case.

The Bethe-Salpeter amplitude for a two particle system is defined by (Schweber
1962) '

ﬁ,)E, a (Xla s Xz’ tz)
= ( 0 ! (‘/J (xl’ tl) '/’ (x2: t2))+“ 25 P, Es a') (AZ)
Its Fourier transform

(P, wp; Py, wy) = f B}’z,)E,a(Xn ty; Xg o)

exp [—-—% B, + Py Xy — ety —otd | @ X, P adods (A9

is related to the vertex function by the equation
(P, wy; Po wy)=iQRupd® (P —P— Py
§ (E— wi— wy) Ax Py, w1, 111) Ar (Pay w3y my)
Py, w1 Py wg), (A4)

where P and E are the C.M. momentum and energy respectively and Ag' s are the
propagators for the particles 1 and 2. Sepa.rating the C.M. motion from the relative
motion in the manner ‘
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o > j .

B(',) E, (X1 L3 X, 1) = b(z: E,a(V’ 1) exp [%(P-X ——Er):l, ~(A9)
where

Xz'mJ.Xz + my Xy T = Mty + Maty

my+my my + my

Y

y=X;—X,, t=t—1 (A6)
we have .

'/’(Pn wy; Py wp)

-» .
= [ 50000 [l P —P)X—(E—wy—u)T

(mupy —mypy) — (my wg — myay) 3 -
ey T z}]d x dydTd, (A7)

which, after integration over X and T becomes

¢(P1’ wy; Py w2):(277)48(3)(P—'P1_P2)

(2) > 4 (mez'—mzP)'-'}:
B(E—w]—wZ)be,Esa(‘y’t)exp[ﬁ{ m1+m21

_(mywy —my wy) s
o T t }:I déy dt. (A8)

‘ -
It can be shown that for P =0, b®) (y, ¢) is related to the Fourier transform 812
of the Schrédinger wave-function*

f(Xl’ Xz) = <0 l ¢ (xl) (xz) I 2’ P = 0, E’ a’): (Ag)
by the equation

o6 0= [ Gn[t0e[far —£0)]

L .
+ 0(—1)exp [ —5 @y —E, t)] 812 (q)] (A10)
Using eq. (A 10) in eq. (A8) it is straightforward to verify that

¢y (Py, wy; Py w2)=i(27r)43(3’(P-—P1—-P2)3(E-——w1‘--wz)

MmePy — mll’z) [ 1 _ 1
5 my + my P2 2my — w; —in D% [2mg — wy — in ] (ALL)

Comparing eqs. (A4) and (All) we obtain the desired relation (Al) between
I and gy,.

* Tt should be noted that whereas Bethe-Salpeter amplitude is the matrix e'ement of fime

ordered product of two field operators, the Schrédinger amplitude is the ordinary product of such
aneratore ) : e
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