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Abstract

Applying certain known theorems about one-dimensional periodic potentials, we show that the

energy spectrum of the associated Lamé potentials
a(a + 1)m sn®(z,m) + b(b+ 1)m cn®(x,m)/dn’(z, m)

consists of a finite number of bound bands followed by a continuum band when both a and b take
integer values. Further, if a and b are unequal integers, we show that there must exist some zero
band-gap states, i.e. doubly degenerate states with the same number of nodes. More generally,
in case a and b are not integers, but either a + b or a — b is an integer (a # b), we again show
that several of the band-gaps vanish due to degeneracy of states with the same number of nodes.
Finally, when either a or b is an integer and the other takes a half-integral value, we obtain exact

analytic solutions for several mid-band states.
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I. Introduction

The energy spectrum of electrons on a lattice is of central importance in condensed matter physics.
In particular, the knowledge of the existence and locations of band edges and band gaps determines
many physical properties. Unfortunately, even in one dimension, there are very few analytically

solvable periodic potential problems in quantum mechanics. The Lamé potential
V(z) =ala+ )m sn(z,m), a=1,2,3,... , (1)

is well-known to be exactly solvable. Here sn(x,m) is a Jacobi elliptic function of real elliptic modulus
parameter m (0 < m < 1) with period 4K (m). For simplicity, from now onward, we will not explicitly
display the modulus parameter m as an argument of Jacobi elliptic functions [g].

Recently, we have vastly extended [f[] the list of known solvable potentials by exploiting two different
directions. Firstly, we have shown that the supersymmetric partners of the Lamé potential constitute
a wide class of new exactly solvable periodic potentials, which are distinctly different from the Lamé
potential of eq. (1) (for a > 1), even though they have the same energy band structure. Secondly, we
have shown [l that the associated Lamé potentials [f]

Cn2 X

V(z) = pm sn’®z + gm —
dn” x

p=ala+1), ¢=bb+1) , (2)

(which constitute a much richer class of periodic potentials) and their supersymmetric partners yield
many additional solvable and quasi-exactly solvable (QES) periodic problems provided a + b and/or
a — b is an integer. Here, like snx, the Jacobi elliptic functions cnz and dnzx also have the same
modulus parameter m which, for notational convenience, is not explicitly displayed. Without any loss
of generality, we shall always consider associated Lamé potentials with p > ¢ []. All associated Lamé
potentials have a period 2K (m), but the special case p = ¢ has a period K(m).

There are several issues which were not addressed in our previous paper [[l], hereafter simply
referred to as I. For example, in the case of the Lamé potential (1), it is well known that there are
a (| @+ 1) bound bands followed by a continuum band when a is a positive (negative) integer [f].
What about the associated Lamé case, especially when both a and b are integers? In particular, for
these cases, are there only a finite number of bound bands followed by a continuum band? What
happens if a and b are not integers but either a + b or a — b are integers? Furthermore, for the Lamé
potential, when a takes half integral values (say a = n+1/2, n =0,1,2,...), then (n + 1) doubly-
degenerate solutions are known [f], ] for the mid-band states (i.e. states with period 8K). Can one

also analytically obtain the mid-band states for the associated Lamé potentials?



The purpose of this paper is to address the issues raised above. In particular, using certain known
theorems about periodic problems in one dimension, we show that even in the associated Lamé case,
there are only a finite number of bound bands followed by a continuum band in case both a and b are
integers. Further, so long as a and b (and hence p, ¢) are unequal integers, then we also show that some
of the band gaps (either of period 2K or 4K) disappear. On the other hand, if a,b are not integers
but either a+b or a — b is an integer (a # b), then in general there are an infinite number of bands out
of which, but for the lowest few, all other band gaps of either period 2K or 4K vanish. Finally, when
a is a half integer and b is an integer, we obtain several exact mid-band states (i.e. states of period
8K).

The plan of this paper is as follows. In Sec. II we describe some known theorems about the number
of band gaps in a periodic potential in one dimension. Using these theorems, we show that if a and
b are integers such that p > ¢ > 0, then the associated Lamé potential has also only a bound bands
followed by a continuum band. Further, if a — b is an even (odd) integer, then there are b doubly
degenerate band edges of period 4K (2K) (i.e. in these cases the corresponding band gaps are zero).
Unfortunately, we are unable to obtain energy eigenstates for any of these 2b states. However, we do
obtain exact expressions for the remaining 2a + 1 band edges. In particular, if a — b is an even (odd)
integer, then one can obtain the energy eigenvalues and eigenfunctions for the a + b+ 1 (a — b) states
of period 2K and a — b (a+ b+ 1) states of period 4K. In Sec. III we discuss the case when both a,b
are half integral and such that p > ¢ > 0. In this case we show that if a — b is an even (odd) integer,
one can obtain exact eigenvalues and eigenfunctions for the b+ 1/2 doubly degenerate states of period
4K (2K) (i.e. in these cases, the corresponding band gaps are zero) as well as a — b nondegenerate
states of the same period. Unfortunately, in this case one is not able to obtain any eigenstates of
period 2K (4K). In Sec. IV we consider the case when a is half-integral (a = k4 1/2) and b is an
integer (b =s, s=0,1,2,.... N, k= N — s) and show that for every possible value of s, one can
obtain exact, doubly-degenerate, k + 1 mid-band states of period 8K . Finally, in the last section we

summarize the results obtained in this paper and point out some open problems.

II. a,b Integral and Finite Number of Bound Bands

Consider the Schrodinger equation for the associated Lamé potential specified in eq. (2) for the



usual case of a particle of mass 1/2 using units with & = 1:

2., (n cn?
_ d;i(z ) + |a(a + 1)msn®(a) + b(b + 1)mm P(z) = E(z) . (3)

Following the procedure described in I, we substitute

(z) = [dna] "y(@) | (4)

yielding

snx cnx

Y (x) + 2bm e Y () 4+ A= (a+b)(a+1—bymsn’®z]y(x) =0 . (5)

On further substituting snx = sint, y(z) = 2(¢), it is easily shown that z(¢) satisfies Ince’s equation

(1 + Acos2t)z”(t) + Bsin2t2'(t) + (C + Dcos2t)z(t) =0, (6)
where
m _(2b—-1)m ~A—(a+bla+1—-bm
A= 2—m’ b= 2—-m ¢= 2—m ’
1—
p - lafl=blatbm o e (7)
2—m

Now several exact results for Ince’s equation are known in the literature. In particular, it is known
that the system satisfying Ince’s eq. (f|) has at most j + 1 band gaps of period 7[27] in case the
polynomial Q(u)[Q* ()] has nonnegative integral roots, the highest of which is j [[]. Here the quadratic
polynomials Q(u) and Q*(u) are given by

Qi) = 2407~ Bu— 2 Q" (1) = 2A(u— 3~ Blu—3) ~ 2

) (5)

On the other hand, if Q(u)[@*(1)] has negative integral roots, the smallest of which is —jg — 1, then
the system satisfying Ince’s eq. () has at most jo + 1 band gaps of period 7[27]. It must be noted
here that in the notation of [ff], the lowest band gap of period 7 always exists and is from F = —oo to
E = Ey, when Ej denotes the energy of the lower edge of the lowest energy band.

Using these theorems it is easily shown [ff] that the Lamé potential (1) has a (] a 4+ 1 |) bound
bands followed by a continuum band in case a is a positive (negative) integer.

Let us now apply these results to the associated Lamé potential (2). We might add here that the

period m[27] for Ince’s equation corresponds to period 2K (m)[4K(m)] in the associated Lamé case



(note snx = sint). On using the expressions for A;B,C,D as given in eq. (ff) it is easily shown that

the roots of Q(u) are at

a+b b—a—1
H1 = 92 , M2 = T ) (9)
while the roots of Q*(u) are at
a+b+1 b—a
* - _ - - * — . 1
H1 9 » M2 9 (10)

These roots are integral if and only if a+b and/or a - b take integer values. In this section we consider
the case when both a and b are integral while in the next section we consider the other possibilities.

When both a and b take integer values then it follows from egs. (f]) and ([[(]) that either the roots
w1 and p3 or the roots o and pj are integral. In particular, it both a and b or odd or even then
the roots p1 and p3 are integral while if one of them is odd and the other even then po and pj are
integral. Thus in both cases, there are only finite number of band gaps of period 7 and 27 ( and hence
of periods 2K and 4K for the associated Lamé potential (2)). Hence it follows that when both a and
b take integer values, then there are only a finite number of bound bands followed by a continuous
band.

In fact, as we show now, these theorems when supplemented with the exact results obtained in I
(see Table III of I) tell us quite a lot about the nature of band structure in these cases. We consider
the two cases of a — b being odd or even integer separately.

(i) a — b = odd integer:

From eq. (f]) it then follows that there are at most “‘—SH number of band gaps of period 2K. An
examination of the few explicit cases confirms the fact that there are indeed so many band gaps (and
not less) of period 2K. This implies that in this case there are only a—b number of nondegenerate states
of period 2K. Quite remarkably, all these a — b states are QES states. In particular, the solution for
these states can be obtained from Table III of I in case p = a(a+1) while ¢ = [a—(a—b—1)][a— (a—b)].

On the other hand, from eq. ([[0), it follows that in case a — b is an odd integer, then there are

a+b+3
2

at most number of band gaps of period 4K. However, specific examples show that there are

in fact only Lg“ number of band gaps. This also follows from eq. ([() in case we take a > 0 but

instead of b take —b — 1 (note that ¢ is invariant under b — —b — 1). We see that p3 has an integral

_atbtl atb+1
2 2

root at and hence there are at most number of band gaps i.e. a + b+ 1 number of
nondegenerate states of period 4K . Again all these are QES states, the solution for which is obtained

from Table IIT of I 'in case p =a(a+1),¢ = [a — (a+ b)][a — (a + b+ 1)].



a+b+1
2

Thus we see that when a — b is an odd integer then there are band gaps of period 4K but

only “‘Tbﬂ band gaps of period 2K and the corresponding band edges are known in principle from
Table III of I. However, since the band edge wavefunctions arranged in order of increasing energy are
of period 2K,4K,4K,2K,2K, ..., hence it follows that in this case there must also be b band gaps of
period 2K which must be of zero width i.e., there must be b doubly degenerate states of period 2K.
Unfortunately, so far, we have not been able to obtain either the eigenvalues or the eigenfunctions of
even one of these states. Thus in this case there are in all a bound bands followed by a continuum
band out of which the top b bound bands are a bit unusual in that both of their band edges have
period 4K and two degenerate states of period 2K lie inside each of these bound bands.

As an illustration, consider the case of p = 12,q = 6, i.e. a = 3,b = 2. From the above discussion

it follows that there must be 1 QES band edge of period 2K which is the ground state. Using Table

IIT of 1, it is easily seen that the eigenvalue and the eigenfunction of this state is
¢0:dn3:17, E0:9m. (11)

In addition, there must be 6 nondegenerate QES band edges of period 4K and the eigenvalues and
eigenfunctions for these six states are easily obtained. In particular, it is easily shown that three of

the eigenstates have the form

cnx
dn? x

Y169 = [A+ Bsn?z + Dsn* ], (12)

and the corresponding three eigenvalues E g 9 satisfy the cubic equation
N 48 —m)AN +48(4 +m)A —576m =0, E=X+1+4m . (13)

The other three eigenstates have the form

SN xr
Ig] ]

- [A + Bsn?z + Dsn 2] | (14)

and the corresponding three eigenvalues Es 5 19 satisfy the cubic equation
2N —8(4+m)A2 +48(4 +Tm)A —576m(3+m) =0, E=X+1+m. (15)

In view of the oscillation theorem, it is then clear that there must be a pair of doubly degenerate states
(13.4) and (¢p7g) of period 2K whose energy must go to 4(14) and 16(17) respectively as m — 0(1).

Thus whereas four states 13 3 45 must merge at &/ = 14 as m — 1 the other four states 1759 must



merge at £ = 17 as m — 1. Thus, as shown in Fig. 1, in this case there are three bound bands
followed by a continuum band. The two upper-most bound bands have both of their band edges of
period 4K and in between are the pair of doubly degenerate states 134 and 17 g of period 2K whose
energy eigenvalues and eigenfunctions are not known analytically. We have therefore computed these

energy eigenvalues numerically and these are shown by the dotted lines in the figure.
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Figure 1: Band edge energies for the associated Lamé potential (12,6) as a function of the elliptic
modulus parameter m. The band edges are labelled by the number of wave function nodes in the
interval 2K (m). Note that the band gap between the two states with 2 nodes as well as with four
nodes is zero, that is F3 = E4 and E7 = Eg. The energy eigenvalues of these degenerate states have

been calculated numerically and is shown by dotted lines.

As another illustration, consider the case of p = 6,¢ = 2, i.e. a = 2,b = 1. From the above
discussion it follows that in this case there must be 1 QES band edge of period 2K and 4 QES band
edges of period 4K and interestingly enough the eigenvalues and eigenfunctions for these five states
were already given in the Table IV of I. Further, as stated in I, two states of period 2K must also be
present but so far we are unable to obtain these states analytically. However, what was not clear at

that time was that the two states of period 2K must be degenerate and whose energy goes to 4 (7) as



m — 0 (1) so that as m — 1, four of the states 12 3 4 5 must merge at £ = 7. Besides, it was also not
clear then that in this case there are only two bound bands followed by a continuum band and that
the upper band is a bit unusual in that both of its band edges are of period 4K and inside the band
there are two degenerate states of period 2K.

(ii) @ — b = even integer:

From eq. (f]), it follows that in this case there are at most %b” band gaps of period 2K . Explicit
examples confirm that this is indeed so. Hence, in this case one has a+ b+ 1 number of nondegenerate
states. Quite remarkably, all these are QES states for which solution can be obtained from Table III
of Iwhenp=a(a+1),g=[a— (a+Db)][la—(a+b+1)].

On the other hand, from eq. ([[0), it follows that there are at most aT_b band gaps of period
4K and hence a — b number of nondegenerate states of period 4K. Specific examples confirm the
expectation. These are all QES states which can be obtained from Table IIT of T in case p = a(a+1),q =
[a—(a=Db)]la—(a—b-1)].

%b” band gaps of

Thus when a — b is an even integer (with both a,b integer), then there are
period 2K but only “T_b band gaps of period 4K and in principle the corresponding band edges are
all analytically known from Table III of I. In view of the fact that the band edge wave functions in
increasing order of energy are of period 2K,4K,4K,2K, 2K, ..., it then follows that in this case too
there must be b zero band gaps of period 4K i.e. there must be b doubly degenerate states of period
4K. Unfortunately, so far, we have not been able to obtain analytic solution for even one of these
(2b) states. Thus in this case also there are in all a bound bands followed by a continuum band out
of which the top b bound bands are again bit unusual in that both of their band edges are of period
2K and two degenerate states of period 4K lie inside each of these bound bands.

As an illustration, consider the case of p = 12,q = 2 i.e. a = 3,b = 1. As described in I, this
potential is oscillatory for m < %, but has interesting structure coming from secondary extrema for
m > %. From the above discussion it follows that the (12,2) potential must have 2 nondegenerate QES
states of period 4K . Using Table III of I, it is easily seen that the eigenvalues and the eigenfunctions

of these states is given by

Yy =cnx dn’z, Ey=1+4m , (16)
Yy =snz dn’z, FEy=1+9m . (17)

In addition there must be 5 nondegenerate states of period 2K whose eigenvalues and eigenfunctions



are easily obtained from Table III of I. In particular, the eigenvalues and the eigenfunctions of two of

the states are
SnT cnT

dnx
where 67 = V9 — 9m + m?2. On the other hand, the remaining three eigenstates have the form

Vg3 = [5msn®z —3 —m+67], Egs=10+2m + 257, (18)

1
Poa7=—[A+ Bsn? x + Dsn’ 2] | (19)
dnz
and the three corresponding eigenvalues Ejy 4 7 satisfy the cubic equation (see egs. (39) and (40) of I)
N —4(2m +5)A2 +16(4 + 11m)A —192m(2+m) =0, E=X+m. (20)

In view of the oscillation theorem, it is then clear that there must also be two degenerate states (15)
of period 4K whose energy tends to 9(13) as m — 0(1) so that the four states 14567 must merge at
E = 13 as m — 1. Thus, as shown in Fig. 2, in this case, there are three bound bands followed by a
continuum band. Further, the upper-most bound band has both of its band edges of period 2K and
in between are the two degenerate states of period 4K whose energy eigenvalue and eigenfunctions
are not known analytically. We have computed the degenerate energy eigenvalue numerically and it
is shown by a dotted line in Fig. 2.

What happens if a = b with both being integer? In this case the associated Lamé potential has
period K (m) rather than 2K (m) and hence the results from Ince’s equation are not directly applicable.
However, as has been shown in I for a = b = 1,2 ( and also explicitly verified for a = b = 3,4), in this
case there are a bound bands followed by a continuum band and 2a + 1 band edges all of which are
in principle explicitly known from Table III of I. Further, in this case, there are no band gaps of zero

width.

ITI. a,b Half Integral and Infinite Number of Band Gaps of Zero Width

Let us now specialize to the case when both a and b are half-integral such that p > ¢ > 0. From
egs. (A) and ([IQ) it is clear that in this case either the roots y1 and s or u} and pj are integral but not
the both. In particular, if a — b is an odd integer, then both the roots p; and p9 are integral while pj
and p5 are not integral while if @ — b is an even integer, then the roots ] and p3 are integral while pq
and po are not integral. Thus it follows that unlike the integral a, b case, here one will in general have
infinite number of bands but only finite number of band gaps of either period 2K or 4K depending

on whether a — b is an odd or an even integer. As before, let us discuss the two cases separately.
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Figure 2: Band edge energies for the associated Lamé potential (12,2) as a function of the elliptic
modulus parameter m. The band edges are labelled by the number of wave function nodes in the
interval 2K (m). Note that the band gap between the two states with 3 nodes is zero. The energy
eigenvalue E5 = FEjg of these degenerate states has been calculated numerically and is shown by a

dotted line.

(i) a — b = odd integer:

From eqgs. (P) and ([[Q) it follows that in this case both u; and usg are integral while uf and 1}
are half integral. Thus in this case, there will be infinite number of band gaps of period 4K but at
most %b” band gaps of period 2K. However, a study of several explicit examples show that there

are in fact only a—l27+1 number of band gaps of period 2K and hence there are only a — b number of

nondegenerate states of period 2K and all these are QES states. However, using Table III of I it is
easily shown that in this case there are in fact a+b+1 QES states of period 2K. This then implies
that the remaining 2b 4+ 1 QES states must correspond to doubly degenerate eigenstates of period 2K
i.e. in this case there are b + % doubly degenerate QES states of period 2K, each of which is lying
inside a band. It is interesting to note that whereas when both a and b are integers, then one does not

have analytic expression for even one doubly degenerate state, when both a,b are half integral, energy

10



eigenvalues and eigenfunctions are known in principle from Table III of I for b+ % doubly degenerate
QES states.

Summarizing, when a - b is an odd integer, then there are infinite number of bands out of which
except for the lowest a — b bands, the rest are rather unusual in that both of their band edges have
period 4K and two degenerate states of period 2K reside inside each of these bands.

As an illustration, consider the case of p = %,q = 3/4 ie. a =3/2,b = 1/2. From the above
discussion, it follows that in this case one must have one nondegenerate and one doubly degenerate
QES state of period 2K . Using Table III of I it is easily seen that the eigenvalue and the eigenfunction
for the nondegenerate state is given by

o =dn*?z, Eo= QTm ) (21)

while the energy eigenvalue and the corresponding two degenerate eigenfunctions are given by

SnT cnx s = [2sn? 2 — 1]
a2z 7T an'?a

Note that in this case, out of the infinite number of bands, except for the lowest band, all other bands

m

Py = 1

R E374 =4+ (22)

have both of their band edges of period 4K.

Another case, already discussed in I (see Table VII) is when p = &,g =3/41e. a = 7/2, b=1/2.
As shown there, in this case one has three nondegenerate QES states of period 2K and one doubly
degenerate level of the same period. Further, in this case, but for the lowest three bands, all other
bands have both of their band edges of period 4K.

(ii) @ — b = even integer:

From eqs. () and ([Ld) it follows that in this case both % and p} are integral while 1 and g are
half integral. Hence, in this case there will be infinite number of band gaps of period 2K but at most
%b“ number of band gaps of period 4K. However, a study of several explicit examples reveals that
in this case there are only “T_b number of band gaps and hence a - b number of nondegenerate QES
states of period 4K. However, using Table III of I it is easily shown that in this case there are in fact
a+b—+1 number of QES states of period 4K . This implies that in addition to the a - b nondegenerate
QES states, there must also be 2b+1 QES degenerate states of period 4K i.e. in this case also there
are b+ 1/2 doubly degenerate QES states of period 4K, each of which is lying inside a band.

Thus, in this case too, there are an infinite number of bands out of which except for the lowest

a - b bands, the rest are rather unusual in that both of their band edges are of period 2K and two

degenerate states of period 4K reside inside each of these bands.

11



As an illustration, consider the case of p = 3745, g=3/41ie. a=5/2,b=1/2. In view of the above
discussion, we expect two nondegenerate and one doubly degenerate QES states of period 4K . Using

Table III of I it is easily shown that the energy eigenstates for the two nondegenerate states are

Im

wlzcnxdn?’px,El:l—i-T, (23)
25
wgzsnxdn3/2x,E2:1+Tm, (24)
while for the two degenerate states one has
_cnz (dsn?z —1) _ snz (4sn’z — 3) B m

Thus, in this case, (out of the infinite number of bands) except for the two lowest bands, all other
bands are a bit unusual in that both of their band edge eigenfunctions are of period 2K.

We thus have seen that for half integral a,b with a > b, one has a — b nondegenerate and b + %
doubly degenerate QES states of period 2K or 4K depending on whether a — b is an odd or an even
integer. Thus for b = 1/2,3/2,...(a > b), we expect 1,2,... doubly degenerate QES states. We now
show that the energy eigenvalues of these doubly degenerate states can be easily obtained analytically
in case b = 1/2 or 3/2 and a being arbitrary half integer (with a > b). In particular, if we start with

the ansatz
N+1

yi(x) = Z Ay, sn®* x| (26)
k=0

then on substituting it in the associated Lamé eq. (f]) and equating coefficient of terms with sn?V+4 »

2N+2

and sn x we find that in case a = 2N + 3/2,b = 1/2 then the corresponding energy eigenvalue is

E=(2N+2?%4+m/4, N=0,1,2,... . (27)
In fact E as given by eq. (R7) is also the energy eigenvalue in case we start with the ansatz

N
yao(z) = Z Apsn* gz ena | (28)
k=0

and substitute it in eq. (f). As expected, the results given in eq. (B9) agree with these given above in
case N = 0 while for N = 1 our results agree with those given in Table VII of .
Similarly, it is easily shown that in case a = 2N +5/2,b = 1/2 then the degenerate eigenvalue and

the corresponding eigenfunctions are
E=(2N+3)?+m/4, N=0,1,2,..., (29)

12



N+1 N+1

yi(x) = Z Apsn® e oyy(x) = Z Bienz sn?* z . (30)
k=0 k=0

For the special case of N = 0, our results agree with those given in eq. (@)

On the other hand, for b = 3/2 and a = 2N + 5/2, the two degenerate energy eigenvalues are

5
E:4N2+12N—|—10—|—ij:\/(4N+6)2—(4N+6)2m—|—m2, N=012,.., (31)

while the corresponding eigenfunctions are of the form

N+2 N+1
yi(x) = Z Apsn® x| yo(z) = Z Brenz sn?tl g (32)
k=0 k=0

However, for b = 3/2 and a = 2N + 7/2 , the two degenerate energy eigenvalues are

E:4N2+16N+17+5Tmi\/16(N+2)2—16(N+2)2m+m2, N=012.., (33

while the corresponding degenerate eigenfunctions are of the form

N+2 N+2
y1(x) = Z Apsnaz? L yp(z) = Z Breng sn?f (34)
k=0 k=0

It is worth adding that in case b = —1/2(a > b), one obtains a + 3 nondegenerate QES states of
period 2K (4K) depending on if a + % is an odd or an even integer. Note that when b = —1/2 then
g = —1/4 while p > 0. As an illustration, consider a = 5/2,b = —1/2 i.e. p =35/4,q = —1/4. In
this case we have 3 QES states of period 2K whose energy eigenvalues and eigenfunctions are easily
obtained from Table IIT of I when ¢ = (a — 2)(a — 3) and of course p = a(a + 1).

Finally, let us discuss the case when a, b are neither integral nor half integral but are such that
either a + b or a — b is an integer. It is easily seen from eqs. () and ([[() that if either a + b = 2N
or a —b = 2N + 1 then there are at most N 4+ 1 band gaps of period 2K while if a — b = 2N or
a—+b= 2N —1 then there are at most IV band gaps of period 4K . Further, from Table III of I we find
that when either a + b= 2N or a — b = 2N + 1 then there are precisely 2N 4+ 1 QES states of period
2K while if a +b=2N — 1 or a — b = 2N then there are precisely 2N QES states of period 4K and

all these are nondegenerate states.

IV. Mid-Band States
For the Lamé potential, the majority of results are for integral a (and hence p). However, for

half-integral values of a, analytic expressions for a + % mid-band states (of period 8K) have been
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obtained [{]. In particular, it is known that if a = 2N + %, there are 2N 4+ 1 mid-band states of the
form (N =0,1,2,...)
Y(z) = Vdnz +cenzx u(z) , (35)

where
N N-1
u(z) = Z Apsn?* z + Z By cnz dnz sn®* x| (36)
k=0 k=0

while if a = 2N + 2, then there are 2N + 2 states of the form (B5) but where (N =0,1,2,...)

N N
u(z) =dnz Z Ay sn? g 4 enz Z By, sn* . (37)
k=0 k=0

Further, since the Lamé equation is invariant under  — x + 2K (m), it follows that in each case one
obtains another solution with the same energy by changing cnz to —cnx.

In this section we show that the associated Lamé potential (2) also has a similar form of mid-
band solutions (of period 8K) in case a is half integral while b takes integral values. In particular, if
a=k+ %, b = s while k = 2N with N, k, s being nonnegative integers, then for a given k, one obtains
k 4+ 1 doubly degenerate solutions for every possible (non-negative integral) value of s. Further, in
this case too, all solutions are also doubly degenerate since the associated Lamé equation is invariant
under cnx — —cnx.

We begin by substituting the ansatz

y(z) =vVdnz+cnz z(x) , (38)
into eq. (). We find that z(z) satisfies the equation

snx dnzz”(z) + [2bmsn®z cnz — dnz + cnz dn® z]2/ ()

+[Asnz dnz — rmsn® z dnx — bmenz snx + bmen? z snz dnxz(z) =0 | (39)
where
>\1:/\—1+Tm,r:(a—i—l—b)(a+b)—3/4. (40)

Not surprisingly, z(z) = constant is a solution with energy £ =1+ 2 (note E = X + mb*) provided
b=0and a =1/2ie p=3/4,q=0. Following the discussion given above, we try the ansatz (B7)
with N =0, i.e.

2(z) = Adnx + Benz (41)
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in eq. (BY). It is easily shown that there are two possible solutions in this case

(i)b=0,a=3/2:

Y(z) = [dnz — (1 —m=V1-m+m2)cenz] Vdnz +enz , E= Z(l—i—m)j: VI—m+m?. (42)

(i) b=1a=1/2:

2
P(x)=[1—- d(zl;]\/dnzn—l—cnx , B = 9+Tm . (43)

Several comments are in order at this stage.

1. On making use of the fact that as m — 0,dnx — 1 while cnx — cos x it is easily shown that

in case b = 0,a = 3/2, the two solutions go over to cos § and cos 3793 with energies % and 9/4
respectively. On the other hand, as m — 1, the two states go over to the ground and excited

states of the potential V = % tanh? z with eigenvalues % and 7/2 respectively.

2. On the other hand, as m — 0 the solution with b = 1 and a = 1/2 goes over to cos 3793 with
energy % while as m — 1, it goes over to the ground state of the potential V = %tanh2 T+ 2

with energy eigenvalue %

3. Degenerate solutions are obtained in all these cases by changing cnx to -cnx, and as m — 0

these go over to sin 5 or sin 37”6 as the case may be.

One can now immediately generalize to the general ansatz (B7) and show that for a given N, if
a=k+1/2andb=swithk=2N+1—-s (N =0,1,2,...) then k£ + 1 doubly degenerate eigenvalues
and eigenfunctions can be obtained for every possible nonnegative s. For example, let us consider the

ansatz (B7) with N =1, i.e.
z(x) =dnz [Ag + Aysn®z] + cnx [By + Bisn? z] . (44)

After substituting this ansatz in eq. (B9) and performing lengthy algebraic manipulations, it is easily
shown that there are four possible solutions in this case.
(i)b=0,a=7/2:

As is well known [[l], in this case Ay = F — HT’” satisfies a quartic equation
A —20(14+m) A3 4+18(6+19m+-6m?) A2 —36(44-39m+39m> +4m3) A +135m(84+-23m+8m?) = 0, (45)
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all of whose roots are real and that as m — 0 the solutions go over to cos g, cos 329” , COS 529” , COS %x with

energies %, %, % and % respectively.
(i) b=1,a=5/2:

In this case A\; can be shown to satisfy the cubic equation (note E = A + HTm + mb?)
A — (5m + 14)AF + (24 + 88m — m*) Ay + 5m> — 98m? — 96m =0, (46)

whose all three roots are real for any m (0 < m < 1). As m — 0, we find that the solutions go over
to cos £, cos 32, cos I with energies 1/4, 9/4, 49/4 respectively.

(i) b=2,a =3/2:

In this case there are two solutions with the corresponding energies being

2
E:%iw%—%mﬂnﬁ (47)

Note that as m — 0 the two energies go over to % and % and the corresponding solutions go over to

cos =X 35” and cos £

(iv)b=3,a=1/2:

79” respectively.

In this case there is only one solution given by

Y= (dnx[l - (4_3m)sn2x] - gcnx [1— (2 —m)sn? x]>\/de+cn$ 49Im . (48)

7x 49

It is easily checked that as m — 0 the solution goes over to cos 5 and the corresponding energy is

On the other hand if a = k + %,b =sand k = 2N —s (N =0,1,2,...) then we start with the
ansatz (B) and obtain k 4+ 1 (doubly degenerate) eigenvalues and eigenfunctions for every possible
nonnegative s. For N = 0, the only possibility is of course a = 1/2,b = 0 and in this case the solution

is already well known []. For N = 1 we start with the ansatz,
2(x) = Ag+ Ay sn’z + By ecnz dnzx . (49)

On substituting this ansatz in eq. (BY), after lengthy but straightforward algebraic manipulations, we
find the following three solutions:
(i) b=0,a=5/2:

E — 1+m

As is well known [[l], in this case A\; = ™ satisfies a cubic equation

A — 8(1 +m)A? +4(3 + 13m + 3m?) A — 48m(1 +m) =0, (50)
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all of whose roots are real and as m — 0, the solutions go over to cos g, cos 3%”,cos %x with energies

9 25 .
, 7 and P respectively.

(i) b=1,a=3/2:

ST,

In this case there are two solutions with the corresponding energies being

1
B=BE S om e (51)

4

Note that as m — 0 the energies go over to % and % while the corresponding solutions go over to
cosy and cos 52—”0 respectively.
(i) b=2,a=1/2:

In this case there is only one solution

4 — 2 2
Y =+dnz + cnzx 1—( 3m)sn2x—§cnwdnw , B = 5Im7 (52)

As m — 0 the solution goes over to cos 57”0 with energy 25/4.

Before closing this section it is worth pointing out that the mid-band states have already been
obtained in I in case a = b = N+ 1/2,(N = 0,1,2,...). In particular, it may be noted that when
a = b, then the associated Lamé potential has period K rather than 2K and hence the band edges
will be of period K and 2K while the mid-band states will be of period 4K. Now if one looks at the
Table IIT of I then one notices that if a = b= N + 1/2, then there are N + 1 doubly degenerate QES
states of period 4K which are obtained in principle from the Table III of I in case a = N + 1/2 and
qg=1[a—(N+1)][a—(N+2)]. For example, for N = 0, i.e. for p = ¢ = 3/4, the doubly degenerate
mid-band states are

cnx snx

m
wl_@7¢2_m7E_l+Z' (53)

On the other hand, for N = 1 the pair of doubly degenerate mid-band states are

cnz(4 —m — 2sn’ x) snz(4 — 2sn’ x) 9m
Tzz)l dn3/2 N ) ¢2 dn3/2 N ) + 4 ( )
enz sn?x snz(2sn’x — 1) m

V. Conclusion and Open Problems:
In this paper we have clarified several issues regarding the associated Lamé potential. In particular,

we have shown that when both a,b are integers then just like Lamé, the associated Lamé potential is
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also a finite band problem. The only difference from the Lamé case arises when a # b - in that case
one has some bands with both band edges of the same period. We have also seen that when both a,b
take half integral but unequal values then one has a genuine QES problem and band edges of either
period 2K or 4K are known, but not both. We have also shown that in this case, but for the few low
lying bands, all other bands have both of their band edges of the same period (2K or 4K). Finally,
when a is a half integer and b is an integer, we can obtain several mid-band states.

It would be nice if one could (i) say something concrete about the band structure when a,b are
neither integral or half integral; (ii) derive dispersion relations for at least some of the finite band
associated Lamé problems; (iii) obtain the band edges of the associated Lamé problem algebraically,

analogous to the Lamé potential. We hope to address some of these issues in the near future.
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