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BOUNDARY LAYERS IN APPROXIMATE SOLUTIONS

K. T. JOSEPH

Abstract. In this paper we study the development of boundary layers in para-

bolic approximate solutions of the initial boundary value problem for linear

strictly hyperbolic systems of equations in one space variable. We also analyse

the boundary layer behaviour.

1. Introduction

Let D = {(x,t): 0 < x < l,t > 0} and let A(x,t) be a smooth mx m

matrix which has m real distinct eigenvalues, k of them negative and (m-k)

of them positive:

A, (x, t) < X2(x ,t)<---<Xk(x,t)<0< Xk+X(x ,t)<---<Xm(x,t).

Let r,(x,t) be a right eigenvector and l,(x,t) a left eigenvector corresponding

to X(x ,t).

It is well known (see Courant-Hilbert [3]) that a well-posed problem in D

for the strictly hyperbolic system

(1.1) ut + A(x,t)ux = 0,

where u e Rm , is to prescribe u(x ,0) = u0(x), I,(0,t)u(0,t), j = k + 1,

...,w,and lj(l,t)u(l,t), j= l,2,...,k.

The corresponding parabolic problem is

(1.2) uEl+A(x,t)uEx = euExx,

(1.3) u(x,0) = u0(x),

(IA) ue(0,t) = ux(t),

(1.5) ue(l,t) = u2(t),

where the data are compatible at the corners. Existence, uniqueness and smooth-

ness of ue are known (see A. Friedman [4]).

In §2 we study the limit as e tends to zero in (1.2). Since more boundary

conditions are prescribed for parabolic equations than for hyperbolic equations,

some boundary conditions get lost in the passage e-»0. This loss manifests
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itself in the region of rapid change near x = 0 and near x = 1, called the

boundary layer. Such problems, usually called in the literature singular pertur-

bation problems, have been described by Lyusternik and Viski [6] for linear

ode's and linear scalar elliptic equations, and by Bardos and Rauch [2] and Bar-

dos, Brezis, Brezis [ 1 ] for maximal positive symmetric operators. In [2] Bardos

and Rauch remark that one can prove Hs convergence, s < \ for parabolic

systems, even in several space variables using the same ideas but with some

extra arguments.

Here we consider the case of one space variable and get results in the max-

imum norm. Our approach is different from Bardos and Rauch; we construct

boundary layer functions near the boundaries and derive careful energy esti-

mates to get uniform convergence. The construction of the boundary layer

function is classical, at least in the scalar elliptic case and ode's (see Lyusternik

and Visik [6]).

Before taking up the general case, we give two typical and simple examples

illustrating possible loss of boundary conditions.

Example 1. Consider the following problem in x > 0, t > 0.

U] + Ux = eUxx>    u(x,0) = 0,    u(0,t) = ub(t),

ub(t) is smooth and compatible: ub(0) = 0. When e = 0, the problem is

u°t+u°x = 0,    u°(x,0) = 0,    u\0,t) = ub(t).

Set ee(x, t) = ue(x, t) - u°(x, t), then ee(x, t) solves the following:

£    ,        £ ,0
e, + ex = Eexx + EUxx >

ee(x,0) = 0,    ee(0,t) = 0.

Let

k=    sup   \uxx(x,t)\.
x>0t>o

From the maximum principle for parabolic equations we conclude that

\ee(x,t)\<ekT   forO<t<T,

with shows that
ee(x, t) = u(x ,t) -u (x,t)—*0,

uniformly in;t>0,0</<70

Example 2. Now we consider the following problem in x > 0, t > 0.

(*) ut,-ux = euxx>       u(x,0) = 0,    u\0,t) = ub(t),

ub(t) is smooth and compatible:  ub(0) = 0. When e = 0, the problem is

o      o     „        o,     „,     n
ut - ux = 0,    u (x, 0) = 0,

and no boundary conditions are needed. In fact u (x, t) = 0, as is seen by the

method of characteristics.
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For (*) we can get a closed form solution; set

u = e   ' v (x, t),

then from (*) we obtain vt = evxx , v(x,0) = 0, v(0,t) = ub(t)et/4e, whose

solution is

v{x,t) = ~ftds\r ey
V71 Jo        \Jx/2y/ë{t-s)

dy (es/4cu.(s))ds.

Hence

I, .. 2       —xllt-
u(x,t) = -y=e

sjTt
,,4e\ub(t)r     e~y2dy

Jx/2y/it

■t    rooaJO  Jx/

j/4e
- /   / e y dyds(e'ub(s))ds

Ixßy/eit-s)

from which it is clear that

lim   sup   \u (x,t)\ = 0,

o<z<r

for each ô > 0.

Notice that in the first example uE(x,t) preserves the boundary condition

and in the second example ue(x,t) loses the boundary condition as e —► 0.

Now we consider the general case.

2. Result for linear systems

Let u = (ux, ... ,um) e Rm . We use the following notations:

(")* = uk '

NI = (Jr>|2¿*)1/2.

Let ue(x,t) be the solution of (1.2), (1.3), (1.4) and (1.5), and let u°(x,t)

be the solution of ( 1.1 ) with initial and boundary conditions

(1.3)'

(1.4)'

(1.5)' lj(l,t)uv(l,t) = lj(l,t)u2(t),       j=l,2,...,k.

Let B = B(x,t,e) be a function with the following properties,

u (x,t) = u0(x),

/y.(0,r)M°(0,í) = /y(0,r)«,(í),       j = k+ 1,... ,m,

0/

(2.1)

(2.2)

B(0,t,e) = uAt)-u(0,t),

B(l,t,e) = u2(t)-u(l,t),

(2.3)    B(x,t,e) = T(x,t)i[p0£,t)+epx(±,t)}<px(x)

«o(^— '*)+e*i yLT''t) ^{X)}
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where T(x,t) = (rx(x,t), ... ,rm(x,t)), the matrix whose 7'th column is the

right eigenvector of A corresponding to A .

M0,t)y

(2.4)0 p0(y,t) = M0(t)

(2.4),

(2.5),

,h(0,t)y

0

px(y,t) = cx(t) + Mx(t)

M0,t)y

M°¿)y

0

+ yM2(t)

0
h(0,t)y

Ak(0,t)y

0
+ y mm)

Ad°<<)y

M°>')y

0

(2.5)0 q0(y,t) = N0(t)
0

Ak+iii.t)y

Jmd,t)y

qx(y,t) = dx(t) + Nx(t)
0

Jk+i(i,t)y

km(l,t)y

AyNJt)
0

Ak+dUt)y

Am(\,t)y

+ y NJt)
0

A+,(i,0r

Jn,(\,t)y

cx(t) and dx(t) are smooth vectors, and M,(t) and N,(t) are smooth matrices

which depend only on t and are constructed in the proof of Lemma 1.  <t>x(x)
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<Px(x) = i

(2.5),

and <j>2(x) are C°° cut off functions in [0,1]:

1   in 0 < x < Ô/2,

0   in Ô < x < 1,

0   in 0 < x < 1 - <J,

ô/2<x< 1.

We prove the following

Theorem.

f 0   inO
w =  11t 1    in 1

sup   \u (x ,t) -u (x ,t) - B(x ,t ,e)\ < ce     ,
0<x<l
o<i<r

where c depends only on T.
F 0

Remark. From the above theorem it follows that u (x ,t) —► u (x, t) uniformly

in Ds, T = {(x ,t: S' < x < I - a', 0 < t < T} for each ô' > 0, T > 0, and

in the limit ue(x,t) preserves the boundary condition at x = 0, P+ux(t) and

at x= 1, P~u2(t).

The proof of this theorem follows from two lemmas. Denote by

T(x,t) = (rx(x,t), ... ,rm(x,t))

the matrix whose 7th column is r (x, t), the right eigenvalue of A . Then

A(x, t)T(x, t) = T(x, t)D(x, t)

where

D(x,t) = diag(Xx(x, ?),..., Xm(x,t))

is the diagonal matrix whose y'th diagonal entry is A,(x, t). Set

(2.6) u = Tv,    ut = Ttv + Tvt,    ux = Txv + Tvx,

u    = T  v + 2T v  + Tv    ,
xx xx xx xx '

so that from (1.2) we get vt = LEv , where

Lev = evxx + (eP - D)vx + (R + eQ)v ,

P = P(x,t) = 2T~XTx,
(2.7) ^     ni ,

Q = Q(x,t) = T  'Tx

R = R(x,t) = -T~XATx-T~lTr

XX ■

,1 ._      _-l,

Denote

vx(t) = T~x(0,t)ux(t),    v2(t) = T~X(l,t)u2(t),    v0(x) = T-x(x,0)u0(x).

Define vc = T~ u ; then for v = ve the problem becomes

(2.8) v',=Ltv',

(2.9) ve(x,0) = v0(x),

(2.10) ve(0,t) = vx(t),

(2.11) v£(l,t) = v2(t).



714 K. T. JOSEPH

The problem for u , in v coordinates, becomes

(2.8)' t>,0 = V°>

(2.9' v°(x,0) = v0(x),

(2.10)' (»°(0,0)y = (»!«),.       / = fc+l,...,m,

(2.11)' (t>°(l,')), = (*>2W),-,       / = l,2,...,fc.

We first prove the following

Lemma 1. There exist functions be(x,t), g(x,t,e) and k(x,e) suchthat

(2.12) b£ = L£be + eg(x,t,e).

be(x,t) is of the form

be(x, t) = [p0(x/e, t) + epx (x/e, t)]<px (x)

+ [q0((x-l)/e,t) + eqx((x-l)/e,t)]<f>2(x),

where p0, p,, e0, q, 4>x and <f>2 are as in (2.4)0, (2.4),, (2.5)0, (2.5), and

(2.5)3 respectively.

be(0,t) = ve(0,t)-v°(0,t),

(2-13) be(l,t) = vE(l,t)-v°(l,t),

be(x ,0) = ezc(jt,e).

With c depending only on T,

(2.14) sup ||*(x,f,e)||<c,
o<i<r

(2.15) sup  \\gt(x,t,e)\\<c,
0<1<T

„.,, \\dxk(x,e)f<cex-2k,       k=l,2,
(2.16)

||A:(x,e)||2<c.

Proof. Expanding the coefficient of the differential operator L£ in powers of x

near x = 0, we get

P(x,t) = P(0,t) + xPx(x,t),

(2.17) R(x,t) = R(0,t) + xRx(x,t),

X,(x, t) = A,(0, t) + xX',(0, t) + x2XiX (x,t),

where Px(x,t) and Rx(x,t) are smooth matrices, and XjX is a smooth function.

Set

(2.18) ~e=y,    dx = \dy.

We seek bc(x, t) near x = 0 in the form

be(x, t) = p0(x/e, t) + ep, (x/e, t) = p(x/s, t).
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In the y variable we get from (2.2), (2.6) and (2.7),

(L£ - dt)p(y, t) = j2pyy + e-[P(0, t) + eyPx (sy, t)]py

(2'19) -±[D(0,t) + eyD'(0,t) + e2y2Dx(ey,t)]py

+ eQ(ey,t)p + [R(0,t) + eyRx(ey,t)]p-pt

where

D'(0, t) = diag[¿\A, (x ,t),..., dxXm(x ,t)]   at x = 0,

and Dx(z,t) is a smooth diagonal matrix. Rewriting (2.19), we get

(Le-dt)p= (jLx+L2 + eL^p

where

Lxp=pyy-D(0,t)py,

(2.20)        L2p = [P(0, t) - yD'(0, t)]py + R(0, t)p - d(p,

L3p = ypl(ey,t)py-y2Dx(ey,t)py + [Q(ey,t)+yRx(ey,t)]p,

(L£ - dt)p = ( jL, + L2 + eL3 j {pQ(y, t) + ep, (v, t)}

(2-21) = ~eLxp0(y ,t) + Lxpx(y ,t) + L2p0(y ,t)

+ e[L2px + L^q] + e2Lipx ;

we choose p0 such that

(2.22)  L,p0 = 0,   pQ(0,t) = (vx(0,t)-v°(0,t)),   p0(y,t)^0   as y - oo.

Notice that by (2.10) and (2.10)'

(p0(0,t))j = 0   forj = k+l,...,m.

Since (p0(y ,t))j has to satisfy (2.22) we have

d2(pQ(y,t))j=Xj(0,t)dy(p0(y,t))j,

Í0, for j = k + 1,

(P°(0,í))^lK(0,0-A0,í))y,    for/ = 0,l,..

■ ,m,

,k.

So we take

(p0(y,t)) = ((vx(0,t)-v°(0,t))eXl{0'l)y,...,

(vx(0,t)-v°(0,t))keh{0't)y,0,...,0)'.

Now choose p, such that

(2.24) Lxpx=-L2p0,   px(0,t) = 0,    p(y,t)-*0   as y — co,
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i.e.

(2-4)! d2(px)j = Xj(0,t)dy(px)J - (L2p0)j,

(2.4)2 (p,).(0,0 = 0,    (p),-0   as y - oo.

By variation of the constant formula, the solution of (2.24), and (2.24)2 is

(2.25) (Px)j(y,t) = cj(t)[l-ex'{0',)y]

_L_ r (ekÁ0't){y-y,)ML d) dv
A7.(0,o7o( ' HWjdy'

c,(t) is to be chosen properly so that (px),(y, t) ->• 0 as y -* oo .

Now

(2.26) L2p0 = a(0(^(0^,...,^(0^,0...,0)

+ yß(t)(e^t)y,...,e^')y,0,...,0)

where

(2 26) '       a{t) = iP{° ' t)D{° ' ° + R{° 't)] diag[Po(0 't)] ~ diag[ô^o(° ' 01.

ß(t) = -D'(0,t)[I + D(0,t)]diaf>[p0(0,t)].

Let us use the notation a(t) = (a,j(t)) and ß(t) = (ßu(t)). From (22.6),

r(^(o,o(,-,') _ 1)(X )dy,
Jo

= fy(e^°'t){y-y,) -l)J2%(t)eXi{°-t)y' dy'
•*0 i=i

+ r(^(o.o(,-/)_1)¿A..(í)^o)z,//í/y
•7 0 ._ i

IJ + IJ

We first consider

ry

'0
¡^e^^^ijWf^'^'dy'

i=i

±au(t)[ye^y'dy'.
i=i J°

Rewriting this, we obtain

k

(2.27) IJx=ex'{0'l)yJ2aij(t) [ e^^' dy'
i=l

-'"«„('),-¿^(e«0'"'-.).
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For ifj,

Iyeu-Wdy>=    1    (e«w*_i).
*i-*j

Substituting this in (2.27) we get

(2.28) OE aij(t) ^,(Q,')y _ eAy(0,0j-x

^(A,.(0,r)-A;(0,/))

-ET^(^(0^-1)-Hay7(0^(0^.

Now we consider /^, where

Ti = ex^t)yJ2ß,j(t)f

Zc »y

-E^jw/y¡=i    •/°

e(A/(o.i)-Ay(o,o)/y</y

¿«(0,0/ j  /

Rewriting this we get

e(A,(0 ,/)-*, (0,/))/^/(2.29) IJ2=e^°'t)yTiß,j(t)[y
i=\ Jo
Vj

1=1

For if j,

fy y'e(W,t)-Xj(0,t))y' dy>
Jo

>e(lA0,t)-lj(0,t))y'

(X¡(0,t)-Xj(0,t))

y        ry     e(M(0,t)-Xj(0,t))y'

~J0   (Xi(0,t)-Xj(0,t))dy

ye(U0,t)-ij(0,t))y ,e(U0,t)-lj(0,t))y _ ^

(Xi(0,t)-Xj(0,t))     (A,.(0,/)-Ay.(0,i))2 '

r t h
\ ye
Jo

VM¿v' -      y      JdQ,t)y'
y ~ A,(o,oe

y     M0,t)y

A, (0,0

i     n

Mo,o/o
eM0,t)y> dyt

A,.(0,0:
■(e

¿Á0,Oy
1).
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Substituting these in (2.29), we obtain

(2.30)     l[ = y-ß..(t)ex>y+y
ßijW

^MLj^(X,(0,t)-Xj(0,t))    ^A,(0,0
¥j

*ß(J(t)eXiy     *ßtJ(t)eXiy

+ 2-, i to /i    2^, /,

¿/(O.Oj-

+

¥J

E .^̂-E ßuW
^í^(o,o

From (2.28), (2.30) and (2.25) we get, for j = 1,2,..., k,

(2.31)

(Pl)j = cj(t)[l-e^-')y]

1 ^au(t)(ex'{0't)y-eXA°'t)y)

¿,(0,0 I tí    (A,.(0,0-A/0,0)

+ ajj(t)ye^y-±^(e^y-l)

A.(0,0
y_ßjj{t)e^y

+HE A,W«¿/(O.Oj- *    ßyitW**
^(A;(0,0-A/0,0)     £-     A,(0,0

/?„«* ^.•J' Zc
P1,,«)*

V

irr a2(o,o   ti(A,.(o,o-A7.(o,or

(
+ 4/0

^A,(0,0-A/0,0
V'Vj

¿j(0,t)y _ y*   ßij({)

tíA2(0,0

rAe cAoi'ce o/ c.(0.
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Case j =1,2, ... ,k .

Since p0(0,0) = 0 from equation (2.26)' we have ß,j(0) = 0 and a,/0) =

diag(«9r(p(0,0))). From (2.31), we get

(2.32) (pl)j(y,0) = cj(0)[l-eXji0'0]y]

A,(0,0)
Q//°) ,e^(0,0)y _ eXj(0,0)y,

j^X,(0,0)-Xj(0,0)
VJ

+ ajj(O)yeX^y-±^0)(eX^y-l)

Take Cj(t) = 1.

Case j = I + I, ... ,m .

In this case in the formulas for l[ and I2 the summation in z is only from

1 to zc , and for i = 1,2, ... ,k, i f j,

(2.33)   (Px)J = cj(t)[l-eXj{0'l)y]

^a,..(Q(/(0^-^(0^)

E     (A,.(0,0-A/0,0)A/0,0 i=i

A/0,0

1

A/0,0

k>(0,t)y

y aj/0 (MQ,t)y     n

tf*/to,*r        ;

- E -(':
W,t)y

f _M0^
¿í(A,(0,0-A/0,0)     £f     A,(0,0

^ßij(t)ew)y    k      ßu(t)e^y

tí  aí(o,o    tí(¿,(o.')-A;(o,or

{2-,xi(0,t)-xj(0,t)) ¿rA?(0)
(0_

0

Since A/0,0 > 0, j = k + l,... ,m,the e i( 'l)y are bad terms, so we choose

c,(t) such that

(2-34)      -^) + ä7ööö
%(o

¿^ A, (0,0-A/0,0

E 4/o
^ (A.(0,0-A/0,0)

0.
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We get from (2.33) and (2.34), for j = k+ 1, ... ,m ,

(2.35)    (p,)/,, 0 = 0/0-^ ^    %(Qg
A,(0,Z)y

^(A,(0,0 -A/0,0)

V*   Q//0   ,  A,(0,»y

tí^°'0

A/0,0

1

A/0,0

4/0'
A,(0,i))>

-Eß
1,(0,t)y

j^x(X,(0,t) -A/0,0)    tí     A^°'0

A,(0,i)y

¿.4/0*
tí    ¿2(0,o

4/0*
A,(0,')y

_V_^ ^_y 4/0
^ (A,(0,0-A/0,0)    ¿ÍA2(0,0

where c/0 is given by (2.34). For j = k + I, ... ,m ,

1
(2.36)    (/'1)/^0) = c/0)-I^y

f      au(0)em

¿;(A,(0,0)-A/0,0))

_^Oi/010)     ,(0,0)y_
tíA;(0,0)ie

Now let <j)x(x) be a C°° function in [0,1] suchthat

<(>x(x) = l    in0<x<á/2,

r/>,(x) = 0   iná<jc<l.

Set

b\(x, t) = [p0(x/e, t) + ep, (x/e, t)]<f>x(x).

¿z, (x, 0 is the boundary layer function near x = 0 with the following important

properties.

(a) (p0(y))/s a linear combination of eM°'t)y, ... ,eXk{0,t)y

whose coefficients depend smoothly on t and on nothing

else.

(2.37)

(b) (px(y))j is a linear combination of e        , yeÁ        and

y2ex'{0'!),   i   =   1,2, ... , /c,   whose  coefficients depend

smoothly on t and on nothing else.

(c) p0(0,t) = vx(0,t)-v°(0,t), p,(0,o = o.
(d) p0(.y,0)    =    0,   p,(y,0)   is   a   linear   combination   of

1, e;'-(0'0)v,yí'A'l'0)v,  i = l,2,...,k, whose coefficients

are constants.
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By a similar procedure, expanding the coefficients of L£ in powers of (x-1),

near x = 1 we construct a boundary layer function b\(x, t).

The function be(x, t) we are seeking is given by

b\x,t) = b\(x,t) + b\(x,t).

Define k(x,e) by

bc(x, 0) = Etf>x (x/e, 0) = ek(x, e),

and g(x,t,e) by

dtbe - Lebe = eg(x,t,e).

Notice that from (2.37) (a), (b), (c) and (d), for b\(x ,t) and similar prop-

erties of b\(x,t), be(x,t) is exponentially decreasing to 0 as e -*• 0 in the

interval ô/2 < x < 1 - <5/2 and so properties (2.14), (2.15), and (2.16) are

verified there.

We now verify these properties in 0 < x < S/2 and in 1 - S/2 < x < 1. We

do our analysis in 0<x<r5/2; the other case is similar.

By (2.32) and (2.36), (k(x,e))j is a linear combination of 1, ex,{0fi)x/e,

(x/e)é>A'(M)x/£,sothat

(2.38) f\k(x,e)\2<c,     f\kx(x,e)\2<C-       f \kxx(x ,e)\2 <-r
Jo Jo E      Jo e

We also obtain

(2.39) /      \dkk(x,t)\<e'M/e,       M > 0.
Js

The same estimate as in (2.38) holds in the interval [1 -a, 1], so that we get

||c^/c(x,e)||2<cV-2*,       A: =1,2,

and

\\k(x,e)\\2<c.

Now verify properties (2.14) and (2.15) of g(x,t,e). Here again we need

to argue only in 0 < x < S/2. In this interval <px(x) = 1, so that, by (2.21)

dtbe - LebE = e[L2px + L2pQ + eL3px]y = x/e.

The terms in g(x,t,e) and in gt(x,t,e) are linear combinations of

1)(f)V,(o,z„/£)       i=u2,...,k,

with the coefficient independent of e . It is clear that

sup ||g(x,r,e)||22[0(5]   and     sup \\g,(x,t,e)\\L1.Q S]

are bounded by c.
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We use a similar argument for the intervals [1 - ô/2,1] and [ô/2,1 - ô/2],

where the terms in g(x,t,e) and gt(x,t,e) are bounded. Hence

sup \\g(x,t,e)<c,      sup \\g(x,t,e)\\<c,
0<t<T 0<t<T

The proof of Lemma 1 is complete.

Define

(2.40) z£ = ve - v° - b\

All the constants depend only on T.

Lemma 2.

(2.41) sup   |z£(x,0l<ce1/4,
0<*<1
0<Z<T

where c depends only on T.

Proof. Clearly, by Lemma 1, (2.13),

(2.42) z(0,0 = 0 = z(l,0,

(2.43) z(x,0) = ek(x,e),

(2.44) z( = ezxx + [-D(x, t) + eP]zx + [R + eQ]z - eh,

where h = h(x ,t,e) = g(x, t, e) + vxx + Pvx + Qv  .By using Lemma 1, we

have

(2.45) sup \\h(x,t,e)\\ <c,      sup \\h,(x,t,e)\\ < c.
0<1<T 0<t<T

Multiply (2.44) by z and integrate by parts with respect to x. Then using

(2.42) we get

(2.46) {£\\z\\2< -e||zJ|2 + c||z||2 + ec||z|| II2JI

+ c||z||2 + ec||z||2 + e||z||||/z||.

1 1
Using 2ab <ôa + b /Ô we get

^||z||2<c||z||2 + e2||/z||.

By Gronwall's inequality we get

(2.47) ||z(0||2 < eCi||z(0)||2 + e2 f \\h\\(s)ec{'-s) ds.
Jo

By Lemma 1, z(x,0) = eke(x) and ||/c£(x)||2 < c, so that, from (2.47) we get

2 2
sup ||z(0||   < ce

0<t<T
1+   SUP   P||2(5)

0<Z<T

Using (2.45), we get

(2.48) sup ||z(0||2 < ce2.
0<1<T
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Next we show
2

sup ||d.z(x,0H  < ce.
0<t<T

Differentiating (2.44) for z with respect to t, we get

(2.49) (zt)t = e(zt)xx + (-D + eP)(zt)x + (-D, + ePt)zx

+ [R + eQ]zt + (eQt + Rt)z -eht(x,t,e).

Multiply (2.49) by zt and integrate with respect to x . We get for 0 < t < T,

(2.50) 2-álN|2< -e\\ztx\\2 + c\\zt\\2 + ec\\zt\\\\zj

+ /  (Dtzx>zt)dx + e f (ptzx,zt)dx
Jo Jo

+ c||zí||2-rc||zí||||z||-re||zf||||A/||,

r\ tn     p\

(2.51) /  (Dtzx,zt)dx = Y,     (X,)t(z,)x(z,)tdx,
Jo ,=x Jo

(2.52) f(X,)t(z,)(z,)tdx = f(X,)t(z,)t(z,)xdx
Jo Jo

= -f[(X,)t(z,)t]xz,dx
Jo

£c(|l2||Bz,|| +IWI BzJ|].

We get from (2.51) and (2.52)

[l(Dlzx,zl)dx<c[\\z\\\\zt\\ + \\z\\\\zlx\\].
Jo

Since ||z|| < ce, by (2.48), this is

(2.53) £cMI*,ll + «ll*JIJ

/ (Ptzx>zt)dx= / (zx,p'z,)dx.
Jo Jo

Integrating by parts, we get this is

= / <*,(/>'*,
^o

)x)dx

<c\\z\\[\\ztx\\ + \\zt\\].

Since ||z|| < ce by (2.48) this is

<ce[||*„||-r||*,||]

(2.54) <T\jll*fxll2 + «2+ «!!*,!
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where we used 2ab < a2¡à + ôb2. Using (2.50), (2.53) and (2.54), we obtain

£||z,||2< -e||z,x||2 + C||zJ|2 + eC||zJ|||zJ|

(2-55) + c[e||z,|| + e||zr,||] + ^|| zj2 + ce3 + ce2\\zt\\

+ c||z(||2 + C||z,||||z||+e||z/||||/z(||.

Using (2.55) and ||z|| < ce, we get

i\\z^<-e\\ztf + c\\zt\t

+ c£ + e2||/zí||2 + e||||zí,||2.

Using (2.45), we get

£||z,||2<c1||z(||2 + e].

Using GronwalPs inequality we get

(2.56) ||z,(0||2<c[||zr(0)||+e].

Using the partial differential equation (2.44) we can express z((x,0) as

zt(x,0) = L£z(x,0|r=0 - eh(x,0,e).

Since z(x, 0) = ek(x, e), by (2.43)

(2.57) zt(x, 0) = e2d2k(x, e) + e[-D(x, 0) + ep(x, 0)]dxk(x, e)

+ e[R(x, 0) + eQ(x, 0)]k(x, e) - eh(x, 0, e).

By Lemma 1, (2.16) we have

H^x.e)!!2^1-2*,       k=l,2,

\\k(x,e)\\2<c.

We get from (2.57)

||z((x,0)||2<ce,

so that from (2.56) we get

(2.58) sup ||z(x)||2 <ce.
o<z<r

Next we show

sup ||z (OH   < ce.
0<t<T

Multiply (2.44) by z and integrate with respect to x and integrate by parts.

We get

e||^||2<||z||||z(|| + c||z||2 + £c||z||||zJ|+C||z||2

-l-ec||z||  +e||z|| \\h\\.

Using previous estimates (2.48) for ||z||2 , (2.58) for \\zt\\ and (2.45) for \\h\\,

we get
2 3 2 2 2 3 ?

e||zj|   < ce /2 + ce  + ce \\zx\\ + ce  + ce + ce .
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Using cz/llzjl < e2[c2 + \\zx\\2] we get for small e,

, 2v„      „2   .      3/2
(e-e )\\zx\\  <ce    ,

2 1/2
from which we get \\zx\\  < ce'   so that

(2.59) sup \\zJt)f < cex/2.
0<t<T

Since z(0,0 = 0,

z(x,t) = j  zy(y,t)dy.

By Schwarz's inequality, \z(x ,t)\<\\z\\(t) <cex'  , i.e.

1 /4
sup   |z(x,0| <ce.

0<x<\
0<t<T

This completes the proof of Lemma 2.

Now we shall prove the theorem.

Proof of theorem. Let w£(x,0 be the solution of (1.2), (1.3), (1.4) and (1.5)

and m°(x,0 be the solution of (1.1), (1.3)', (1.4)' and (1.5)'. Since u=Tv

by (2.6), we get

w£(x, 0 = T(x, t)v£,    u (x ,t) = T(x, t)v (x, t).

Denote B(x,t,e) = T(x,t)bc(x,t), where bc(x,t) is given by Lemma 1.

Consider

u(x,t)-u (x,0 -B(x,t,e)

= T(x, t)[v\x, t) + v°(x, t) - be(x, t)] = T(x, t)zc

by (2.40). Then by Lemma 2, (2.41), we get

sup   |z/(x ,t) - u (x, 0 - B(x, t, e)\ < ce    .
0<x<\
0<t<T

The proof of the theorem is complete.
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