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Abstract. We consider locally compact groups G admitting a topologically transitive
Zd -action by automorphisms. It is shown that such a group G has a compact normal
subgroupK ofG, invariant under the action, such thatG/K is a product of (finitely many)
locally compact fields of characteristic zero; moreover, the totally disconnected fields in
the decomposition can be chosen to be invariant under the Zd -action and such that the
Zd -action is via scalar multiplication by non-zero elements of the field. Under the
additional conditions that G be finite dimensional and ‘locally finitely generated’ we
conclude that K as above is connected and contained in the center of G. We describe
some examples to point out the significance of the conditions involved.

1. Introduction
It has been shown, in response to an old question of Halmos, that a locally compact
group admitting an ergodic automorphism is compact (see [1, 3, 6, 8, 11, 17]). It can
be seen, on the other hand, that it is possible to have abelian groups of automorphisms
acting ergodically, without the group being compact. This holds, in particular, for (finite-
dimensional) vector spaces over locally compact fields, where the group of automorphisms
can even be chosen to be finitely generated. It was shown in [4, 5] that if G is a connected,
or more generally almost connected, locally compact group admitting an abelian group
of automorphisms whose action has a dense orbit (in particular, if it is ergodic), then G
contains a compact (normal) subgroup K invariant under all automorphisms of G, such
that G/K is a vector group, namely, it is topologically isomorphic to Rn; the results in [5]
also contain some further information on K . Generalizing the result, here we prove the
following.

THEOREM 1.1. Let G be a locally compact group, and suppose that there exists a finitely
generated abelian group of (bicontinuous) automorphisms, say H, ofG whose action onG
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has a dense orbit. Then there exist a unique compact normal H-invariant subgroupK ofG,
a finite-dimensional vector space V over R, and finitely many locally compact non-discrete
totally disconnected fields of characteristic zero, say F1, . . . , Fq , such that the following
hold:
(i) G/K is isomorphic to V ×F1 × · · · ×Fq as a topological group, with respect to the

additive structures on V and the Fi ;
(ii) each of the V and F1, . . . , Fq is invariant under the factor action of H onG/K;
(iii) there exists a continuous homomorphism ϕ : H → GL(V ) × F ∗

1 × · · · × F ∗
q ,

where F ∗
i denotes the multiplicative group of non-zero elements in Fi , such that

for any α ∈ H the (factor) action of α on V × F1 × · · · × Fq is given by
(v, f1, . . . , fq) �→ (ϕ0(α)(v), ϕ1(α)f1, . . . , ϕq(α)fq), for v ∈ V and fi ∈ Fi for
i = 1, . . . , q , where (ϕ0(α), ϕ1(α), . . . , ϕq(α)) = ϕ(α);

(iv) in the topological group GL(V )×F ∗
1 ×· · ·×F ∗

q , ϕ(H) (the closure of ϕ(H)) coincides
with its centralizer. In particular, the subgroup R∗ ·1V ×F ∗

1 ×· · ·×F ∗
q is contained

in ϕ(H).

Remark 1.1. The subgroupC := K∩G0 is connected, and it is a maximal compact normal
subgroup of G0. Moreover, G/C ∼= V × T , where V ∼= G0/C is a finite-dimensional
real vector space, and T is a closed H-invariant totally disconnected subgroup of G/C
(see Corollary 5.1).

We recall that by Ostrowski’s theorem every non-discrete locally compact field of
characteristic zero is either R, C or a finite extension of the field Qp of p-adic numbers
for some prime p. The multiplicative group of non-zero elements in each of these fields
admits a finitely generated (abelian) dense subgroup (see Lemma 4.1), say H; the action of
H on the additive group of the field has a dense orbit, and also it is topologically irreducible
(we call an action on a topological group topologically irreducible if there is no non-trivial
proper closed normal subgroup invariant under the action). It may be worth noting that
Theorem 1.1(i) readily implies the following converse of this.

COROLLARY 1.1. Let G be a locally compact non-compact group. Suppose that there
exists a finitely generated abelian group of automorphisms, say H, of G such that the
following conditions are satisfied:
(i) the H-action has a dense orbit on G;
(ii) the H-action on G is topologically irreducible.
Then G is either R, or C or a finite extension of Qp for some prime p.

The uniqueness of the subgroup K as in Theorem 1.1, when it exists, is easy to settle
and it would be convenient to clarify this at the outset. We first note the following.

PROPOSITION 1.1. Let G be a locally compact group and K be a normal subgroup such
that G/K is topologically isomorphic to V0 × V1 × · · · × Vq , where V0, V1, . . . , Vq are
finite-dimensional vector spaces over R and Qp1, . . . ,Qpq , respectively, where p1, . . . , pq

are prime numbers. Let α be a bicontinuous automorphism of G such that α(K) = K , the
factor action of α on G/K leaves invariant all Vi , i = 0, . . . , q , and all eigenvalues of
α|Vi , i = 0, . . . , q , are of absolute value less than 1. Then every α-invariant compact
subset of G is contained in K .



Locally compact groups with dense orbits under Zd -actions 1445

Proof. Under the condition in the hypothesis the factor action of α on V0 × V1 × · · · × Vq

does not leave any compact subset of V0 ×V1 ×· · ·×Vq other than the point set consisting
of the identity. Thus, for any compact α-invariant subset of G its image in G/K is trivial,
so it is contained in K . �

COROLLARY 1.2. Let G and H be as in Theorem 1.1. If there exists a subgroup K for
which the assertions (i)–(iv) as in the conclusion of the theorem are satisfied (for some
choices of V and F1, . . . , Fq as in the statement), then such a subgroupK is unique.

Proof. Let K be a subgroup for which the conditions are satisfied. We note that since,
by condition (iv), ϕ(H) contains all automorphisms of V × F1 × · · · × Fq whose action
is by scalar multiplication componentwise, it follows that there exists α ∈ H such that
all eigenvalues of the factor action of α on V × F1 × · · · × Fq are of absolute value less
than 1. Hence by Proposition 1.1 every α-invariant, and hence every H-invariant, compact
subgroup of G is contained in K . By symmetry of the argument, it follows that K is the
only subgroup for which the conditions are satisfied. �

Assertion (iv) in Theorem 1.1 also enables the deduction of the following (we recall that
a measure is said to be locally finite if the measure assigned to every compact set is finite).

COROLLARY 1.3. Let the notation be as in Theorem 1.1. Then:
(i) any compact H-invariant subset of G is contained in K;
(ii) any locally finite H-invariant measure on G is supported on K .

Proof. As noted in the proof of Corollary 1.2, condition (iv) in Theorem 1.1 implies
that there exists α ∈ H such that all eigenvalues of the factor action of α on V and Fi ,
i = 1, . . . , q , are of absolute value less than one. The conclusions as above are immediate
from this. �

In the case of connected Lie groupsG it was shown in [5] that the subgroupK as in the
conclusion of Theorem 1.1 is contained in the center ofG; the general assertion for almost
connected groups, stated above, is in fact deduced from this. We obtain a generalization
of this stronger result, for a class of locally compact groups. We shall say that a locally
compact groupG is locally finitely generated if there exists a finite subset S ofG such that
the closure of the subgroup ofG generated by S is open in G. We note that any connected
Lie group, and any closed subgroup of GL(n, F ), where F is any locally compact field of
characteristic zero, is locally finitely generated. Using certain properties of locally compact
fields together with Theorem 1.1 we deduce the following.

THEOREM 1.2. Let the notation be as in Theorem 1.1. Suppose, in addition, that G is
finite dimensional and locally finitely generated. Then K is connected and contained in
the center of G.

THEOREM 1.3. Let the notation be as in Theorem 1.2. Suppose, furthermore, thatG0 is a
Lie group. Then for each 1 ≤ i ≤ q there exists a closed normal H-invariant subgroup�i
of G isomorphic to Fi as a topological group, andG = G0 ×�1 × · · · ×�q .

Theorem 1.1 will be proved first, through Sections 2–4, in the special case of totally
disconnected locally compact groups. The arguments involved depend on properties of
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tidy subgroups of automorphisms of these groups, proved in [13–16], which we shall
briefly recall. The general case of the theorem will be proved in §5. Theorems 1.2 and 1.3
involving special additional hypotheses will be proved in §6. In the last section (§7) we
describe a class of examples to show that there are non-abelian groups admitting finitely
generated abelian groups of automorphisms acting with a dense orbit.

2. Automorphisms of totally disconnected groups and a partial paving of G
LetG be a locally compact totally disconnected group. Let Aut(G) denote the group of all
(bi-continuous) automorphisms of G.

2.1. Basic results on tidy subgroups. In [13] the structure of G with respect to any
automorphism was studied by showing the existence of ‘tidy subgroups’.

For a compact subgroup U of G and α ∈ Aut(G) we define

Uα+ :=
⋂
n≥0

αn(U), Uα− :=
⋂
n≥0

α−n(U),

Uα++ :=
⋃
n≥0

αn(Uα+), Uα−− :=
⋃
n≥0

α−n(Uα−),

and

Uα0 := Uα+ ∩ Uα− =
⋂
n∈Z

αn(U).

Definition. A compact open subgroup U of G is said to be tidy for an α ∈ Aut(G) if it
satisfies the following conditions:

T1(α) : U = Uα+Uα− and T2(α) : Uα++ is closed.

Moreover,U is said to be a tidy for a subgroup H ⊂ Aut(G) if it is tidy for every α ∈ H.

We recall the following results from [16, Theorems 3.4, 5.5, 6.8, 6.14]; see also [15,
Theorems 5.1, 5.2].

THEOREM 2.1. (Willis) Let H be a finitely generated abelian subgroup of Aut(G).
Then there exists an open compact subgroup U of G which is tidy for H. Furthermore:
(i) there are distinct closed subgroups U0, U1, . . . , Uq of U such that

U = U0U1 · · ·Uq
and for each α ∈ H we have α(U0) = U0 and either

α(Uj ) ⊃ Uj or α(Uj ) ⊂ Uj for all j ∈ {1, . . . , q};
(ii) the subgroups Ũj := ⋃

α∈H α(Uj ) are closed;
(iii) U0 = ⋂

α∈H α(Uj );
(iv) for each j ∈ {1, . . . , q} there exist αj ∈ H and a homomorphism ρj : H → Z such

that αj (Uj ) ⊃ Uj , tj := [αj (Uj ) : Uj ] > 1,

α(Uj ) = α
ρj (α)

j (Uj ), and |α(Uj )|/|Uj | = t
ρj (α)

j for all α ∈ H;
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(v) if H1 := {α ∈ H : α(U) = U} then H1 = ⋂q

j=1 kerρj and H/H1 ∼= Zr for some
0 ≤ r ≤ q .

LEMMA 2.1. If U is tidy for α ∈ Aut(G) then Uα++ ∩ Uα−− = Uα0.

Proof. If u ∈ Uα−−, then αn(u) ∈ U for all sufficiently large n > 0. On the other
hand, if u ∈ Uα++ as well, then there exists n0 ≥ 0 such that u0 := α−n0 (u) ∈ Uα+.
Hence αn(u0) ∈ U whenever |n| is sufficiently large. By [14, Lemma 3.2] this implies that
αn(u0) ∈ Uα0 for all n. Hence u ∈ Uα0. �

We also note that the ordering of the subgroups U0, U1, . . . , Uq , in the product
U0U1 · · ·Uq as in Theorem 2.1 arrived at in the course of the proof, is such that the
following holds (see [16, Proof of Theorem 6.8]).

LEMMA 2.2. Suppose that q ≥ 2. Then there exist α ∈ H and 0 < t < q such that the
action of α on Uj is strictly expanding for every j ∈ {1, . . . , t}, and strictly contracting
for every j ∈ {t + 1, . . . , q}. For this α we have that Uα0 = U0, Uα+ = U1 · · ·Ut and
Uα− = Ut+1 · · ·Uq . Also, Uα++ = Ũ1 · · · Ũt and Uα−− = Ũt+1 · · · Ũq .

2.2. A paved set. From now on, unless specified otherwise, we will assume that H ⊂
Aut(G) is a finitely generated abelian group and U is an open compact subgroup of G for
which the conclusion of Theorem 2.1 holds, and U0, U1, . . . , Uq and Ũ1, . . . , Ũq are the
subgroups as in the statement of the theorem.

For each j ∈ {1, . . . , q} define

X
(n)
j = αnj (Uj ) \ αn−1

j (Uj ).

Then Ũj is partitioned as

Ũj = U0 ∪
⋃
n∈Z

X
(n)
j =

⋃
n∈{−∞}∪Z

X
(n)
j , (1)

where X(−∞)
j := U0. Note that

U0X
(n)
j = X

(n)
j = X

(n)
j U0 and H1X

(n)
j = X

(n)
j . (2)

For each n = (n1, . . . , nq) ∈ ({−∞} ∪ Z)q let

X(n) =
q∏
j=1

X
(nj )

j = X
(n1)
1 · · ·X(nq)q .

We note that the setsX
(nj )

j may not commute with each other and the product is understood
to be in the order of occurrence of the indices j . Note also that Uj = ⋃

−∞≤n≤0X
(n)
j and

so, since U = U0U1 · · ·Uq , we have that U = ⋃
n≤0X

(n), where n ≤ 0 means that
−∞ ≤ nj ≤ 0 for each j ∈ {1, 2, . . . , q}. By (2),

U0X
(n) = X(n) = X(n)U0 and H1X

(n) = X(n). (3)

PROPOSITION 2.1. The sets X(n), where n ∈ ({−∞} ∪ Z)q , are pairwise disjoint.
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Proof. The proof is by induction on q , the number of factors. When q = 1 the claim is
nothing but the partitioning of Ũ1 in (1).

Assume that the claim is established for all 1 ≤ q ≤ k and consider q = k + 1 ≥ 2.

Choose α ∈ H and 0 < t < q as in Lemma 2.2. For each x = ∏q

j=1 x
(nj )

j ∈ X(n) define

x
(n)
+ =

t∏
j=1

x
(nj )

j ∈ Uα++ and x
(n)
− =

q∏
j=t+1

x
(nj )

j ∈ Uα−−.

Then x = x
(n)
+ x

(n)
− .

Suppose now that x ∈ X(m) ∩ X(n) �= ∅ for some m and n in ({−∞} ∪ Z)q . Then x
factors in two ways as

x = x
(m)
+ x

(m)
− = x

(n)
+ x

(n)
− .

Therefore,
y := (x

(m)
+ )−1x

(n)
+ = x

(m)
− (x

(n)
− )−1

and hence, by Lemmas 2.1 and 2.2,

y ∈ Uα++ ∩ Uα−− = Uα0 = U0.

It follows that, by (2),

x
(m)
+ = x

(n)
+ y−1 ∈

t∏
j=1

X
(mj )

j ∩
t∏

j=1

X
(nj )

j (4)

and that

x
(m)
− = yx

(n)
− ∈

q∏
j=t+1

X
(mj )

j ∩
q∏

j=t+1

X
(nj )

j . (5)

The group Uα++ is a closed subgroup of G and is invariant under H. Let the restriction
of H to Uα++ be denoted by H|++ ⊂ Aut(Uα++). Then V := Uα+ is an open subgroup
of Uα++, it is tidy for H|++ and its factoring as V = U1 · · ·Ut satisfies the conclusion of
Theorem 2.1. Now for each j ∈ {1, . . . , t} the group Ũj , its partition in (1), and, in turn,

the sets X(n)j , n ∈ {−∞}∪ Z, are the same whether defined with respect to the H action on
G or the H|++ action on Uα++. Therefore, in view of (4), the induction hypothesis applied
to H|++ acting on Uα++ implies that mj = nj for each j ∈ {1, . . . , t}. That mj = nj for
each j ∈ {t + 1, . . . , q} follows from (5) by application of the same argument to Uα−−.
Hence X(m) = X(n) and we have established the claim for q = k + 1. This completes the
inductive step, and hence the proof of the proposition. �

COROLLARY 2.1. For i, j ∈ {1, . . . , q} and i �= j , Ũi ∩ Ũj = U0.

Proof. By (2) for any n ∈ {−∞} ∪ Z, we have X(n)j = X(n) for n = (n1, . . . , nq), where

nk = −∞ if k �= j and nj = n. Therefore, by (1) and Proposition 2.1, Ũi ∩ Ũj = U0 if
i �= j . �

COROLLARY 2.2. Let x = x1 · · · xq , where xj ∈ Ũj for each j ∈ {1, . . . , q}. If x ∈ U ,
then xj ∈ Uj for each j ∈ {1, . . . , q}.
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Proof. For each j ∈ {1, . . . , q}, xj ∈ X(nj ) for some nj ∈ Z ∪ {−∞}. Since x ∈ U , there
exists m ≤ 0 such that x ∈ X(m). Therefore, x ∈ X(n) ∩ X(m), where n = (n1, . . . , nq).

So, by Proposition 2.1, n = m, and hence nj ≤ 0 for each j . Therefore, xj ∈ X(nj )j ⊂ Uj

for each j . �

LEMMA 2.3. Let U be tidy for α. Then αN(U+)α−N(U−) is open for every N ≥ 0.

Proof. Since αN(Uα+) ≥ Uα+ and α−N(Uα−) ≥ Uα−, we have

αN(Uα+)α−N(Uα−) = αN(Uα+)Uα+Uα−α−N(Uα−)
= αN(Uα+)Uα−N(Uα−),

which is open because U is. �

PROPOSITION 2.2. X(n) is open for every n ∈ Zq .

Proof. The case of q = 0 is trivial. If q = 1 then the conclusion is clear from
the definition of X(n). Now assume that q ≥ 2. Let n = (n1, . . . , nq) ∈ Zq and
set N = max{0, n1, . . . , nq}. Choose α ∈ H and 0 < t < q as in Lemma 2.2.

Then
∏t
j=1X

(nj )

j ⊂ αN(Uα+) and
∏q

j=t+1X
(nj )

j ⊂ α−N(Uα−). Hence X(n) is contained

in the open set αN(Uα+)α−N(Uα−).
For each j ∈ {1, . . . , q}, let αj be such that statement (iv) of Theorem 2.1 holds.

Now define

Cj = α
nj−1
j (Uj ), and

Fj =
{
αN(Uj ) if j ∈ {1, . . . , t},
α−N(Uj ) if j ∈ {t + 1, . . . , q}.

As statement (iv) of Theorem 2.1 holds for αj , there exist integers Nj ≥ 0 such that

α
Nj
j (Uj ) = Fj . Now for all j = 1, . . . , q , define

Yj =
(j−1∏
i=1

Fi

)
Cj

( q∏
i=j+1

Fi

)
and let

B = αN(Uα+)α−N(Uα−)
∖ q⋃
j=1

Yj .

Then each Yj is compact, because Cj and Fi are compact, and hence B is open. Clearly,
B is the union of the sets X(m) such that m = (m1, . . . ,mq) satisfies nj ≤ mj ≤ Nj for
1 ≤ j ≤ q . By Proposition 2.1, the sets X(m) are disjoint, and hence we have

X(n) = B
∖(⋃

{X(m) : m �= n and nj ≤ mj ≤ Nj for 1 ≤ j ≤ q}
)
.

Since B is open and each X(m) is compact, this shows that X(n) is open. �
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3. Groups of automorphisms acting with a dense orbit
For the results of this section, we will assume the notation of §2. We further assume that
the action of H has a dense orbit on G.

PROPOSITION 3.1. There exists a surjective homomorphism ρ : H → Zq such that

α(X(n)) = X(n+ρ(α)) for all α ∈ H and n ∈ Zq (6)

and kerρ = H1.

Proof. Let ρj : H → Z, j = 1, . . . , q , be the homomorphisms as in (iv) of Theorem 2.1.
We define ρ : H → Zq by setting ρ(α) = (ρ1(α), . . . , ρq(α)) for all α ∈ H.

Then H1 = kerρ. Now α(X
(n)
j ) = X

(n+ρj (α))
j for all α ∈ H, n ∈ Z, and 1 ≤ j ≤ q .

Therefore, (6) holds. Since H has a dense orbit in G and X(n) is open for each n ∈ Zq ,
H acts transitively on {X(n) : n ∈ Zq } and it follows that ρ is surjective. �

COROLLARY 3.1. There exists α ∈ H such that

α(U) ⊃ U,
⋂
n≥0

α−n(U) = U0, and

Uα++ =
⋃
n≥0

αn(U) =
⋃

n∈({−∞}∪Z)q
X(n) = G.

Proof. Since ρ as in Proposition 3.1 is surjective, there exists α ∈ H such that ρ(α) =
(1, . . . , 1). By (iv) of Theorem 2.1, for all 1 ≤ j ≤ q ,

α(Uj ) ⊃ Uj ,
⋃
n≥0

αn(Uj ) = Ũj , and
⋂
n≥0

α−n(Uj ) = U0.

Therefore,

Uα++ =
⋃
n≥0

αn(U) = U0Ũ1 · · · Ũq

=
⋃
β∈H

β(U) =
⋃

{X(n) : n ∈ ({−∞} ∪ Z)q}.

Also H has a dense orbit on G and U is open in G. Therefore, Uα++ is dense in G.
But Uα++ is closed in G, since U is tidy for α. Therefore, Uα++ = G. �

COROLLARY 3.2. The set S = ⋃{X(n) : n ∈ ({−∞} ∪ Z)q \ Zq} is a closed nowhere
dense subset of G.

Proof. By Proposition 2.1 and Corollary 3.1, S = G \ ⋃
n∈ZqX(n). Therefore, by

Proposition 2.2, S is closed. Also, S is H-invariant. Hence if it had an interior point
we would have S = G, which is not the case. This shows that S is nowhere dense. �

COROLLARY 3.3. H1 has a dense orbit on X(n) for every n ∈ Zq .

Proof. Let n ∈ Zq . Since X(n) is open, there exists x ∈ X(n) such that H(x) = {α(x) |
α ∈ H} is dense in G. By Proposition 3.1 and Proposition 2.1,

X(n) ∩ β(X(n)) = X(n) ∩X(ρ(β)+n) = ∅ for all β ∈ H \ H1. (7)
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As X(n) is open and compact,

X(n) = X(n) ∩ H(x) = X(n) ∩ H1(x) = H1(x);
the second equality holds due to (7) and the last equality holds due to (3). �

PROPOSITION 3.2. Any H1-invariant open subgroup of U contains U0.

Proof. Let V be a H1-invariant open subgroup ofU . Then V is closed, and hence compact.
By Corollaries 3.2 and 3.1, there exists n ∈ Zq such that V ∩X(n) is non-empty. Then, by
Corollary 3.3, X(n) is contained in V . Let x ∈ X(n) and consider u ∈ U0. Then, by (3),
ux ∈ X(n) ⊂ V , and hence u = (ux)x−1 ∈ V . Thus, U0 ⊂ V . �

PROPOSITION 3.3. U0 is a normal subgroup of G.

Proof. Since U0 is H-invariant and H has a dense orbit in G, it is enough to show that
U0 is normal in U . Choose α ∈ H as in Corollary 3.1. Let k ∈ N. Then α−k(U)
is an open subgroup of U . Since U is compact, α−k(U) is a subgroup of finite index
in U . Let Vk = ⋂

u∈Uuα−k(U)u−1. Then Vk coincides with an intersection of finitely
many conjugates of α−k(U), and hence is an open normal subgroup of U . Since U and
α−k(U) are H1-invariant, Vk is H1-invariant. Therefore, by Proposition 3.2, U0 ⊂ Vk .
Now

⋂∞
k=1 Vk ⊂ ⋂∞

k=1 α
−k(U) = U0, and hence U0 is normal in U . �

COROLLARY 3.4. For distinct j, k ∈ {1, 2, . . . , q}, [Ũj , Ũk] ⊂ U0.

Proof. Let x ∈ Ũj and y ∈ Ũk . Then by Corollary 3.1 there exist ni ∈ {−∞} ∪ Z and

ui ∈ X(ni )i , for all 1 ≤ i ≤ q , such that

xyx−1y−1 = u1 · · ·uq ∈ X(n), (8)

where n = (n1, . . . , nq).
By Proposition 3.1 there exists γ ∈ H such that

γ (Uj ) ⊂ Uj ,

∞⋂
n=1

γ n(Uj ) = U0, and γ (Ui) = Ui for all i �= j.

Therefore, there exists a sequence am → ∞ of positive integers such that, as m → ∞, the
sequences {γ amx}, {γ amy}, and {γ amui} converge, say γ amx → x0 ∈ U0, γ amy → y0 ∈
Ũk , and γ amui → zi , for i = 1, . . . , q , with zi ∈ X(ni )i if i �= j , and zj ∈ U0. Then

γ am(xyx−1y−1) → x0y0x
−1
0 y−1

0 as m → ∞. (9)

Since U0 is a normal subgroup of Ũk , x0y0x
−1
0 y−1

0 ∈ U0. Also

γ am(u1 · · · uq) → z1 · · · zq ∈ X(n′) as m → ∞, (10)

where n′ = (n′
1, . . . , n

′
q ), n

′
i = ni if i �= j , and n′

j = −∞.
By (8)–(10), and Proposition 2.1, n′

i = −∞ for all i. This proves that ui ∈ U0 for all
i �= j . Therefore, xyx−1y−1 ∈ Ũj .

By a similar argument with k in place of j , we have xyx−1y−1 ∈ Ũk . Hence xyx−1y−1 ∈
Ũj ∩ Ũk = U0 by Corollary 2.1. �
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3.1. Structure of G/U0. Let Ḡ = G/U0 and π : G → Ḡ denote the quotient
homomorphism. Consider the factor action of H on Ḡ.

For 1 ≤ j ≤ q , let Gj = π(Ũj ). ThenGj is a closed subgroup of Ḡ. By Corollary 3.4,
for i �= j , the elements of Gi commute with the elements of Gj . By Corollary 2.1,
Gi ∩Gj = {e}. Therefore,

Ḡ = G1 × · · · ×Gq. (11)

Clearly the projection of Ḡ onto Gj is H-equivariant for each j . Hence H has a dense
orbit on Gj . Moreover, Ūj := π(Uj ) is an open compact subgroup of Gj which is tidy
for the H-action on Gj , and the conclusion of Theorem 2.1 holds for q = 1; moreover,⋂
β∈Hβ(Ūj ) = {e}.

4. The case of q = 1 and U0 = {e}
In view of (11), in order to analyze the group theoretic structure of Ḡ and the algebraic
properties of the action of H on Ḡ, it is enough to study the structure of Gj and the action
of H restricted to Gj for each j separately. Therefore, unless specified otherwise, in this
section we assume that G is a locally compact totally disconnected group, H ⊂ Aut(G) is
a finitely generated abelian group whose action on G has a dense orbit, and the following
holds: (i) there exists an open compact subgroup U of G which is tidy for H; (ii) there
exists an element α ∈ H such that α(U) ⊃ U ,

⋂
n≥0 α

−n(U) = {e}; and (iii) there exists a
surjective homomorphism ρ : H → Z such that β(U) = αρ(β)(U) for all β ∈ H.

Let H1 = kerρ = {β ∈ H : β(U) = U}. For n ∈ Z we put X(n) = αn(U) \ αn−1(U).
By Corollary 3.1,

Uα++ =
⋃
n≥0

αn(U) =
⋃

n∈{−∞}∪Z
X(n) = G, (12)

where X(−∞) = U0 = {e}.
PROPOSITION 4.1. U is a normal subgroup ofG. In particular, αk(U) is normal inG for
all k ∈ Z.

Proof. (Cf. Proposition 3.3) For every k ∈ N, let Vk denote the unique maximal compact
open normal subgroup of U contained in α−k(U). Then Vk is an open H1-invariant
subgroup. By (12) there exists an integer nk ≥ k such that Vk ⊂ α−nk (U) and
Vk ∩X(−nk) �= ∅. Therefore, by Corollary 3.3, X(−nk) ⊂ Vk . Since

α−nk−1(U)X(−nk) = X(−nk) ⊂ Vk

and Vk is a group, we have that α−nk−1(U) ⊂ Vk . Therefore, Vk = α−nk (U).
Hence α−nk (U) is normal in U . Therefore, U is normal in αnk (U), where nk ≥ k.
Since k ∈ N can be chosen arbitrarily large, by (12) we have that U is normal in G. �

PROPOSITION 4.2. Let F = U/α−1(U). Then every element of F , other than the identity,
has order p, where p is a prime number.

Proof. Since U and α−1(U) are H1-invariant, H1 acts on F via group automorphisms,
and the natural quotient map from U to F is H1-equivariant. Therefore, by Corollary 3.3,
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H1 has a dense orbit on F \ {e}, and as F is discrete, it follows that the H1-action on F \{e}
is transitive. Therefore, all elements of F \ {e} have the same order, say p. If p = rs,
with r, s ∈ N and r ≥ 2, then r is the order of an element in F \ {e} and so r = p and
s = 1, which shows that p is a prime. �

COROLLARY 4.1. For any k ∈ N, the order of the group U/α−k(U) is a prime power.
In particular, U/α−k(U) is a nilpotent group.

Proof. For all k ∈ N,

|U/α−k(U)| = |U/α−(k−1)(U)| · |α−(k−1)(U)/α−k(U)|,
and α−(k−1)(U)/α−k(U) ∼= U/α−1(U). Therefore, we get |U/α−k(U)| = |U/α−1(U)|k ,
which is a prime power because by Proposition 4.2 |U/α−1(U)| is a power of a prime. �

PROPOSITION 4.3. H1 acts minimally on X(n) for every n ∈ Z.

Proof. Let Y be a compact H1-invariant subset of X(n). Let k be any integer less than n,
and let V = αk(U). Then V is H1-invariant, and VX(n) = X(n). Therefore, VY is an open
compact H1-invariant subset of X(n). Since H1 has a dense orbit in X(n), we have that
VY = X(n). This shows that, for any x ∈ X(n), Y ∩ Vx �= ∅.

Since U0 = {e}, any neighbourhood of e contains αk(U) for some integer k < n.
The above observation therefore shows that Y is dense in X(n), and since Y is compact it
follows that Y = X(n). �

For open compact subgroups V andW of G, let

[V,W ] = {vwv−1w−1 : v ∈ V, w ∈ W }.
PROPOSITION 4.4. G is abelian.

Proof. We first show that, for any m,n ∈ Z, [αm(U), αn(U)] = αk(U) for some
k ∈ Z ∪ {−∞}. Let C = [αm(U), αn(U)]. Then C is compact and H1-invariant.
If C �= {e}, then there exists a maximal integer k satisfying C ∩ X(k) �= ∅. Then, by
Proposition 4.3, X(k) ⊂ C. Since α−1(C) ⊂ C, by (12), C = αk(U).

Now, for all integers m ≥ 0 let Vm = α−m(U), and V∞ = {e}. By Proposition 4.1
Vm is a normal subgroup of U . Also, by the above observation, for all m there exists
km ∈ Z ∪ {∞} such that [U,Vm] = Vm+km . By Corollary 4.1, U/Vm+1 is a finite nilpotent
group, so [U/Vm+1, Vm/Vm+1] is a proper subgroup of Vm/Vm+1, and hence km is in fact
contained in N ∪ {∞}. Now,

V1+m+km = α−1(Vm+km) = [α−1(U), Vm+1]
⊂ [U,Vm+1] = V(m+1)+k(m+1) .

Therefore, 1 ≤ km+1 ≤ km for all m ≥ 0. If k0 = ∞, then U is abelian, and hence,
by (12), G is abelian. Now suppose that, if possible, k0 ∈ N; we shall show that this
leads to a contradiction. Then km ∈ N for all m and hence there exists M ≥ 0 such that
km = kM ≥ 1 for all m ≥ M .

Let W = VM+kM+k0 . Then we have

[U,VM+k0] = α−kM (VM+k0) = W (13)
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and

[[U,U ], VM+k0] = [Vk0, VM+k0 ] = α−k0 ([U,VM])
= α−k0(VM+kM ) = W. (14)

By Proposition 4.1, W is a normal subgroup of U . Let ψ : U → U/[U,W ]
denote the quotient homomorphism. For any u ∈ U and v ∈ VM+k0 , by (13),
[ψ(u),ψ(v)] = ψ([u, v]) ∈ ψ(W), which is central in U/[U,W ]. Therefore, the map
u �→ [ψ(u),ψ(v)] is a homomorphism from U into ψ(W). Then, as ψ(W) is abelian, we
get [ψ([U,U ]), ψ(v)] = {e}. Hence

[[U,U ], VM+k0] ⊂ [U,W ] = α−kM (W).

Comparing with (14) we get that α−kM (W) = W , and hence that α−kM (U) = U , which is
a contradiction. This completes the proof. �

Now, since G is abelian, we will denote the group operation on G by + and its identity
element by 0.

PROPOSITION 4.5. There exists a binary operation ∗ onG such that (G,+, ∗) is a (locally
compact) field, with (G \ {0}, ∗) as the multiplicative (topological) group of the field. Also
{γ (1) : γ ∈ H}, where 1 denotes the identity element of (G \ {0}, ∗), is a dense subgroup
of (G \ {0}, ∗), and the action of any γ ∈ H is given by γ (g) = γ (1) ∗ g for all g ∈ G.

Proof. Let x0 ∈ X(0), such that H(x0) is dense inG. We shall first define a group structure
on X(0) as follows.

Let n ∈ N. Now,X(0) is invariant under the action of α−n(U) and there are only finitely
many orbits under the action. Let Xn denote the finite orbit space X(0)/α−n(U), and
φn : X(0) → Xn be the natural quotient map. Since α−n(U) is H1-invariant, the H1-action
on U induces a H1-action on Xn such that φn is H1-equivariant. By Corollary 3.3, H1 has
a dense orbit on X(0). Therefore, the H1-action on Xn is transitive. For every n ∈ N, let
xn = φn(x0) ∈ Xn. Then every element ofXn can be expressed as α(xn) for some α ∈ H1.
We now define a binary operation ∗n on Xn by

(α(xn)) ∗n (β(xn)) = (αβ)(xn) for all α, β ∈ H1; (15)

it can be seen that, as H1 is abelian, ∗n is well defined and (Xn, ∗n) is isomorphic to a
quotient group of H1.

Now, for n > m ≥ 1, let φn,m : Xn → Xm be the natural quotient map. Then φn,m
is a homomorphism from the group (Xn, ∗n) to (Xm, ∗m). Therefore, the inverse limit of
the finite groups (Xn, ∗n) as n → ∞ exists, and it is the topological space X(0), with a
group structure, which we shall denote by ∗, such that φn is a homomorphism for all n.
Then (X(0), ∗) is a topological group with x0 as the unit element.

Next let β ∈ H1 and y ∈ X(0) be arbitrary. For any n ∈ N, there exists γ ∈ H1 such
that φn(y) = γ (xn). By (15) for all n ∈ N we have

φn(β(y)) = β(φn(y)) = β(γ (xn))

= β(xn) ∗n γ (xn) = φn(β(x0)) ∗n φn(y).
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Therefore,
β(y) = β(x0) ∗ y for all β ∈ H1 and y ∈ X(0). (16)

We now define a binary operation ∗ on G as follows. For i ∈ {1, 2} and gi ∈ G, there
exist a unique ki ∈ {−∞} ∪ Z and a yi ∈ X(0) such that gi = αki (yi); here α−∞(z) := 0
for any z ∈ X(0). We define

g1 ∗ g2 = αk1+k2(y1 ∗ y2), (17)

with the convention that k1 + k2 = −∞ if k1 = −∞ or k2 = −∞.
Since αk(X(0)) is open inG for all k ∈ Z, and α−k(z) → 0 as k → ∞, for every z ∈ Z,

the binary operation ∗ is continuous on G × G. Now it is straightforward to verify that
(G \ {0}, ∗) is a topological group. From (15) and (17), and the commutativity of H, we
get that it is an abelian group. We also note that

α(g) = α(x0) ∗ g for all g ∈ G. (18)

By (16) and (18),
γ (x0) ∗ g = γ (g) for all γ ∈ H. (19)

Therefore, since γ is an automorphism of (G,+),
γ (x0) ∗ (z1 + z2) = γ (z1 + z2) = γ (z1)+ γ (z2) = (γ (x0) ∗ z1)+ (γ (x0) ∗ z2).

Also H(x0) is dense in G, and the binary operations + and ∗ are continuous on G × G.
Therefore, ∗ is distributive over +. This proves that (G,+, ∗) is a locally compact field.

The last statement in the proposition follows from (19). �

LEMMA 4.1. LetK be a locally compact field, thenK∗ contains a finitely generated dense
subgroup if and only if Char(K) = 0.

Proof. First suppose that Char(K) = 0. Then K is a finite extension of Qp for some
prime p (see [12]). Let Z denote the compact ring of elements of norm at most 1 inK , and
let U be the group of units in Z. The exponential map from pZ → U is a homomorphism,
and a local homeomorphism. Therefore, for some k > 0 the exponential map is an
isomorphism of the additive group pkZ and an open compact subgroup Uk of U for some
k > 0. Now pkZ ∼= Z and Z/Zdp is finite, where d = [K : Qp]. Since Zp contains Z as
a dense subgroup, we conclude that Uk , and hence U , contains a finitely generated dense
subgroup. Since K∗ is generated by p and U , this proves the ‘if’ part.

Now suppose that Char(K) = p > 0. Then K = F((t)), the topological field of
Laurent power series over a finite field F of characteristic p (see [12]). Put U = F [[t]]∗ =
F ∗ + tF [[t]]. Note that Un := F ∗ + tnF [[t]] is an open compact subgroup of U and
|U/Un| = qn−1, where q = |F |. For any f ∈ Un, f p ∈ Upn. Let n > 1 and r ∈ N be
such that pr−1 < n ≤ pr . Since U = U1, every element of U/Un is of order at most pr .
Therefore, any set of generators of U/Un has at least qn−1/pr generators.

Now, if possible, let H be a finitely generated dense subgroup of K∗. Then H ∩ U is
generated by finitely many, say N , elements and is dense in U . This implies that the image
of H ∩ U on U/Un is surjective, and hence U/Un is generated by at most N elements.
Therefore, qn−1/pr ≤ N for all r ∈ N and pr−1 < n ≤ pr , which is not possible.
This proves the ‘only if’ part. �
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Combining Section 3.1, Proposition 4.5, and Lemma 4.1 we obtain the following.

THEOREM 4.1. LetG be a locally compact totally disconnected group. Let H be a finitely
generated abelian group of automorphisms on G whose action has a dense orbit on G.
Then there exist a compact normal H-invariant subgroup U0 of G, locally compact totally
disconnected fields F1, . . . , Fq of characteristic zero, and an isomorphism ψ : G/U0 →
F1×· · ·×Fq (the Cartesian product of the additive topological groups of theFi ). Moreover,
there exists a homomorphism φ : H → F ∗

1 × · · · × F ∗
q such that, for any α ∈ H and

x ∈ G/U0, we have ψ(α(x)) = φ(α)ψ(x), where
∏
i F

∗
i acts on

∏
i Fi via coordinate-

wise multiplications. Also φ(H) is dense in F ∗
1 × · · · × F ∗

q .

5. The general case
In this section we prove Theorem 1.1 for a general locally compact group, using the results
of the previous sections for totally disconnected groups and results from [5] for connected
locally compact groups.

A locally compact group G is said to be almost connected if G/G0 is compact,
where G0 denotes the connected component of the identity in G. From a well-known
theorem of Montgomery and Zippin (see [10, Theorem 4.6]) the following was deduced in
[5, Lemma 5.1], for this class of groups.

LEMMA 5.1. Let G be an almost connected locally compact group. Then G has a unique
maximal compact normal subgroup C; moreover, G/C is a Lie group.

We next note the following.

LEMMA 5.2. Let G be a finite-dimensional almost connected locally compact group such
thatG0 has no non-trivial totally disconnected compact normal subgroup. Then G admits
a unique maximal totally disconnected compact normal subgroup N . Also, G/N is a Lie
group, andG0N is an open subgroup of G.

Proof. Since G is finite dimensional, by a theorem of Montgomery and Zippin [10,
Theorem 4.6], there exist totally disconnected compact normal subgroups N such that
G/N is a Lie group. ThenG/G0N is a compact totally disconnected Lie group, and hence
it is finite. We chooseN to be a subgroup from this class of subgroups, with the additional
condition that the order ofG/G0N is the minimum possible.

Now let N ′ be any totally disconnected compact normal subgroup of G. Then NN ′ is
also a totally disconnected compact normal subgroup. By the choice of N the G/G0NN′
has the same order as G/G0N . Therefore, G0NN′ = G0N , and so N ′ ⊂ G0N .
Also NN′ ∩ G0 is a totally disconnected compact normal subgroup of G0, and hence by
the condition in the hypothesis it is trivial. This shows that NN ′ = N , and so N ′ ⊂ N .
This shows that N is the unique maximal totally disconnected compact normal subgroup
N of G. The choice of N as above shows also that the second statement in the lemma
holds. �

PROPOSITION 5.1. Let G be a finite-dimensional locally compact group and H be a
finitely generated abelian group of automorphisms of G. Suppose that the H-action
has a dense orbit on G. Suppose also that G0 has no non-trivial totally disconnected
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compact normal subgroup. Then there exists an Aut(G)-invariant totally disconnected
closed subgroup T of G such that G = G0T and G0 ∩ T is trivial. Thus, G is a direct
product of G0 and T , and the H-action on G0 (as well as on T ) has dense orbits.

Proof. Let Ḡ = G/G0. Then Ḡ is totally disconnected and H has a dense orbit on Ḡ. As in
§2 let U be a compact open subgroup of Ḡ which is tidy for H. Let G′ denote the inverse
image of U in G. Since G′/G0 = U is compact, by Lemma 5.2 there exists a unique
maximal totally disconnected compact normal subgroup of G′, say N ; also G′/N is a Lie
group and G0N is open in G′. Since G′ is H1-invariant, so is N . Therefore N̄ , the image
of N in G′/G0 = U , is a compact open H1-invariant subgroup of U . By Proposition 3.1
there exists α ∈ H such that

α(U) ⊃ U,

∞⋃
n=0

αn(U) = Ḡ, and
∞⋂
n=0

α−n(U) = U0. (20)

By Proposition 3.2, U0 ⊂ N̄ . Therefore, there exists n ≥ 0 such that α−n(U) ⊂ N̄ ,
or equivalently αn(N̄) ⊃ U . Hence αn(N)G0 ⊃ G′. Therefore, G′ = N ′G0, where
N ′ := αn(N) ∩G′. Now αn(N) is normal in αn(G′) and α(G′) ⊃ G′. Therefore, N ′ is a
totally disconnected compact normal subgroup of G′. So by the maximality,N ⊃ N ′.

Recall that by hypothesis G0 has no non-trivial compact totally disconnected normal
subgroup. Hence N ∩ G0 = {e}. Thus we have N ⊃ N ′, NG0 = N ′G0, and
N ∩G0 = {e} = N ′ ∩G0. This implies that N = N ′. Hence N̄ = U and so α−k(U) ⊂ N̄

for all k ≥ 0. Therefore, by an argument as above, N = αk(N) ∩ G′ for all k ≥ 0.
The argument also shows that αk(N) is an open normal subgroup of αl(N) for all integers
k ≤ l.

Now let T = ⋃∞
n=0 α

n(N). Then T is a locally compact totally disconnected subgroup
of G, and, by (20), G = TG0. Since N is normalized by G0, αn(N) is normalized by G0,
and hence T is normalized by G0. Therefore, T is normal in G. Also, from the choice of
N and T we see that T ∩G0 = {e}. Also, for any β ∈ Aut(G), β(T )T /T is a union of a
sequence of totally disconnected compact normal subgroups of G/T ∼= G0, and therefore
by the condition on G0 it is trivial. This shows that T is Aut(G)-invariant. The second
statement in the proposition readily follows from the first one. �

In proving Theorem 1.1 we shall use the following special case proved in [5].

THEOREM 5.1. [5, Theorem 1.1] Let G be a connected Lie group. Suppose that there
exists an abelian subgroup H of Aut(G) such that the H-action on G has a dense orbit.
Then there exists a compact subgroup C contained in the center ofG such thatG/C ∼= V ,
where V is a vector group, namely the additive (topological) group of a finite-dimensional
real vector space.

Together with Proposition 5.1, Theorem 5.1 implies the following.

COROLLARY 5.1. LetG be a locally compact group and H be a finitely generated abelian
group of automorphisms of G, such that the H-action has a dense orbit onG. Let C be the
maximal compact normal subgroup ofG0 (see Lemma 5.1). Then C is connected,G0/C is
a vector group, andG/C ∼= G0/C×T , where T is a totally disconnected closed subgroup
of G/C, invariant under the factor action of H on G/C.
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Proof. We note that, since G0/C is a Lie group, G/C is finite dimensional. Applying
Proposition 5.1 to the H-action on G/C, we get that there exists an Aut(G/C)-invariant
totally disconnected closed subgroup T of G/C such that G/C ∼= G0/C × T . Then the
H-action on G0/C has a dense orbit, and, since G0/C has no non-trivial compact normal
subgroup, Theorem 5.1 implies that G0/C is a vector group. Then C has to be connected,
since if C′ is an open subgroup of C then the quotient homomorphism of G0/C′ onto
G0/C is a covering map, and it has to be a homeomorphism since G0/C is simply
connected. This proves the corollary. �

Proof of Theorem 1.1. Recall that by Corollary 1.2 if a subgroup K with the desired
properties exists then it is unique. We now prove the existence of the subgroup K ,
satisfying the conditions. Let C be the maximal compact normal subgroup of G0

(see Lemma 5.1). By Corollary 5.1 there exists a totally disconnected normal subgroup T
of G/C, invariant under the H-action on G/C, such that G/C ∼= G0/C × T . Let U0 be
the subgroup of T such that the conclusion of Theorem 4.1 holds (for T in the place of G
there). Let K be the closed subgroup of G containing C, such that K/C is the subgroup
of G/C corresponding to U0 in the decomposition as above. Then K is a H-invariant
compact normal subgroup of G, and G/K ∼= G0/C × T/U0. Now the assertions (i)–(iii)
of the theorem follow from Theorems 5.1 and 4.1.

The assertion (iv) is inspired by [5, §2]; however, while [5] depends on a result from [2],
here we present a direct argument. First note that the additive groupW := V×F1×· · ·×Fq
is a finitely generated module over the ring R := R × F1 × · · · × Fq , and EndR(W) =
EndR(V )×F1 × · · · ×Fq . The centralizer of ϕ(H) in EndR(W), say Z, is a topologically
closed subring of EndR(W) containing the group ring R[ϕ(H)]. By our assumption, there
exists w ∈ W such that ϕ(H)w is dense in W . In particular, R[ϕ(H)]w = W . Therefore,
the homomorphism ψ : Z → W of the additive groups, given by ψ(z) = zw for all
z ∈ Z, is surjective. Also if z ∈ ker(ψ), then z(hw) = h(zw) = 0 for all h ∈ ϕ(H), and
since ϕ(H)w is dense in W this implies that z = 0. Thus, ψ is bijective. Since Z and
W are locally compact second countable groups, it follows that ψ is a homeomorphism.
Since ψ(ϕ(H)) is dense in W , we conclude that ϕ(H) is dense in Z. Since the centralizer
of ϕ(H) in GL(V )× F ∗

1 × · · · × F ∗
q is contained in Z, this proves (iv). �

6. The case of finite-dimensional locally finitely generatedG
In this section we use various properties of locally compact fields together with
Theorem 1.1 to obtain proofs of Theorems 1.2 and 1.3.

6.1. Theorem 1.2 for totally disconnected G. We first consider the case when G is
totally disconnected and locally finitely generated. Let the notation be as in the statement
of Theorem 1.1. Let U0 = K . ThenG/U0 is a product of the additive subgroups of locally
compact fields of characteristic zero. Let U be an open compact normal subgroup of G
containing U0.

6.1.1. To show that Aut(U) is profinite. Since G is locally finitely generated, there
exists an open subgroup, say O , containing a dense finitely generated subgroup. By part
(vi) of Theorem 1.1 there exists α ∈ H such that α(U) contains the finitely generated
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subgroup, and hence O ⊂ α(U). Since O is open it is of finite index in α(U). It follows
that α(U) contains a dense subgroup which is finitely generated, and hence so does U .
This implies, in particular, that for any natural number m, U has only finitely many
subgroups of index m (cf. [9, Corollary 1.1.2]). Since there is a basis of neighborhoods
of the identity consisting of open normal subgroups this implies that the group Aut(U), of
bicontinuous automorphisms of U , is a profinite group.

6.1.2. To show that G = ZG(U0)U0. Let ZG(U) denote the centralizer of U in G.
Then ZG(U)U is a closed normal subgroup of G because U is normal. We note that
G/ZG(U)U is a quotient of G/U0, which is a product of locally compact fields of
characteristic zero. Hence G/ZG(U)U has no non-trivial normal subgroup of finite
index. On the other hand, the conjugation action of G on U induces an injective
homomorphismψ : G/ZG(U)U → Aut(U)/Int(U), where Int(U) is the normal subgroup
of Aut(U) consisting of all inner automorphisms of U . Since G/ZG(U)U has no non-
trivial subgroups of finite index, and Aut(U) is profinite, it follows that ψ is trivial.
Hence G = ZG(U)U .

Since U0 ⊂ U , it follows also that G = Z0U , where Z0 := ZG(U0). Since U0 is
H-invariant, so is Z0, and hence we get that G = Z0α(U) for all α ∈ H. By Corollary 3.1
there exists α ∈ H such that α(U) ⊂ U and

⋂∞
i=1 α

i(U) = U0, so the preceding
conclusion implies that G = Z0U0.

6.1.3. To show that ZG(U0) is abelian. Since G = Z0U0, by Theorem 4.1 it follows
that

Z0/C ∼= F1 × · · · × Fq where C = Z0 ∩ U0. (21)

Then C is contained in the center of Z0 and Z0/C is abelian. Therefore, for each ξ ∈ Z0,
the map ψξ : Z0 → C given by ψξ (η) = [ξ, η] for all η ∈ Z0 is a homomorphism.
Clearly ψξ factors through Z0/C. In view of (21), since Fi does not admit a non-
trivial continuous homomorphism into a finite group, and hence into a totally disconnected
compact group, the map ψξ is a trivial homomorphism. This means that Z0 is abelian.

6.1.4. To show that G = � × U0 for a H-invariant subgroup �. Let X = Ẑ0, the
character group of Z0, and let X′ be the annihilator of C in X. Then, by (21),

X′ = Ẑ0/C ∼=
q̂∏
i=1

Fi =
q⊕
i=1

F̂i ∼=
q⊕
i=1

Fi.

Therefore, X′ is a torsion-free divisible subgroup of X. Hence there exists a subgroup A
of X such that X = X′ ⊕ A [7, Corollary A1.36(i)]. Now A ∼= X/X′ = Ĉ. Since C
is compact, Ĉ is discrete. Therefore, A is a discrete, and hence a closed, subgroup of X.
Therefore,

Z0 = �× C where � :=
⋂
χ∈A

kerχ. (22)

Since C is totally disconnected, by [7, Corollary 7.70], A ∼= Ĉ is a torsion group.
SinceX′ is torsion free, any element ofX′ ⊕A that does not belong to A has infinite order.
Therefore, A is Aut(X)-invariant. Hence � is Aut(Z0)-invariant.
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Now we have G = U0Z0 = U0� with U0 and � normal H-invariant subgroups.
By (21), C = Z0 ∩ U0. Hence U0 ∩� is trivial by (22). Therefore,G = �× U0.

6.1.5. To show thatU0 = {e}. Now since the H-action onG has a dense orbit, it follows
that the H-action onG/� = U0 has a dense orbit. SupposeU0 �= {e}. ThenU0 has a proper
open normal subgroup, say V . SinceU = (�∩U)×U0 contains a finitely generated dense
subgroup, U0 has a finitely generated dense subgroup. Therefore, there are only finitely
many open subgroups in U0 with the same index as that of V (see [9, Corollary 1.1.2]).
Therefore, the finite intersection

⋂
α∈Hα(V ) is a proper open subgroup of U0, and it is

H-invariant. Since the H-action has a dense orbit in U0 this is a contradiction. Therefore,
U0 is trivial. Thus G = � ∼= F1 × · · · × Fq . This proves Theorem 1.2 in the case when G
is totally disconnected.

6.2. Theorem 1.2 in the general case. We begin by noting the following.

LEMMA 6.1. Let G be a finite-dimensional connected locally compact group. Let Q be
the smallest closed subgroup of G containing every totally disconnected compact normal
subgroup ofG. ThenQ is a compact subgroup contained in the center ofG. Furthermore,
G/Q is a Lie group, and the center of G/Q contains no non-trivial compact subgroup;
in particular,G/Q has no non-trivial totally disconnected compact normal subgroup.

Proof. The first assertion is proved in [5, Lemma 5.2], using the well-known theorem of
Montgomery and Zippin. In a compact central subgroup of a Lie group, elements of finite
order form a dense subset, so to prove the second statement it suffices to show that the
center of G/Q does not contain any non-trivial element of finite order. Now let z be an
element of finite order contained in the center of G/Q. Let Q′ be the normal subgroup of
G containingQ, such thatQ′/Q is the cyclic subgroup generated by z. ThenQ′ is abelian,
as Q is central in G.

By the Montgomery–Zippin theorem there exists a totally disconnected compact normal
subgroup, say N , such that G/N is a Lie group. Then N ⊂ Q, and Q′/N is a normal
compact abelian Lie subgroup of G/N . Hence the automorphism group of Q′/N is
discrete, and as G/N is connected it follows that Q′/N is contained in the center of
G/N . It is therefore the product of its connected component of the identity (Q′/N)0
and a finite subgroup, say F . Let N ′ be the subgroup of Q′ containing N and such that
N ′/N = F . Then N ′ is a totally disconnected compact normal subgroup of G, and hence
by the definition of Q we have N ′ ⊂ Q. Also, since Q is of finite index in Q′, we see that
(Q′/N)0 is contained in Q/N . Therefore,Q′ = Q, which means that z is trivial. As seen
above this shows that the center of G/Q has no non-trivial compact subgroup. The last
statement in the lemma follows from the fact that withG/Q being connected, every totally
disconnected normal subgroup is contained in its center. �

Completion of proof of Theorem 1.2. Let the notation be as in the statement of the
theorem. Let Q be the smallest closed subgroup of G0 containing every compact totally
disconnected normal subgroup ofG0. We note thatQ is invariant under all automorphisms
of G, and in particular H-invariant. Thus the H-action on G factors to G/Q.
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In view of Lemma 6.1, we can apply Proposition 5.1 to G/Q in place of G and conclude
that there exists a totally disconnected H-invariant closed normal subgroup T of G/Q
such that G/Q ∼= G0/Q × T , and H admits dense orbits on G0/Q and T . Therefore,
by Theorem 5.1, applied to G0/Q in the place of G there, and recalling that Q is compact
by Lemma 6.1, we see that there exists a compact normal H-invariant subgroup C of G0

such that C/Q is contained in the center of G0/Q, and G0/C is a vector group. Since,
by Lemma 6.1,G0/Q has no non-trivial compact central subgroup, it follows that C = Q.
ThusG0/Q is a vector group. We conclude also thatQ is connected, since ifQ′ is an open
subgroup of Q then the quotient map of G0/Q′ onto G0/Q is a covering map and has to
be a homeomorphism.

We next show that Q is contained in the center of G. Since Q is finite dimensional,
Q̂⊗ Q ∼= Qd , where d = dimQ ≤ dimG < ∞ [7, Corollary 8.22]. Moreover, since Q
is connected, Q̂ is torsion free [7, Corollary 7.70]. Therefore, the map i : Q̂ → Q̂ ⊗ Q

given by i(χ) = χ ⊗ 1 is injective. The conjugation action of G on Q, gives an action
of G on Q̂ via automorphisms. Extending this action to the action on Q̂ ⊗ Q, we obtain
a homomorphism φ : G → GL(d,Q) such that kerφ = ZG(Q), the centralizer of Q
in G. Therefore, ZG(Q) is a closed subgroup of countable index in G. Hence, by the
Baire category theorem, ZG(Q) is an open subgroup of G. Since ZG(Q) is H-invariant,
and since H has a dense orbit on G, we conclude that ZG(Q) = G. Thus Q is contained
in the center of G.

Since T is a totally disconnected and has a dense H orbit, by §6.1 we conclude that
U0 = {e} and T ∼= F1 × · · · × Fq , where the Fi are the additive subgroups of locally
compact totally disconnected fields of characteristic zero. Therefore,K in the statement of
Theorem 1.2 is the same as Q as above; this proves the theorem. �

6.3. Proof of Theorem 1.3. We are now given that G0 is a Lie group. Then K as in
Theorem 1.1, which is the same as Q above, is a finite-dimensional torus. Let 
1, . . . , 
q

be the closed normal subgroups of G containing K and such that Fi = 
i/K for all
i = 1, . . . , r , where Fi are the additive subgroups of locally compact totally disconnected
fields of characteristic zero, as above. Let 
 = 
1 ·
2 · · · · ·
q . Then
 is an H-invariant
closed normal subgroup of G such that G = G0
 , andG0 ∩
 = K .

We next show that
 is contained in the center ofG. SinceK is central inG andG/K is
abelian, it follows that for any g ∈ G the map θg defined by θg(ξ) = [ξ, g] := ξgξ−1g−1,
for all ξ ∈ 
 , is a continuous homomorphism of 
 into K; furthermore, for all g ∈ G, θg
factors to 
/K ∼= ∏q

i=1 Fi . Since K is a Lie group it follows that each θg is trivial on an
open subgroup of 
 containing K . Since G contains a finitely generated subgroup which
is dense in an open subgroup of G, it follows that there is a compact open subgroup, say
�1, of 
 containing K , such that θg is trivial on �1 for all g in an open subgroup of G.
Thus ZG(�1) is an open subgroup ofG. Therefore,� := ZG(�1)∩�1 is a compact open
abelian subgroup of 
 containingK , and it centralizesG0.

Since G/G0 ∼= F1 × · · · × Fq , and H has a dense orbit on G/G0 preserving each Fi ,
by Theorem 4.1 there exists α ∈ H such that

α(�) ⊃ � and
∞⋃
k=1

αk(�) = 
.
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Then each αk(�) is abelian and centralizesG0, and hence it follows that 
 is abelian and
centralizesG0. Since G = G0
 , this shows that 
 is contained in the centre ofG.

Now 
1, . . . , 
q are closed normal H-invariant abelian subgroups of G, and G =
G0
1 · · ·
q . To complete the proof it suffices to show that each 
i contains a closed
H-invariant subgroup, say �i , such that 
i is a direct product of K and�i .

Let 1 ≤ i ≤ r be fixed. Let X = 
̂i be the character group of 
i . The annihilator of
K , say A, is a closed subgroup of X isomorphic to the dual of 
i/K ∼= Fi . Therefore,
A ∼= F̂i ∼= Fi (the character group F̂i of Fi is identified with F in the usual way, by
associating to ξ ∈ Fi the character η �→ χ(ξη) for all η ∈ F , where χ is a fixed non-
trivial character on F ). In particular, A is divisible, and hence there exists a subgroup
B of X such that X = A ⊕ B [7, Corollary A1.36(i)]. Also, X/A ∼= K̂ ∼= Zd

as topological groups, where d = dim(K). Therefore, B is a discrete, and hence a
closed, subgroup of X isomorphic to Zd . We shall use the addition notation for the group
operation on X; the multiplication with respect to the field structure on A will be set out
by juxtaposition.

The H-action on 
i induces a dual action on X. The subgroup A is invariant under
the H-action; in fact, it can be seen that the action of h ∈ H on Fi = 
i/K is given
by multiplication by λ ∈ F ∗

i , so then the h-action on A ∼= F̂i ∼= Fi is also given by
multiplication by λ, under the identification of A with Fi . Let h0 ∈ H be such that the
factor action of h0 on Fi = 
i/K is by multiplication by an element λ ∈ F ∗

i with absolute
value |λ| greater than 1; clearly such an element h0 exists. For any a ∈ A and b ∈ B we
have h0(a + b) = λa + ϕ(b)+ γ (b), where ϕ is a homomorphism of Zd into A and γ is
an automorphism of B.

Now let P be the space of all homomorphisms of Zd into A. It has the natural structure
of a d-dimensional vector space over A. For ψ ∈ P let Bψ denote the subgroup of X
defined by Bψ = {ψ(x)+ x : x ∈ Zd}. We note that every discrete subgroup B ′ such that
X = A+ B ′ is of the form Bψ for some ψ ∈ P , and that the subgroup Bψ is h0-invariant
if and only if λψ(x)+ ϕ(x) = ψ(γ (x)) for all x ∈ Zd .

To produce a �i as desired we obtain a H-invariant Bψ as follows. Let q be the map
defined by q(ψ) = ψ ◦ γ for all ψ ∈ P . It is an A-linear map. As γ is an automorphism
of B ∼= Zd , it is given by a matrix from GL(d,Z), say Mγ . It can be seen that with
respect to a suitable basis of P the matrix of the map q is given by the transpose of Mγ .
In particular, the eigenvalues of q are the same as those of Mγ . As Mγ ∈ GL(d,Z)
its eigenvalues are units in the ring of algebraic integers, and hence their absolute value
(in the appropriate finite extension field of Fi containing them) is 1; this may also be seen,
alternatively, by noting that GL(d,Z) preserves a compact open subgroup of Ad . Since by
choice λ is of absolute value greater than 1, it now follows that the map ψ �→ q(ψ)− λψ

is invertible. Therefore, for ϕ as above, there exists a unique ψ ∈ P such that ϕ =
q(ψ)− λψ = ψ ◦ γ − λψ . Thus there exists a unique h0-invariant discrete subgroup B ′,
namely Bψ for that choice of ψ , such that X = A + B ′. Now, as A is H-invariant, for
any h ∈ H, h(B ′) is also a h0-invariant discrete subgroup and X = A+ h(B ′). Therefore,
by the uniqueness condition as above we get that B ′ is H-invariant. Thus X is a direct
sum of A with a H-invariant discrete subgroup, and hence there exists a closed H-invariant
subgroup �i of 
i , namely the annihilator of B ′, such that 
i = K�i , a direct product.
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Clearly�i ∼= Fi as topological groups, under the map ξ �→ ξK for all ξ ∈ �i . This proves
the theorem. �

7. An example
In the context of Theorems 1.1 and 1.2 one may wonder if it is possible to have a locally
compact group G, other than a direct product of finitely many locally compact fields of
characteristic zero and a compact abelian subgroup, admitting a finitely generated abelian
group of automorphisms acting with a dense orbit. In this section we give such an example.

7.1. Choice of W = G/K and K , and the H-actions on them. Let F be a locally
compact field of characteristic zero. Let W = F ⊕ F , a vector space of dimension two
over F , and {e1, e2} be the standard basis of W . Let H be a finitely generated abelian
subgroup of GL(W) whose action on W has a dense orbit, and {h ∈ H : deth = 1}
is finite; for instance, we may consider a finitely generated dense subgroup of F ∗ × F ∗
whose intersection with the anti-diagonal subgroup (λ, λ−1) is trivial, and consider the
component-wise action. Since H has a dense orbit on W , it follows that {deth : h ∈ H} is
dense in F . Let A be the (additive) subgroup of F generated by {deth : h ∈ H}. Then A is
a countable abelian group. LetK = Â, the character group ofA equipped with the discrete
topology. Then K is a compact connected second countable abelian group. We identify
the character group F̂ of F with F , as usual. The inclusion map of A into F then induces
by duality a (continuous) map j : F → K , such that the image of j is dense inK . SinceA
is dense in F the map j is injective. Thus F is realized as a dense subgroup ofK . We note
that A is invariant under multiplication by det h for all h ∈ H. The H-action on A, where
h ∈ H acts by multiplication by deth, induces by duality an H-action on K . We denote by
µ(h) the automorphism of K corresponding to h ∈ H. It can be verified, bearing in mind
the identification of F with F̂ , that

µ(h)(j (ξ)) = j ((deth)ξ) for all h ∈ H and ξ ∈ F . (23)

7.2. Construction of G as an extension of W by K . We identify ∧2W , the second
exterior power of W as a F -vector space, with F via the correspondence ξ(e1 ∧ e2) �→ ξ

for all ξ ∈ F . Let e : W ×W → F be the map defined by e(w,w′) = 1
2 (w ∧ w′) ∈ F ,

with the identification as above. We now define a topological groupG, with the underlying
space chosen as W ×K , with the product topology, and the multiplication given by

(w, k) · (w′, k′) = (w +w′, kk′j (e(w,w′))) for all w,w′ ∈ W and for all k, k′ ∈ K.
It can be seen thatG is a locally compact second countable topological group. We identify
W and K as subsets of G canonically (w ∈ W identified with (w, e) and k ∈ K identified
with (0, k), where e denotes the identity in K and 0 denotes the zero of W ). Then K is a
subgroup ofG, and in fact coincides with the center ofG. We note that, on the other hand,
W , viewed as a subset of G as above, is not a subgroup, and in fact G has no subgroup
isomorphic to W . It may also be observed that two elements of W do not commute with
each other unless they are scalar multiples of each other.
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For any h ∈ H let Th : G → G be the map defined by Th(w, k) = (h(w),µ(h)(k)) for
all w ∈ W and k ∈ K . For any h ∈ H, since e ◦ (h× h) = (deth)e, by (23) we have that
Th is an automorphism of G. Also h �→ Th defines an action of H on G.

7.3. Orbits of the H-action. First we note that the H-action onK is mixing with respect
to the Haar measure on K; this follows from the fact that for any sequence {hi} in H

consisting of distinct elements, and any non-zero a ∈ A, the set {(dethi)a : i ∈ N} is
infinite.

We now show that the H-action on G has a dense orbit. Since G is second countable it
suffices to show that for every non-empty open set � of G the set {hω : h ∈ H, ω ∈ �} is
dense in G. Furthermore, the set � may be chosen to be of the form U × N where U and
N are non-empty open subsets of W and K , respectively. Let g = (w0, k0) ∈ G be given.
Since the H-action on W admits a dense orbit there exists u ∈ U whose H-orbit is dense,
and furthermore we may choose u so that u and w0 are not contained in the same H-orbit.
Then there exists a sequence {hi} consisting of distinct elements such that hi(u) → w0.
Since the H-action on K is mixing, it follows that {hi(k) : i ∈ N} is dense in K , for
almost all k ∈ K , with respect to the Haar measure. Since N is a non-empty open subset
of K , in particular we get that there exists y ∈ N such that the closure of {hi(y) : i ∈ N}
contains k0. Therefore, (w0, k0) is contained in the closure of {Thi (u, y)}. Since (w0, k0)

was an arbitrary element ofG this shows that {hω : h ∈ H, ω ∈ �} is dense inG. As noted
above this shows that the H-action on G has a dense orbit.

Remark 7.1. We note that K as in the above example would be finite dimensional if
and only if A ⊗ Q is a finite-dimensional Q-vector space (see [7, Theorem 8.22]).
The subgroup H can be chosen so that this holds and thus we get an example of a finite-
dimensional group with the property as above.
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