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Abstract. We consider locally compact groups G admitting a topologically transitive
7% -action by automorphisms. It is shown that such a group G has a compact normal
subgroup K of G, invariant under the action, such that G/K is a product of (finitely many)
locally compact fields of characteristic zero; moreover, the totally disconnected fields in
the decomposition can be chosen to be invariant under the Z?-action and such that the
Z@-action is via scalar multiplication by non-zero elements of the field. Under the
additional conditions that G be finite dimensional and ‘locally finitely generated’ we
conclude that K as above is connected and contained in the center of G. We describe
some examples to point out the significance of the conditions involved.

1. Introduction

It has been shown, in response to an old question of Halmos, that a locally compact
group admitting an ergodic automorphism is compact (see [1, 3, 6, 8, 11, 17]). It can
be seen, on the other hand, that it is possible to have abelian groups of automorphisms
acting ergodically, without the group being compact. This holds, in particular, for (finite-
dimensional) vector spaces over locally compact fields, where the group of automorphisms
can even be chosen to be finitely generated. It was shown in [4, 5] that if G is a connected,
or more generally almost connected, locally compact group admitting an abelian group
of automorphisms whose action has a dense orbit (in particular, if it is ergodic), then G
contains a compact (normal) subgroup K invariant under all automorphisms of G, such
that G/K is a vector group, namely, it is topologically isomorphic to R”; the results in [5]
also contain some further information on K. Generalizing the result, here we prove the
following.

THEOREM 1.1. Let G be a locally compact group, and suppose that there exists a finitely
generated abelian group of (bicontinuous) automorphisms, say 9, of G whose action on G
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has a dense orbit. Then there exist a unique compact normal $)-invariant subgroup K of G,

a finite-dimensional vector space V over R, and finitely many locally compact non-discrete

totally disconnected fields of characteristic zero, say Fi, ..., Fy, such that the following

hold:

(1)  G/K isisomorphicto V x F| x --- X F; as a topological group, with respect to the
additive structures on 'V and the F;;

(ii) eachofthe V and Fi, ..., Fy is invariant under the factor action of $ on G /K ;

(iii) there exists a continuous homomorphism ¢ : $ — GL(V) x F|" x --- x F, ;,
where F[ denotes the multiplicative group of non-zero elements in F;, such that
for any a € $ the (factor) action of o on V x Fy x --- x Fy is given by
W fieeees f) P @@, 1@ fi, - 0g(@) fy), for v € V and f; € F; for
i=1,...,q, where (po(a), p1(), ..., @4(a)) =_(p((x);

(iv) in the topological group GL(V) x Ff x - - - Fq*, ©(9) (the closure of p(9)) coincides
with its centralizer. In particular, the subgroup R* - 1y x F{" x - - - x FJ is contained

in m

Remark 1.1. The subgroup C := K NG is connected, and it is a maximal compact normal
subgroup of GO. Moreover, G/C =2V xT,where V = GO/ C is a finite-dimensional
real vector space, and 7 is a closed $)-invariant totally disconnected subgroup of G/C
(see Corollary 5.1).

We recall that by Ostrowski’s theorem every non-discrete locally compact field of
characteristic zero is either R, C or a finite extension of the field Q, of p-adic numbers
for some prime p. The multiplicative group of non-zero elements in each of these fields
admits a finitely generated (abelian) dense subgroup (see Lemma 4.1), say 9; the action of
$ on the additive group of the field has a dense orbit, and also it is topologically irreducible
(we call an action on a topological group topologically irreducible if there is no non-trivial
proper closed normal subgroup invariant under the action). It may be worth noting that
Theorem 1.1(i) readily implies the following converse of this.

COROLLARY 1.1. Let G be a locally compact non-compact group. Suppose that there
exists a finitely generated abelian group of automorphisms, say 9, of G such that the
following conditions are satisfied:

(1)  the $H-action has a dense orbit on G;

(i) the $H-action on G is topologically irreducible.

Then G is either R, or C or a finite extension of Q, for some prime p.

The uniqueness of the subgroup K as in Theorem 1.1, when it exists, is easy to settle
and it would be convenient to clarify this at the outset. We first note the following.

PROPOSITION 1.1. Let G be a locally compact group and K be a normal subgroup such
that G/K is topologically isomorphic to Vo x Vi x -+ x Vg, where Vo, Vi, ..., V, are
finite-dimensional vector spaces over Rand Q,, ..., Q,,, respectively, where py, ..., pq
are prime numbers. Let a be a bicontinuous automorphism of G such that «(K) = K, the
factor action of « on G/K leaves invariant all Vi, i = 0, ..., q, and all eigenvalues of
aly, i = 0,...,q, are of absolute value less than 1. Then every a-invariant compact
subset of G is contained in K.
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Proof. Under the condition in the hypothesis the factor action of @ on Vg x Vi x -+ x V,
does not leave any compact subset of Vy x Vi x - - - x V,; other than the point set consisting
of the identity. Thus, for any compact «-invariant subset of G its image in G/K is trivial,
so it is contained in K. a

COROLLARY 1.2. Let G and $) be as in Theorem 1.1. If there exists a subgroup K for
which the assertions (i)—(iv) as in the conclusion of the theorem are satisfied (for some
choices of V and Fy, . .., Fy as in the statement), then such a subgroup K is unique.

Proof. Let K be a subgroup for which the conditions are satisfied. We note that since,
by condition (iv), m contains all automorphisms of V' x F7 x --- x F,; whose action
is by scalar multiplication componentwise, it follows that there exists « € $ such that
all eigenvalues of the factor action of  on V x Fy x --- x Fy are of absolute value less
than 1. Hence by Proposition 1.1 every a-invariant, and hence every $)-invariant, compact
subgroup of G is contained in K. By symmetry of the argument, it follows that K is the
only subgroup for which the conditions are satisfied. a

Assertion (iv) in Theorem 1.1 also enables the deduction of the following (we recall that
a measure is said to be locally finite if the measure assigned to every compact set is finite).

COROLLARY 1.3. Let the notation be as in Theorem 1.1. Then:
(i)  any compact $-invariant subset of G is contained in K ;
@ii) any locally finite $-invariant measure on G is supported on K.

Proof. As noted in the proof of Corollary 1.2, condition (iv) in Theorem 1.1 implies
that there exists & € $) such that all eigenvalues of the factor action of « on V and F;,
i=1,...,q,are of absolute value less than one. The conclusions as above are immediate
from this. O

In the case of connected Lie groups G it was shown in [5] that the subgroup K as in the
conclusion of Theorem 1.1 is contained in the center of G; the general assertion for almost
connected groups, stated above, is in fact deduced from this. We obtain a generalization
of this stronger result, for a class of locally compact groups. We shall say that a locally
compact group G is locally finitely generated if there exists a finite subset S of G such that
the closure of the subgroup of G generated by S is open in G. We note that any connected
Lie group, and any closed subgroup of GL(n, F'), where F' is any locally compact field of
characteristic zero, is locally finitely generated. Using certain properties of locally compact
fields together with Theorem 1.1 we deduce the following.

THEOREM 1.2. Let the notation be as in Theorem 1.1. Suppose, in addition, that G is
finite dimensional and locally finitely generated. Then K is connected and contained in
the center of G.

THEOREM 1.3. Let the notation be as in Theorem 1.2. Suppose, furthermore, that G is a
Lie group. Then for each 1 <i < q there exists a closed normal $)-invariant subgroup ®;
of G isomorphic to F; as a topological group, and G = G x &1 x --- x O

Theorem 1.1 will be proved first, through Sections 2—4, in the special case of totally
disconnected locally compact groups. The arguments involved depend on properties of
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tidy subgroups of automorphisms of these groups, proved in [13-16], which we shall
briefly recall. The general case of the theorem will be proved in §5. Theorems 1.2 and 1.3
involving special additional hypotheses will be proved in §6. In the last section (§7) we
describe a class of examples to show that there are non-abelian groups admitting finitely
generated abelian groups of automorphisms acting with a dense orbit.

2. Automorphisms of totally disconnected groups and a partial paving of G
Let G be a locally compact totally disconnected group. Let Aut(G) denote the group of all
(bi-continuous) automorphisms of G.

2.1.  Basic results on tidy subgroups. In [13] the structure of G with respect to any
automorphism was studied by showing the existence of ‘tidy subgroups’.
For a compact subgroup U of G and o € Aut(G) we define

Upy = [ "U), Us:={)a"(U),

n>0 n>0
Uiy = " WUas),  Usm = o™ U,
n>0 n>0

and
Ugo = Ugq NUq_ = ﬂ o (U).
nez
Definition. A compact open subgroup U of G is said to be tidy for an ¢ € Aut(G) if it
satisfies the following conditions:
Tl(a): U = UyyUy— and T2(a): Uy4 is closed.
Moreover, U is said to be a tidy for a subgroup  C Aut(G) if it is tidy for every @ € §.

We recall the following results from [16, Theorems 3.4, 5.5, 6.8, 6.14]; see also [15,
Theorems 5.1, 5.2].

THEOREM 2.1. (Willis) Let $ be a finitely generated abelian subgroup of Aut(G).
Then there exists an open compact subgroup U of G which is tidy for ). Furthermore:
(1)  there are distinct closed subgroups Uy, Uy, ..., Uy of U such that

U=UpU;--- Uy
and for each @ € $ we have a(Uy) = Uy and either
aWUj)DU; or aUj)CU; foralljell,...,q};
(i) the subgroups Uj = Uaef) a(Uj) are closed;
(i) Uo = NyesUj);
(iv) foreachj € {1,...,q} there exist aj € § and a homomorphism p; : § — Z such
thataj(Uj) D Uj, tj :=[a;(Uj) : Uj] > 1,

aU)) = W), and eIV =1 foralla e $;
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V) ifH ={aeH:al) =U}then H = ﬂ?zl ker pj and $H/9H1 = 7" for some
0<r<gqg. '

LEMMA 2.1. If U is tidy for « € Aut(G) then Uy+4 N Uy—— = Uyp.
Proof. If u € Uy—__, then o"(u) € U for all sufficiently large n > 0. On the other
hand, if u € U,y as well, then there exists ng > 0 such that ug := a7 () € Uy.

Hence o (ug) € U whenever |n| is sufficiently large. By [14, Lemma 3.2] this implies that
o (ug) € Uyp for all n. Hence u € Uyop. O

We also note that the ordering of the subgroups Uy, Uy, ..., U, in the product
UopUip --- Uy as in Theorem 2.1 arrived at in the course of the proof, is such that the
following holds (see [16, Proof of Theorem 6.8]).

LEMMA 2.2. Suppose that ¢ > 2. Then there exist o« €  and 0 < t < g such that the

action of o on U; is strictly expanding for every j € {1, ...,t}, and strictly contracting
forevery j € {t +1,...,q}. Forthis a we have that Uyo = Uy, Uy = Uy ---U; and
Uy =Upy1--- Uy Also, Uyyy = U+ Urand Uy—— = Upyy -+ Uy

2.2. A paved set. From now on, unless specified otherwise, we will assume that § C
Aut(G) is a finitely generated abelian group and U is an open compact subgroup of G for
which the conclusion of Theorem 2.1 holds, and Uy, Uy, ..., U; and 01, R Uq are the
subgroups as in the statement of the theorem.

Foreach j € {1, ..., g} define

(n) -1
Xj" =aj(Uj) \ o (U)).
Then l}j is partitioned as

v=vuJx"= 1 x¥. )
nez ne{—oo}UZ

where X 5.700) := Ujp. Note that
U0X§"> = XE.") = XE.") Uy and ﬁlx§”> = xW, )
Foreachn = (n1,...,ny) € ({—o0} UZ)Y let

q
X(n) — l_[ X;n]) — Xgnl) . X((]nq)'
j=1

We note that the sets X ;n'/ ) may not commute with each other and the product is understood

to be in the order of occurrence of the indices j. Note also that U; = U—oogn <0 X ;.") and
so, since U = UpUy ---U,, we have that U = UnSO X®™  where n < 0 means that
—oo <n; <0foreach j € {l,2,...,q}. By (2),

UpX™ = X™ = x™y, and $ X" =x™. 3)

PROPOSITION 2.1. The sets X™, where n € ({—oo} U Z)4, are pairwise disjoint.
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Proof. The proof is by induction on ¢, the number of factors. When ¢ = 1 the claim is
nothing but the partitioning of Uy in (1).
Assume that the claim is established for all 1 < ¢ < k and considerq = k + 1 > 2.
Choose @ € $Hand 0 < ¢ < g as in Lemma 2.2. For each x = j’:l x](n-’) e XM define
t q
X = l_[xﬁ."j) € Uyrr and x™ = l_[ xﬁ."j) € Uy__.
j=1 j=t+1

Then x = xﬂ:')x(l').

Suppose now that x € X™ N X®™ —£ ¢ for some m and n in ({—oc} U Z)¢. Then x
factors in two ways as

X = x M _

Therefore,
y = (x_(i_m))—lx_(i_n) — x(_m)(x(_n))—l

and hence, by Lemmas 2.1 and 2.2,

y € Ua++ NUy—— = Uy = Up.
It follows that, by (2),
D) T )
™ =x Py e [Tx™ n]] x}" @)
j=1 j=1
and that
m _m TT ™) TT x™ S
j=t+1 j=t+1

The group Uy ++ is a closed subgroup of G and is invariant under ). Let the restriction
of § to Uy++ be denoted by 9|4+ C Aut(Uy++). Then V := U,y is an open subgroup
of Uy++, it is tidy for |4+ and its factoring as V = U - - - U, satisfies the conclusion of
Theorem 2.1. Now for each j € {1, ..., t} the group 0, its partition in (1), and, in turn,
the sets X En) ,n € {—00} UZ, are the same whether defined with respect to the ) action on
G or the 9|4+ action on Uy 4. Therefore, in view of (4), the induction hypothesis applied
to 9|44 acting on Uy implies that m; = nj foreach j € {1,...,t}. Thatm; = n; for
each j € {t + 1, ..., q} follows from (5) by application of the same argument to Uy—_.
Hence X™ = X and we have established the claim for ¢ = k + 1. This completes the
inductive step, and hence the proof of the proposition. a

COROLLARY 2.1. Fori,je(l,...,q}andi # j, U;NU; = Uj.

Proof. By (2) for any n € {—o0} U Z, we have XE.") =X forn = (ny, ..., ng), where
ng = —oo if k # j and nj = n. Therefore, by (1) and Proposition 2.1, ﬁi N l}j = Uy if
i #J. O
COROLLARY 2.2. Let x = x1 --- x4, where xj € Ujfor each j € {l,...,q}. Ifx e U,
thenx; € Uj foreach j € {1, ..., q}.
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Proof. Foreach j € {1,...,q},x; € e X)) for some nj € Z U {—ooc}. Since x € U, there
exists m < 0 such that x € X" _ Therefore, x € X™ N X™) wheren = (ny, ..., ng).
So, by Proposition 2.1, n = m, and hence n; < 0 for each j. Therefore, x; € Xg.n’) cUj
for each j. O

LEMMA 2.3. Let U be tidy for a. Then o™¥ (Uy)a=N (U_) is open for every N > 0.
Proof. Since ozN(UDH_) > Uy+ and a N(Uy-) > Uy_, we have

N (Uy)a ™ (Ug) = 0™ (Ug ) Ug 1 Ug—a ™ (Ug-)
=V (Upr)Ua™ (Uy-),

which is open because U is. a

PROPOSITION 2.2. X™ s open for every n € 74.

Proof. The case of ¢ = 0 is trivial. If ¢ = 1 then the conclusion is clear from
the definition of X™. Now assume that g =2 Letn = (n1,...,ng) € Z% and
set N = max{0,ny,...,ny}. Choose ¢ € $H and 0 < t < g as in Lemma 2.2.
Then ]_[1 | X(n’) C aV (Uyy) and ]_[1 i X (n’ C a~N(Uy-). Hence X™ is contained
in the open seta NUgp)a™N(U,).

For each j € {1,...,q}, let a; be such that statement (iv) of Theorem 2.1 holds.
Now define

oz (U] and

oMUy ifjed{l, ... 1}
a Ny ifjeft+1,...,q9)

As statement (iv) of Theorem 2.1 holds for «;, there exist integers N; > 0 such that
a;.\]'/(Uj) = Fj.Now forall j =1,...,q, define

=)o 11 )

i=1
and let

B = oV Ua)a™ (U )\U ;.

j=1

Then each Y; is compact, because C; and F; are compact, and hence B is open. Clearly,
B is the union of the sets X™ such thatm = (my, ..., m,) satisfies n; < m; < N; for
1 < j < g. By Proposition 2.1, the sets X m) are disjoint, and hence we have

x® =B\<U{X(”‘):m7énandnj <mj < N; for 1 §j§q}).

Since B is open and each X ™ is compact, this shows that X™ is open. a
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3. Groups of automorphisms acting with a dense orbit
For the results of this section, we will assume the notation of §2. We further assume that
the action of $ has a dense orbit on G.

PROPOSITION 3.1. There exists a surjective homomorphism p : $ — Z1 such that
a(X™) = X"HP@) fralla € §andn € 79 (6)
andker p = 91.

Proof. Letp; :  — Z, j =1, ..., q, be the homomorphisms as in (iv) of Theorem 2.1.
We define p : § — Z7 by setting p(@) = (p1(@),...,pq(@)) for all « € $.
Then $H; = ker p. Now ot(X;.")) = X;'H_pj(a))
Therefore, (6) holds. Since $ has a dense orbit in G and X ) jg open for each n € 74,
$ acts transitively on {X™ : n € Z4} and it follows that p is surjective. O

forallo € H,n € Z,and 1 < j < gq.

COROLLARY 3.1. There exists o € §) such that

a(U) DU, ﬂor"(U)zuo, and

n>0

Uiy = J"w)= |J x"=a.

n>0 ne({—oojUZ)4
Proof. Since p as in Proposition 3.1 is surjective, there exists « € $ such that p(a) =
(1,...,1). By (iv) of Theorem 2.1, forall 1 < j < g,
aU)>U;, |Jo" W) =0;, and [\ ™)) = Uh.
n>0 n>0
Therefore,

U+ = U(X"(U) =UoU,--- U,

n>0

= JB0) ={JX™ :n e (—o0)uz)?).
BeH

Also $ has a dense orbit on G and U is open in G. Therefore, Uy is dense in G.
But Uy + is closed in G, since U is tidy for a. Therefore, Uy++ = G. a

COROLLARY 3.2. The set S = | J{X™ : n e ({—oo} U Z)4 \ Z4} is a closed nowhere
dense subset of G.

Proof. By Proposition 2.1 and Corollary 3.1, § = G \ UneZqX(”). Therefore, by
Proposition 2.2, § is closed. Also, S is $-invariant. Hence if it had an interior point
we would have S = G, which is not the case. This shows that S is nowhere dense. O

COROLLARY 3.3. §; has a dense orbit on X™ foreveryn € Z4.

Proof. Letn € Z4. Since X™ is open, there exists x € X™ such that $(x) = {a(x) |
a € $H}is dense in G. By Proposition 3.1 and Proposition 2.1,

XM NBxX™)y=x®WnxPH —g forall e H\ Hi. (7



Locally compact groups with dense orbits under 7% -actions 1451

As X™ is open and compact,

X" =X®NHx) = X®NH1(x) = Hi);
the second equality holds due to (7) and the last equality holds due to (3). O
PROPOSITION 3.2. Any $)1-invariant open subgroup of U contains U.

Proof. Let V be a $1-invariant open subgroup of U. Then V is closed, and hence compact.
By Corollaries 3.2 and 3.1, there exists n € Z¢ such that V N X is non-empty. Then, by
Corollary 3.3, X® is contained in V. Let x € X™ and consider u € Up. Then, by (3),
ux € X™ c vV, andhence u = (ux)x~! € V. Thus, Uy C V. O

PROPOSITION 3.3. Uy is a normal subgroup of G.

Proof. Since Uy is $H-invariant and ) has a dense orbit in G, it is enough to show that
Up is normal in U. Choose ¢ € $ as in Corollary 3.1. Let k € N. Then a~ k)
is an open subgroup of U. Since U is compact, @ ¥(U) is a subgroup of finite index
inU. Let V}; = ﬂueUuoz_k(U yu~!'. Then Vj coincides with an intersection of finitely
many conjugates of « ¥ (U), and hence is an open normal subgroup of U. Since U and
a‘k(U ) are $)j-invariant, Vi is $1-invariant. Therefore, by Proposition 3.2, Uy C Vj.
Now ﬂ,fil Vi C ﬂ,fil oz_k(U) = Uy, and hence Uy is normal in U. O

COROLLARY 3.4. For distinct j,k € {1,2,...,q}, [U;, U] C Up.
Proof. Let x € f]j and y € Uy. Then by Corollary 3.1 there exist n; € {—oo} U Z and
u; € Xf"i), forall 1 <i < g, such that

xyx_ly_lzul---ule(”), ©)

where n = (n1, ..., ny).
By Proposition 3.1 there exists y € $) such that

o
yWj) cU;, ()v"Wj)=Uo and y(U)=U; foralli#j.
n=1
Therefore, there exists a sequence a,, — oo of positive integers such that, as m — oo, the
sequences {y®x}, {y%my}, and {y“mu;} converge, say y*mx — xo € Upy, y*y — yo €
Uk, and y%mu; — z;,fori =1,...,q, withz; € Xf"") ifi # j,and z; € Ug. Then

y eyx Ty - )coyoxo_lyo_l as m — oo. 9)
Since Uy is a normal subgroup of Uk, )coyoxo_lyo_l € Up. Also
ym(ur--ug) > 210024 e X" asm — oo, (10)

wheren’ = (n, ..., n;), n; =n;ifi # j, and n’] = —00.

By (8)-(10), and Proposition 2.1, n: = —oo for all i. This proves that u; € Uy for all
i # j. Therefore, xyx 'y~! e 17,

By a similar argument with k in place of j, we have xyx~!y~! Uy. Hence xyx 1y~ €
0j NU; = Up by Corollary 2.1. O

1
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3.1. Structure of G/Uy. Let G = G/Ug and 7 : G — G denote the quotient
homomorphism. Consider the factor action of £ on G.

Forl <j<gq,letG; = 71(0]-). Then G| is a closed subgroup of G. By Corollary 3.4,
for i # j, the elements of G; commute with the elements of G;. By Corollary 2.1,
G; NG = {e}. Therefore,

G=G|x-xGy. (11)

Clearly the projection of G onto G is $-equivariant for each j. Hence $) has a dense
orbit on G ;. Moreover, l_]j := m(Uj) is an open compact subgroup of G; which is tidy
for the $)-action on G, and the conclusion of Theorem 2.1 holds for ¢ = 1; moreover,

NpesBU)) = {e}.

4. Thecaseofq = 1and Uy = {e}
In view of (11), in order to analyze the group theoretic structure of G and the algebraic
properties of the action of £ on G, it is enough to study the structure of G ;j and the action
of § restricted to G for each j separately. Therefore, unless specified otherwise, in this
section we assume that G is a locally compact totally disconnected group, $ C Aut(G) is
a finitely generated abelian group whose action on G has a dense orbit, and the following
holds: (i) there exists an open compact subgroup U of G which is tidy for §; (ii) there
exists an element « € $ such that «(U) D U, (),,»oa " (U) = {e}; and (iii) there exists a
surjective homomorphism p : $ — Z such that ,3(_U) =a”B(U) forall B € $.

Let 1 =kerp ={B € $H: B(U) =U}. Forn € Z we put X = o™ (U) \ «"~ 1 (V).
By Corollary 3.1,

Ua++ = U O[n(U) = U X(n) = G, (12)

n>0 ne{—oojUZ
where X(=) = Uy = {e}.

PROPOSITION 4.1. U is a normal subgroup of G. In particular, «*(U) is normal in G for
allk € Z.

Proof. (Cf. Proposition 3.3) For every k € N, let Vj denote the unique maximal compact
open normal subgroup of U contained in « ¥(U). Then V) is an open §)-invariant
subgroup. By (12) there exists an integer ny > k such that Vy C o % (U) and
Vi N X~ =£ @, Therefore, by Corollary 3.3, X(=%) C V;. Since

a*nkfl(U)X(*nk) = xm Vi

and Vi is a group, we have that @~ 1(U) < Vi. Therefore, Vi = a "% (U).
Hence a7 (U) is normal in U. Therefore, U is normal in o' (U), where ny > k.
Since k € N can be chosen arbitrarily large, by (12) we have that U is normal in G. O

PROPOSITION 4.2. Let F = U /a~ ' (U). Then every element of F, other than the identity,
has order p, where p is a prime number.

Proof. Since U and oz_l(U ) are $)p-invariant, ) acts on F' via group automorphisms,
and the natural quotient map from U to F' is $;-equivariant. Therefore, by Corollary 3.3,
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1 has a dense orbiton F \ {e}, and as F is discrete, it follows that the $-action on F'\ {e}
is transitive. Therefore, all elements of F' \ {e} have the same order, say p. If p = rs,
with r,s € N and r > 2, then r is the order of an element in F \ {e} and so r = p and
s = 1, which shows that p is a prime. O

COROLLARY 4.1. For any k € N, the order of the group U/a™%(U) is a prime power.
In particular, Ua=*(U) is a nilpotent group.

Proof. Forallk € N,
U/ ()| = U/ D) - la= Dy /e )],

and ¢~ *=D(U) /a= % (U) = U/a~"(U). Therefore, we get |U/a*(U)| = |U /o~ (U)|¥,
which is a prime power because by Proposition 4.2 |U/a~!(U)| is a power of a prime. O

PROPOSITION 4.3. $)1 acts minimally on X" for every n € Z.

Proof. Let Y be a compact $)1-invariant subset of X". Let k be any integer less than n,
and let V = ozk(U ). Then V is §)j-invariant, and VX ) = X Therefore, VY is an open
compact f)-invariant subset of X ™) Since $1 has a dense orbit in X ("), we have that
VY = X This shows that, for any x € X" yNnvx #+ 0.

Since Uy = {e}, any neighbourhood of e contains «*(U) for some integer k < n.
The above observation therefore shows that Y is dense in X", and since Y is compact it
follows that ¥ = X, |

For open compact subgroups V and W of G, let
[V,W]= {vwv71uf1 :veV, we Wl
PROPOSITION 4.4. G is abelian.

Proof. We first show that, for any m,n € Z, [«"(U),a"(U)] = oX(U) for some
k € ZU{—oc0}. Let C = [« (U),a"(U)]. Then C is compact and §;-invariant.
If C # {e}, then there exists a maximal integer k satisfying C N X® = . Then, by
Proposition 4.3, X®) ¢ C. Since @' (C) c C, by (12), C = oX (V).

Now, for all integers m > 0 let V,, = ™™ (U), and Vo = {e}. By Proposition 4.1
Vin 1s a normal subgroup of U. Also, by the above observation, for all m there exists
km € Z U {oo} such that [U, V] = Vi, By Corollary 4.1, U/ V;,1 is a finite nilpotent
group, so [U/ Viu+1, Vin/ Vin+1] is a proper subgroup of V,,,/ V;, 41, and hence k&, is in fact
contained in N U {oo}. Now,

Vidmtky =& Vinaky) = [ H(U), Ving1]
C [Uv Vm+l] = V(m+1)+k(m+])'

Therefore, 1 < kj,+1 < ky, for all m > 0. If ko = oo, then U is abelian, and hence,
by (12), G is abelian. Now suppose that, if possible, kp € N; we shall show that this
leads to a contradiction. Then k;, € N for all m and hence there exists M > 0 such that
ki =kpy > 1forallm > M.

Let W = Vyr4xy+k- Then we have

(U, Vil = @5 (Vi iny) = W (13)
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and

[[U, UL, Varsiy) = [Vigs Vil = @50 (U, Vig])
= ()[_kO(VM+kM) = W (14)

By Proposition 4.1, W is a normal subgroup of U. Let v : U — U/[U, W]
denote the quotient homomorphism. For any u € U and v € Vyyy, by (13),
[V (u), y ()] = ¥([u,v]) € ¥ (W), which is central in U/[U, W]. Therefore, the map
u +— [Y¥(u), ¥ (v)] is a homomorphism from U into ¥ (W). Then, as { (W) is abelian, we
get [y ([U, UD), ¥ (v)] = {e}. Hence

[[U, U1, Vi1ky] C [U, W1 = a4 (W).

Comparing with (14) we get that a %M (W) = W, and hence that « % (U) = U, which is
a contradiction. This completes the proof. a

Now, since G is abelian, we will denote the group operation on G by + and its identity
element by 0.

PROPOSITION 4.5. There exists a binary operation x on G such that (G, +, %) is a (locally
compact) field, with (G \ {0}, %) as the multiplicative (topological) group of the field. Also
{y(1) : y € 9}, where 1 denotes the identity element of (G \ {0}, %), is a dense subgroup
of (G \ {0}, %), and the action of any y € $) is given by y(g) = y(1) x g forall g € G.

Proof. Letxg € X ©)_ such that H(xp) is dense in G. We shall first define a group structure
on X© as follows.

Letn € N. Now, X© is invariant under the action of « =" (U) and there are only finitely
many orbits under the action. Let X, denote the finite orbit space X /o™ (U), and
¢ X ) — X, be the natural quotient map. Since o~ (U) is $1-invariant, the $1-action
on U induces a $)j-action on X, such that ¢, is $1-equivariant. By Corollary 3.3, $; has
a dense orbit on X©. Therefore, the $;-action on X, is transitive. For every n € N, let
Xn = ¢n(xp) € X,. Then every element of X,, can be expressed as «(x;) for some @ € 9.
We now define a binary operation *, on X, by

(@ (xn)) *n (B(xn)) = (@B)(xy) foralle, B € Hi; (15)

it can be seen that, as £ is abelian, %, is well defined and (X,,, *,) is isomorphic to a
quotient group of $.

Now, forn > m > 1, let ¢,,,» : X, — X,, be the natural quotient map. Then ¢y, ,,
is a homomorphism from the group (X;, *,) to (X, *m). Therefore, the inverse limit of
the finite groups (X, %,) as n — 0o exists, and it is the topological space X©, with a
group structure, which we shall denote by *, such that ¢, is a homomorphism for all .
Then (X @, %) is a topological group with x as the unit element.

Nextlet 8 € 1 and y € X© be arbitrary. For any n € N, there exists y € $1 such
that ¢, (y) = v (x,). By (15) for all n € N we have

D (B(Y)) = B(dn(y)) = B(y (xn))
= B(xp) *n ¥ (Xn) = Gn(B(x0)) *n $n(¥).
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Therefore,
B(y) = B(xo)*y forallfeH andye X©. (16)

We now define a binary operation * on G as follows. For i € {1,2}and g; € G, there
exist a unique k; € {—oo}UZ and a y; € X© such that g; = ki (y;); here a=>®(z) := 0
for any z € X©@. We define

g1 % g2 = odF1 R (yy % y9), (17)

with the convention that k| + k2 = —oc0 if k| = —oc0 or kp = —o0.

Since a* (X ©) is openin G for all k € Z, and a¥%(z) > 0as k > oo, for every z € Z,
the binary operation * is continuous on G x G. Now it is straightforward to verify that
(G \ {0}, %) is a topological group. From (15) and (17), and the commutativity of §), we
get that it is an abelian group. We also note that

a(g) =a(xp)xg forallg € G. (18)

By (16) and (18),
y(xo) x g =y(g) forally € §. (19)

Therefore, since y is an automorphism of (G, +),

y(x0) * (z1 +22) = y(z1 +22) = ¥ (21) + v (22) = (¥ (x0) * z1) + (¥ (x0) * 22).

Also $H(xg) is dense in G, and the binary operations + and * are continuous on G X G.
Therefore, * is distributive over +. This proves that (G, +, %) is a locally compact field.
The last statement in the proposition follows from (19). a

LEMMA 4.1. Let K be alocally compact field, then K* contains a finitely generated dense
subgroup if and only if Char(K) = 0.

Proof. First suppose that Char(K) = 0. Then K is a finite extension of Q, for some
prime p (see [12]). Let Z denote the compact ring of elements of norm at most 1 in K, and
let U be the group of units in Z. The exponential map from pZ — U is a homomorphism,
and a local homeomorphism. Therefore, for some k > 0 the exponential map is an
isomorphism of the additive group p¥Z and an open compact subgroup Uy of U for some
k > 0. Now p¥Z = Z and Z/Z‘; is finite, where d = [K : Q,]. Since Z, contains Z as
a dense subgroup, we conclude that Uy, and hence U, contains a finitely generated dense
subgroup. Since K* is generated by p and U, this proves the ‘if” part.

Now suppose that Char(K) = p > 0. Then K = F((¢)), the topological field of
Laurent power series over a finite field F of characteristic p (see [12]). Put U = F[[¢]]* =
F* + tF[[t]]. Note that U, := F* + " F[[¢]] is an open compact subgroup of U and
|U/U,| = ¢"~ !, where ¢ = |F|. Forany f € Uy, fP € Upn. Letn > 1 andr € N be
such that p"~! < n < p”. Since U = Uy, every element of U/ U, is of order at most p.
Therefore, any set of generators of U/ U, has at least g~/ p” generators.

Now, if possible, let § be a finitely generated dense subgroup of K*. Then $ N U is
generated by finitely many, say N, elements and is dense in U. This implies that the image
of H N U on U/U, is surjective, and hence U/ U, is generated by at most N elements.
Therefore, q”‘l/p’ < N forall r € N and p’_1 < n < p", which is not possible.
This proves the ‘only if” part. a



1456 S. G. Dani et al

Combining Section 3.1, Proposition 4.5, and Lemma 4.1 we obtain the following.

THEOREM 4.1. Let G be a locally compact totally disconnected group. Let $) be a finitely
generated abelian group of automorphisms on G whose action has a dense orbit on G.
Then there exist a compact normal $)-invariant subgroup Uy of G, locally compact totally
disconnected fields Fy, ..., Fy of characteristic zero, and an isomorphism  : G/Uy —
Fix- - -x Fy (the Cartesian product of the additive topological groups of the F; ). Moreover,
there exists a homomorphism ¢ : $ — F[' x --- x Fq* such that, for any a € $) and
x € G/Uy, we have Yr(a(x)) = ¢(a)¥(x), where [[; F}* acts on []; F; via coordinate-
wise multiplications. Also ¢(9)) is dense in F' x -+ X FJ.

5. The general case

In this section we prove Theorem 1.1 for a general locally compact group, using the results
of the previous sections for totally disconnected groups and results from [5] for connected
locally compact groups.

A locally compact group G is said to be almost connected if G/G° is compact,
where G° denotes the connected component of the identity in G. From a well-known
theorem of Montgomery and Zippin (see [10, Theorem 4.6]) the following was deduced in
[5, Lemma 5.1], for this class of groups.

LEMMA 5.1. Let G be an almost connected locally compact group. Then G has a unique
maximal compact normal subgroup C; moreover, G/C is a Lie group.

We next note the following.

LEMMA 5.2. Let G be a finite-dimensional almost connected locally compact group such
that G° has no non-trivial totally disconnected compact normal subgroup. Then G admits
a unique maximal totally disconnected compact normal subgroup N. Also, G/N is a Lie
group, and GON is an open subgroup of G.

Proof. Since G is finite dimensional, by a theorem of Montgomery and Zippin [10,
Theorem 4.6], there exist totally disconnected compact normal subgroups N such that
G/N is a Lie group. Then G/G°N is a compact totally disconnected Lie group, and hence
it is finite. We choose N to be a subgroup from this class of subgroups, with the additional
condition that the order of G/G"N is the minimum possible.

Now let N’ be any totally disconnected compact normal subgroup of G. Then NN’ is
also a totally disconnected compact normal subgroup. By the choice of N the G/ GONN’
has the same order as G/GON. Therefore, GONN' = GON, and so N c GON.
Also NN’ N GV is a totally disconnected compact normal subgroup of G°, and hence by
the condition in the hypothesis it is trivial. This shows that NN/ = N, and so N’ C N.
This shows that N is the unique maximal totally disconnected compact normal subgroup
N of G. The choice of N as above shows also that the second statement in the lemma
holds. o

PROPOSITION 5.1. Let G be a finite-dimensional locally compact group and §) be a
finitely generated abelian group of automorphisms of G. Suppose that the $)-action
has a dense orbit on G. Suppose also that G° has no non-trivial totally disconnected
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compact normal subgroup. Then there exists an Aut(G)-invariant totally disconnected
closed subgroup T of G such that G = G°T and G° N T is trivial. Thus, G is a direct
product ofGO and T, and the $H-action on GO (as well as on T ) has dense orbits.

Proof. Let G = G/G". Then G is totally disconnected and §) has a dense orbit on G. As in
§2 let U be a compact open subgroup of G which is tidy for §). Let G’ denote the inverse
image of U in G. Since G'/G° = U is compact, by Lemma 5.2 there exists a unique
maximal totally disconnected compact normal subgroup of G’, say N; also G’/ N is a Lie
group and GON is open in G’. Since G’ is §)j-invariant, so is N. Therefore N, the image
of N in G’'/G° = U, is a compact open $)1-invariant subgroup of U. By Proposition 3.1
there exists a € $ such that

a(U) DU, U o«"(U)=G, and ﬂ a(U) = Up. (20)
n=0 n=0

By Proposition 3.2, Uy C N. Therefore, there exists n > 0 such that a "(U) C N,
or equivalently o” (N) D U. Hence "(N)G® > G’. Therefore, G’ = N’'G°, where
N’ :=o"(N) N G'. Now a"(N) is normal in a”(G’) and a(G") D G’. Therefore, N’ is a
totally disconnected compact normal subgroup of G’. So by the maximality, N D N'.

Recall that by hypothesis G° has no non-trivial compact totally disconnected normal
subgroup. Hence N N G® = {e}. Thus we have N > N’, NG° = N'G°, and
NNGY = {e} = N'NGO. This implies that N = N’. Hence N = U and so @ ¥ (U) C N
for all k > 0. Therefore, by an argument as above, N = o*(N) N G’ for all k > 0.
The argument also shows that % (N) is an open normal subgroup of o (N) for all integers
k<l

Now let 7 = [ ;2 & (N). Then T is a locally compact totally disconnected subgroup
of G, and, by (20), G = TG°. Since N is normalized by G°, o” (N) is normalized by G,
and hence T is normalized by GO. Therefore, T is normal in G. Also, from the choice of
N and T we see that T N G° = {e}. Also, for any 8 € Aut(G), B(T)T/T is a union of a
sequence of totally disconnected compact normal subgroups of G/T = G°, and therefore
by the condition on G it is trivial. This shows that T is Aut(G)-invariant. The second
statement in the proposition readily follows from the first one. O

In proving Theorem 1.1 we shall use the following special case proved in [5].

THEOREM 5.1. [5, Theorem 1.1] Let G be a connected Lie group. Suppose that there
exists an abelian subgroup § of Aut(G) such that the $H-action on G has a dense orbit.
Then there exists a compact subgroup C contained in the center of G suchthat G/C =V,
where V is a vector group, namely the additive (topological) group of a finite-dimensional
real vector space.

Together with Proposition 5.1, Theorem 5.1 implies the following.

COROLLARY 5.1. Let G be a locally compact group and $) be a finitely generated abelian
group of automorphisms of G, such that the $)-action has a dense orbit on G. Let C be the
maximal compact normal subgroup of G° (see Lemma 5.1). Then C is connected, G°/C is
avector group, and G/C = G°/C x T, where T is a totally disconnected closed subgroup
of G/ C, invariant under the factor action of  on G/C.
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Proof. We note that, since G%/C is a Lie group, G/C is finite dimensional. Applying
Proposition 5.1 to the $H-action on G/C, we get that there exists an Aut(G/C)-invariant
totally disconnected closed subgroup T of G/C such that G/C = G°/C x T. Then the
$-action on G /C has a dense orbit, and, since GO / C has no non-trivial compact normal
subgroup, Theorem 5.1 implies that G°/C is a vector group. Then C has to be connected,
since if C’ is an open subgroup of C then the quotient homomorphism of G°/C’ onto
GY/C is a covering map, and it has to be a homeomorphism since G°/C is simply
connected. This proves the corollary. a

Proof of Theorem 1.1. Recall that by Corollary 1.2 if a subgroup K with the desired
properties exists then it is unique. We now prove the existence of the subgroup K,
satisfying the conditions. Let C be the maximal compact normal subgroup of G°
(see Lemma 5.1). By Corollary 5.1 there exists a totally disconnected normal subgroup 7
of G/C, invariant under the $-action on G/C, such that G/C = G°/C x T. Let Uy be
the subgroup of T such that the conclusion of Theorem 4.1 holds (for T in the place of G
there). Let K be the closed subgroup of G containing C, such that K /C is the subgroup
of G/C corresponding to Uy in the decomposition as above. Then K is a $-invariant
compact normal subgroup of G, and G/K = G°/C x T/Uy. Now the assertions (i)—(iii)
of the theorem follow from Theorems 5.1 and 4.1.

The assertion (iv) is inspired by [5, §2]; however, while [5] depends on a result from [2],
here we present a direct argument. First note that the additive group W := V x F1 x- - - x Iy
is a finitely generated module over the ring R := R x Fy x --- x F;, and Endg (W) =
Endgr (V) x F1 x --- x Fy. The centralizer of ¢($)) in End (W), say Z, is a topologically
closed subring of End (W) containing the group ring R[¢($))]. By our assumption, there
exists w € W such that p($H)w is dense in W. In particular, R[¢($H)]Jw = W. Therefore,
the homomorphism ¢ : Z — W of the additive groups, given by ¥ (z) = zw for all
z € Z, is surjective. Also if z € ker(y), then z(hw) = h(zw) = 0 for all 1 € ¢($)), and
since p(H)w is dense in W this implies that z = 0. Thus, ¥ is bijective. Since Z and
W are locally compact second countable groups, it follows that ¢ is a homeomorphism.
Since ¥ (¢($)) is dense in W, we conclude that ¢($)) is dense in Z. Since the centralizer
of p(9) in GL(V) x F|" x --- x F; is contained in Z, this proves (iv). O

6. The case of finite-dimensional locally finitely generated G
In this section we use various properties of locally compact fields together with
Theorem 1.1 to obtain proofs of Theorems 1.2 and 1.3.

6.1. Theorem 1.2 for totally disconnected G. We first consider the case when G is
totally disconnected and locally finitely generated. Let the notation be as in the statement
of Theorem 1.1. Let Uy = K. Then G/ Uy is a product of the additive subgroups of locally
compact fields of characteristic zero. Let U be an open compact normal subgroup of G
containing Up.

6.1.1. To show that Aut(U) is profinite. Since G is locally finitely generated, there
exists an open subgroup, say O, containing a dense finitely generated subgroup. By part
(vi) of Theorem 1.1 there exists « € $) such that «(U) contains the finitely generated



Locally compact groups with dense orbits under Z¢-actions 1459

subgroup, and hence O C a(U). Since O is open it is of finite index in a(U). It follows
that «(U) contains a dense subgroup which is finitely generated, and hence so does U.
This implies, in particular, that for any natural number m, U has only finitely many
subgroups of index m (cf. [9, Corollary 1.1.2]). Since there is a basis of neighborhoods
of the identity consisting of open normal subgroups this implies that the group Aut(U), of
bicontinuous automorphisms of U, is a profinite group.

6.1.2. To show that G = Zg(Uy)Up. Let Zg(U) denote the centralizer of U in G.
Then Zg(U)U is a closed normal subgroup of G because U is normal. We note that
G/Zg(U)U is a quotient of G/Up, which is a product of locally compact fields of
characteristic zero. Hence G/Zg(U)U has no non-trivial normal subgroup of finite
index. On the other hand, the conjugation action of G on U induces an injective
homomorphism ¢ : G/Zg(U)U — Aut(U)/Int(U), where Int(U) is the normal subgroup
of Aut(U) consisting of all inner automorphisms of U. Since G/Zs(U)U has no non-
trivial subgroups of finite index, and Aut(U) is profinite, it follows that ¢ is trivial.
Hence G = Zg(U)U.

Since Uy C U, it follows also that G = ZgU, where Zy := Zg(Upy). Since Uy is
H-invariant, so is Zop, and hence we get that G = Zpa(U) for all ¢ € §. By Corollary 3.1
there exists « € $ such that «(U) C U and ﬂ?i] o'(U) = Up, so the preceding
conclusion implies that G = ZgUj.

6.1.3. To show that Zg(Uy) is abelian. Since G = ZyUyp, by Theorem 4.1 it follows
that
Zy/C=F| x---x Fy; where C = Zy N Up. (2))]

Then C is contained in the center of Zg and Z(/C is abelian. Therefore, for each & € Z,
the map vz : Zg — C given by v:(n) = [§,n] for all n € Zp is a homomorphism.
Clearly ¢ factors through Zo/C. In view of (21), since F; does not admit a non-
trivial continuous homomorphism into a finite group, and hence into a totally disconnected
compact group, the map V¢ is a trivial homomorphism. This means that Z is abelian.

6.1.4. To show that G = ® x Uy for a H-invariant subgroup ®. Let X = Z), the
character group of Zy, and let X’ be the annihilator of C in X. Then, by (21),

4 q q
X/=ZO/C§HF,-=@ ,-;EBF,-.

Therefore, X’ is a torsion-free divisible subgroup of X. Hence there exists a subgroup A
of X such that X = X' @ A [7, Corollary A1.36(1)]. Now A = X/X’ = C. Since C
is compact, C is discrete. Therefore, A is a discrete, and hence a closed, subgroup of X.
Therefore,
Zo=® x C where ® := m ker . (22)
X€A
Since C is totally disconnected, by [7, Corollary 7.70], A = C is a torsion group.
Since X’ is torsion free, any element of X’ @ A that does not belong to A has infinite order.
Therefore, A is Aut(X)-invariant. Hence ® is Aut(Zy)-invariant.
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Now we have G = UpZy = Up® with Uy and & normal $)-invariant subgroups.
By (21), C = Zp N Upy. Hence Uy N @ is trivial by (22). Therefore, G = ® x Uy.

6.1.5. To show that Uy = {e}. Now since the $)-action on G has a dense orbit, it follows
that the $j-action on G/ P = Uy has a dense orbit. Suppose Uy # {e}. Then Up has a proper
open normal subgroup, say V. Since U = (P NU) x Uy contains a finitely generated dense
subgroup, Up has a finitely generated dense subgroup. Therefore, there are only finitely
many open subgroups in Up with the same index as that of V (see [9, Corollary 1.1.2]).
Therefore, the finite intersection (1), (V) is a proper open subgroup of Up, and it is
$-invariant. Since the $)-action has a dense orbit in Uy this is a contradiction. Therefore,
Uy is trivial. Thus G = ® = F; x --- x Fy. This proves Theorem 1.2 in the case when G
is totally disconnected.

6.2. Theorem 1.2 in the general case. 'We begin by noting the following.

LEMMA 6.1. Let G be a finite-dimensional connected locally compact group. Let Q be
the smallest closed subgroup of G containing every totally disconnected compact normal
subgroup of G. Then Q is a compact subgroup contained in the center of G. Furthermore,
G/Q is a Lie group, and the center of G/Q contains no non-trivial compact subgroup;
in particular, G/ Q has no non-trivial totally disconnected compact normal subgroup.

Proof. The first assertion is proved in [5, Lemma 5.2], using the well-known theorem of
Montgomery and Zippin. In a compact central subgroup of a Lie group, elements of finite
order form a dense subset, so to prove the second statement it suffices to show that the
center of G/Q does not contain any non-trivial element of finite order. Now let z be an
element of finite order contained in the center of G/ Q. Let Q’ be the normal subgroup of
G containing Q, such that Q'/Q is the cyclic subgroup generated by z. Then Q' is abelian,
as Q is central in G.

By the Montgomery—Zippin theorem there exists a totally disconnected compact normal
subgroup, say N, such that G/N is a Lie group. Then N C Q, and Q'/N is a normal
compact abelian Lie subgroup of G/N. Hence the automorphism group of Q'/N is
discrete, and as G/N is connected it follows that Q’/N is contained in the center of
G/N. 1t is therefore the product of its connected component of the identity (Q’/N)°
and a finite subgroup, say F. Let N’ be the subgroup of Q' containing N and such that
N'/N = F. Then N’ is a totally disconnected compact normal subgroup of G, and hence
by the definition of Q we have N’ C Q. Also, since Q is of finite index in Q’, we see that
(Q'/N)Y is contained in Q/N. Therefore, Q' = Q, which means that z is trivial. As seen
above this shows that the center of G/Q has no non-trivial compact subgroup. The last
statement in the lemma follows from the fact that with G/ Q being connected, every totally
disconnected normal subgroup is contained in its center. O

Completion of proof of Theorem 1.2. Let the notation be as in the statement of the
theorem. Let Q be the smallest closed subgroup of G° containing every compact totally
disconnected normal subgroup of G°. We note that Q is invariant under all automorphisms
of G, and in particular $)-invariant. Thus the $-action on G factors to G/Q.
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In view of Lemma 6.1, we can apply Proposition 5.1 to G/Q in place of G and conclude
that there exists a totally disconnected $)-invariant closed normal subgroup 7" of G/Q
such that G/Q = GO/ QO x T, and $ admits dense orbits on GO/Q and T. Therefore,
by Theorem 5.1, applied to G°/Q in the place of G there, and recalling that Q is compact
by Lemma 6.1, we see that there exists a compact normal )-invariant subgroup C of G°
such that C/Q is contained in the center of G°/Q, and G°/C is a vector group. Since,
by Lemma 6.1, G°/ Q has no non-trivial compact central subgroup, it follows that C = Q.
Thus G/ Q is a vector group. We conclude also that Q is connected, since if Q' is an open
subgroup of Q then the quotient map of G°/Q’ onto G°/Q is a covering map and has to
be a homeomorphism.
We next show that Q is contained in the center of G. Since Q is finite dimensional,
0 ®Q = Q4 whered = dim Q < dimG < oo [7, Corollary 8.22]. Moreover, since Q
is connected, Q is torsion free [7, Corollary 7.70]. Therefore, the map i : Q — Q ®Q
given by z( x) = x ® 1 is injective. The conjugation action of G on Q gives an action
of G on Q via automorphisms. Extending this action to the action on Q ® Q, we obtain
a homomorphism ¢ : G — GL(d, Q) such that ker¢p = Z5(Q), the centralizer of Q
in G. Therefore, Zg(Q) is a closed subgroup of countable index in G. Hence, by the
Baire category theorem, Zg(Q) is an open subgroup of G. Since Zg(Q) is $H-invariant,
and since $) has a dense orbit on G, we conclude that Zg(Q) = G. Thus Q is contained
in the center of G.
Since T is a totally disconnected and has a dense ) orbit, by §6.1 we conclude that
={e}and T = Fy x --- x F;, where the F; are the additive subgroups of locally
compact totally disconnected fields of characteristic zero. Therefore, K in the statement of
Theorem 1.2 is the same as Q as above; this proves the theorem. O

6.3.  Proof of Theorem 1.3. We are now given that G° is a Lie group. Then K as in
Theorem 1.1, which is the same as Q above, is a finite-dimensional torus. Let Wy, ..., ¥,
be the closed normal subgroups of G containing K and such that F; = W; /K for all
i =1,...,r, where F; are the additive subgroups of locally compact totally disconnected
fields of characteristic zero, as above. Let ¥ = ¥ - W, .- - .. W,. Then W is an $)-invariant
closed normal subgroup of G such that G = G'W, and G N ¥ = K.

We next show that W is contained in the center of G. Since K is central in G and G/K is
abelian, it follows that for any g € G the map 6, defined by 6,(§) = [§, g] :=£g&~ lg—l,
for all £ € W, is a continuous homomorphism of W into K ; furthermore, for all g € G, Og
factors to W/ K = ]_[?: | Fi. Since K is a Lie group it follows that each 6, is trivial on an
open subgroup of W containing K. Since G contains a finitely generated subgroup which
is dense in an open subgroup of G, it follows that there is a compact open subgroup, say
Q1, of W containing K, such that 0, is trivial on ©; for all g in an open subgroup of G.
Thus Z(£21) is an open subgroup of G. Therefore, 2 := Z5(£21) N2 is a compact open
abelian subgroup of W containing K, and it centralizes G°.

Since G/Go = F1 x -+ x Fy, and §) has a dense orbit on G/ G preserving each F;,
by Theorem 4.1 there exists « € §) such that

«(@>Q and | Jodh@=w
k=1
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Then each o () is abelian and centralizes G°, and hence it follows that W is abelian and
centralizes GY. Since G = GO, this shows that W is contained in the centre of G.

Now Wip,..., ¥, are closed normal §)-invariant abelian subgroups of G, and G =
GOy, ... W,. To complete the proof it suffices to show that each W; contains a closed
H-invariant subgroup, say ®;, such that ; is a direct product of K and ;.

Let1 <i < r be fixed. Let X = \i/,- be the character group of ;. The annihilator of
K, say A, is a closed subgroup of X isomorphic to the dual of W;/K = F;. Therefore,
A= }7“, = F; (the character group ﬁ, of F; is identified with F in the usual way, by
associating to £ € F; the character n — x(&n) for all n € F, where x is a fixed non-
trivial character on F). In particular, A is divisible, and hence there exists a subgroup
B of X such that X = A & B [7, Corollary A1.36(1)]. Also, X/A = K = 74
as topological groups, where d = dim(K). Therefore, B is a discrete, and hence a
closed, subgroup of X isomorphic to Z¢. We shall use the addition notation for the group
operation on X; the multiplication with respect to the field structure on A will be set out
by juxtaposition.

The $-action on W; induces a dual action on X. The subgroup A is invariant under
the $-action; in fact, it can be seen that the action of 7 € $H on F; = W;/K is given
by multiplication by A € F/, so then the h-action on A = F; = F; is also given by
multiplication by A, under the identification of A with F;. Let hp € $ be such that the
factor action of 19 on F; = W; /K is by multiplication by an element A € F* with absolute
value |A| greater than 1; clearly such an element i exists. Foranya € A and b € B we
have ho(a + b) = ra + ¢(b) + v (b), where ¢ is a homomorphism of Z¢ into A and y is
an automorphism of B.

Now let P be the space of all homomorphisms of Z¢ into A. It has the natural structure
of a d-dimensional vector space over A. For y € P let By denote the subgroup of X
definedby By = {y(x) +x:x € Z%)}. We note that every discrete subgroup B’ such that
X = A + B’ is of the form By, for some ¢ € P, and that the subgroup By, is hg-invariant
if and only if A/ (x) + ¢(x) = ¥ (y(x)) forall x Z4.

To produce a ®; as desired we obtain a $)-invariant By, as follows. Let g be the map
defined by g (/) = ¢ o y for all » € P. Itis an A-linear map. As y is an automorphism
of B = 74, it is given by a matrix from GL(d, Z), say M,. It can be seen that with
respect to a suitable basis of P the matrix of the map ¢ is given by the transpose of M, .
In particular, the eigenvalues of g are the same as those of M,. As M, € GL(d,Z)
its eigenvalues are units in the ring of algebraic integers, and hence their absolute value
(in the appropriate finite extension field of F; containing them) is 1; this may also be seen,
alternatively, by noting that GL(d, Z) preserves a compact open subgroup of A¢. Since by
choice A is of absolute value greater than 1, it now follows that the map ¢ +— g () — Ay
is invertible. Therefore, for ¢ as above, there exists a unique ¥ € P such that ¢ =
q(f) — A = ¥ oy — . Thus there exists a unique hg-invariant discrete subgroup B’,
namely By for that choice of ¥, such that X = A + B’. Now, as A is $-invariant, for
any h € 9, h(B’) is also a hg-invariant discrete subgroup and X = A + h(B’). Therefore,
by the uniqueness condition as above we get that B’ is $)-invariant. Thus X is a direct
sum of A with a $-invariant discrete subgroup, and hence there exists a closed $-invariant
subgroup ®; of W;, namely the annihilator of B’, such that ¥; = K ®;, a direct product.
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Clearly ®; = F; as topological groups, under the map &£ — £K forall £ € ®;. This proves
the theorem. a

7. Anexample

In the context of Theorems 1.1 and 1.2 one may wonder if it is possible to have a locally
compact group G, other than a direct product of finitely many locally compact fields of
characteristic zero and a compact abelian subgroup, admitting a finitely generated abelian
group of automorphisms acting with a dense orbit. In this section we give such an example.

7.1. Choice of W = G/K and K, and the $-actions on them. Let F be a locally
compact field of characteristic zero. Let W = F @ F, a vector space of dimension two
over F, and {e], ex} be the standard basis of W. Let §) be a finitely generated abelian
subgroup of GL(W) whose action on W has a dense orbit, and {h# € $ : deth = 1}
is finite; for instance, we may consider a finitely generated dense subgroup of F* x F*
whose intersection with the anti-diagonal subgroup (A, A1) is trivial, and consider the
component-wise action. Since §) has a dense orbit on W, it follows that {deth : h € $}is
dense in F. Let A be the (additive) subgroup of F generated by {deth : 1 € $H}. Then A is
a countable abelian group. Let K = A, the character group of A equipped with the discrete
topology. Then K is a compact connected second countable abelian group. We identify
the character group F of F with F, as usual. The inclusion map of A into F' then induces
by duality a (continuous) map j : F — K, such that the image of j is dense in K. Since A
is dense in F the map j is injective. Thus F is realized as a dense subgroup of K. We note
that A is invariant under multiplication by det & for all # € §. The $-action on A, where
h € $ acts by multiplication by det 1, induces by duality an $)-action on K. We denote by
w(h) the automorphism of K corresponding to 2 € $). It can be verified, bearing in mind
the identification of F with F, that

w(h)(j &) = j((deth)€) forallh e Handé € F. (23)

7.2.  Construction of G as an extension of W by K. We identify A2W, the second
exterior power of W as a F-vector space, with F via the correspondence £(e1 A e2) — &
forall€ € F. Lete : W x W — F be the map defined by e(w, w’) = %(w Aw') € F,
with the identification as above. We now define a topological group G, with the underlying
space chosen as W x K, with the product topology, and the multiplication given by

(w, k) - (W, k) = (w+w, kk'j(e(w,w))) forallw,w € W andforallk, k' € K.

It can be seen that G is a locally compact second countable topological group. We identify
W and K as subsets of G canonically (w € W identified with (w, ¢) and k € K identified
with (0, k), where e denotes the identity in K and O denotes the zero of W). Then K is a
subgroup of G, and in fact coincides with the center of G. We note that, on the other hand,
W, viewed as a subset of G as above, is not a subgroup, and in fact G has no subgroup
isomorphic to W. It may also be observed that two elements of W do not commute with
each other unless they are scalar multiples of each other.
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Forany h € 9 let T, : G — G be the map defined by Tj,(w, k) = (h(w), p(h)(k)) for
allw € Wandk € K. For any h € ), since e o (h x h) = (deth)e, by (23) we have that
T}, is an automorphism of G. Also i +— Ty, defines an action of ) on G.

7.3.  Orbits of the H-action. First we note that the $-action on K is mixing with respect
to the Haar measure on K; this follows from the fact that for any sequence {A;} in $
consisting of distinct elements, and any non-zero a € A, the set {(deth;)a : i € N} is
infinite.

‘We now show that the $)-action on G has a dense orbit. Since G is second countable it
suffices to show that for every non-empty open set 2 of G the set {hw : h € H, w € Q} is
dense in G. Furthermore, the set 2 may be chosen to be of the form U x N where U and
N are non-empty open subsets of W and K, respectively. Let g = (wo, ko) € G be given.
Since the $)-action on W admits a dense orbit there exists u € U whose $)-orbit is dense,
and furthermore we may choose u so that u and wq are not contained in the same $)-orbit.
Then there exists a sequence {/;} consisting of distinct elements such that &; (u) — wo.
Since the $)-action on K is mixing, it follows that {;(k) : i € N} is dense in K, for
almost all k£ € K, with respect to the Haar measure. Since N is a non-empty open subset
of K, in particular we get that there exists y € N such that the closure of {#;(y) : i € N}
contains ko. Therefore, (wo, ko) is contained in the closure of {7, (u, y)}. Since (wo, ko)
was an arbitrary element of G this shows that {hw : h € 9, w € Q}isdensein G. As noted
above this shows that the $)-action on G has a dense orbit.

Remark 7.1. We note that K as in the above example would be finite dimensional if
and only if A ® Q is a finite-dimensional Q-vector space (see [7, Theorem 8.22]).
The subgroup $ can be chosen so that this holds and thus we get an example of a finite-
dimensional group with the property as above.
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