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The Biot linearized quasi-static theory of fluid-infiltrated porous materials is used to formu-
late the problem of the two-dimensional plane strain deformation of a multi-layered poroelastic
half-space by surface loads. The Fourier-Laplace transforms of the stresses, displacements, pore
pressure and fluid flux in each homogeneous layer of the multi-layered half-space are expressed in
terms of six arbitrary constants. Generalized Thomson—Haskell matrix method is used to obtain
the deformation field. Simplified explicit expressions for the elements of the 6 x 6 propagator matrix
for the poroelastic medium are obtained. As an example of the possible applications of the analyt-
ical formulation developed, formal solution is given for normal strip loading, normal line loading

and shear line loading.

1. Introduction

Poroelasticity is concerned with heterogeneous
media consisting of an elastic solid skeleton infil-
trated by a diffusing pore fluid. The theory of
poroelasticity studies the time-dependent coupling
between the deformation of rock and fluid flow
within the rock. The study of quasi-static defor-
mation of a fluid-infiltrated porous half-space by
surface loads is important for its geophysical and
engineering applications. Biot (1941, 1956) devel-
oped linearized constitutive and field equations for
porous media which have been used very exten-
sively (see, e.g., Rice and Cleary 1976; Bell and Nur
1978; Roeloffs 1988; Kalpna and Chander 1997,
Pan 1999). Further references can be found in
Wang (2000) and Rudnicki (2001).

Singh (1970) wused a generalization of the
Thomson—Haskell matrix method to study the
deformation of a multi-layered elastic half-space by
buried sources. The corresponding two-dimensional
problem has been discussed by Singh and Garg

(1985). The formulation of Singh (1970) and Singh
and Garg (1985) has been used very extensively.
Pan (1999) discussed the deformation of a multi-
layered poroelastic half-space by buried sources.
However, the elements of the propagator matrix
given in this paper are complicated functions of
the poroelastic parameters used. Wang and Fang
(2003) studied the consolidation problem for a
multi-layered poroelastic half-space. Only three
poroelastic parameters are involved in their for-
mulation as against five poroelastic parameters
which define a general, homogeneous, isotropic,
poroelastic medium.

The aim of the present analytical study is to
formulate the two-dimensional plane strain prob-
lem of the quasi-static deformation of a multi-
layered poroelastic half-space by surface loads.
The mathematical analysis consists of two parts:
(i) The derivation of the poroelastic solution of
the coupled system, and (ii) the derivation of
the explicit expressions for the elements of the
6 x 6 Haskell propagator matrix. For finding the
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poroelastic solution, the stresses and the pore pres-
sure are taken as the basic state variables. The dis-
placements are obtained by integrating the coupled
constitutive relations. The Fourier—Laplace trans-
forms of the stresses, displacements, pore pressure
and fluid flux in a homogeneous isotropic medium
are expressed in terms of six arbitrary constants.
The expressions for the elements of the propaga-
tor matrix obtained are simple functions of the five
poroelastic parameters.

Geomechanic problems, such as loading by a
reservoir lake or seabed structure that is very
extensive in one direction on the Earth’s surface,
can be solved as two-dimensional plane strain prob-
lems. Bell and Nur (1978) used two-dimensional
half-space models with surface loading to study the
change in strength produced by reservoir-induced
pore pressure and stresses for thrust, normal and
strike-slip faulting.

2. Basic equations

We consider a two-dimensional approximation in
which the displacement components (uy, us, u3) are
independent of the Cartesian coordinate x, so that
0/0x5 = 0. Under this assumption, the plane strain
problem (u; = 0) and the antiplane strain problem
(u; = uz = 0) get decoupled and can therefore be
treated independently. Since the antiplane defor-
mation is not affected by pore pressure, we shall
confine our discussion to the plane strain problem
only.

A homogeneous, isotropic, poroelastic medium
can be characterized by five poroelastic para-
meters: shear modulus (G), drained Poisson’s
ratio (v), undrained Poisson’s ratio (v, ), Skemp-
ton’s coefficient (B) and hydraulic diffusivity (c).
Darcy conductivity (x) and Biot—Willis coeffi-
cient («) can be expressed in terms of these five
parameters.

For plane strain deformation of a poroelastic
medium in the x,x3-plane, the displacement com-
ponents in the solid skeleton are of the form

uy = uy (@, z3,1),

Uy = O,

uz = uz(21, T3, 1). (1)
Let o0;; denote the total stresses in the
fluid-infiltrated porous elastic material, ¢&;;

the corresponding strains and p the pore pressure
(compression negative). For plane strain, these
quantities are related through the following cou-
pled system of equations (Rice and Cleary 1976;
Roeloffs 1988) in which the total stresses o;; and
the pore pressure p are taken as the basic state
variables.
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2.1 Equilibrium equations

O0o1s 0013 —0, 0o 0033 —0 (2)
011 0x5 0xq 0x3

2.2 Compatibility equation

V(011 + 033 + 2np) = 0, (3)
where 1_9
— 2

= — 4
=5 (4)

is the poroelastic stress coefficient.

2.3 Pore fluid mass conservation equation

0 3
2 R — _—_— pr—
<cV 6t> [011 + o35 + T Z/U)Bp 0. (5)

2.4 Constitutive equations

2Ge; = (1 —v)oy1 — voss + agp, (6)
2Ges3 = (1 — v)o33 — vour + aop, (7)
2G513 = 013, (8)
where
ag = (1 —2v)a. (9)
Further,

€91 = €99 = €93 = 0,
091 = 093 = 0,

(11)

The coupled system of equations in (2) to (5) can
be solved in terms of Biot’s stress function (Wang
2000). We put

092 = V(011 + 033) — app.

0*F *F
g - — g = —
11 8.’1;% ) 33 ax% )
0*F
= 12
13 8517181173 ( )

The equilibrium equations in (2) are then iden-
tically satisfied. Equations (3), (5) and (12) yield

VA(V2F + 2np) = 0, (13)

—=0. (14)

0 3
2 _ 7 2 s
<CV 8t> [V F+ 1+ v,)B"
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Eliminating F' and p in turn, equations (13)
and (14) lead us to the following decoupled

equations
cV? — 9 Vip=0 (15)
ot ’
cV? — Q ViF =0 (16)
ot '

The general solution of equation (15) may be
expressed in the form

P =p1+ D2, (17)
where
Op1
pr= - 18
cv pl 8t ) ( )
V2p, = 0. (19)

Similarly, the general solution of equation (16)
may be expressed in the form

F=F +F, (20)
where
OF,
o= 21
ViF, = 0. (22)

Taking the Laplace transform of equations (18),
(19), (21) and (22), we have

Vip — i =0, (23)
V25 =0, (24)
2 7 S~
Vo — EFI =0, (25)
V4F2 = 07 (26)
where, for example,
pionas) = [ pilonm et (2)
0

is the Laplace transform of pi(zq, z3,t). In
the following, we shall omit the overbar from
the Laplace transform of a function. Thus, for
example, p;(zy, x3, ) can be written as pi(xq,
x3, S).
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For plane parallel boundaries of the form z; =
const., suitable solutions of equations (23) to (26)
are

sin kx

ppzlm@hem%+cwm)< >M; (28)

cos kx

Y . ey [Sin kx
P2 = A (Age + 026 ) <COS k‘[L‘) dk, (29)

sin kx

F = / (Ble‘mz—i—Dle’m)( >dk, (30)
0

cos kx
F2 = / [(BQ + ngZ)eikZ + (D2 =+ D3kz)6kz]
0
" <sm k:r:) ik,
cos kx

where A,,C4, etc. may be functions of k, z = x4,
z = x3 and

(31)

m = (k? +s/c)'/2. (32)

Using (17), (20), (24) to (31), equation (13)
yields

s s
Al=—-(— B =—|—|D.
(g )me a=-() 0 G

Similarly, equation (14) implies

2
A2 = g(l + Vu)BkQBg,

2
Cz - —g(l + Vu)BkzD?,. (34)
From equations (17), (28) and (29), we have
p= / (Aye™™* + Cre™ + Aye ™ + Che™?)
0
" <sm k:r:) dk
cos kx

The fluid flux in the z-direction, ¢, is given by

(35)

_ X9
0z

= X/ [m(Aje™™ — Cye™)
0

sin kx

+ k(Aze™ — Chet?)] < ) dk.  (36)

cos kx
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Using (33) and (34),
become

equations (35) and (36)

<l s
— B —mz D mz
b /0 [2077( 1€+ Die™)

5 5 ks . sin kx
+ &k*(—Bse " + Dse )] <cos o )dk (37)
> [ ms
e X/O |:—2C,,7(_Blemz + Dlemz)

sin kx

+ k3 (Bge ™ + Dge’“)] < > dk, (38)

cos kx

where

¢ = 2(1 +1,)B. (39)

From equations (12), (20), (30) and (31), we find

o1 = / [mQ(BlefmZ + Dlemz)
0

+ k*(Bye™ + Dye™) + k*{(kz — 2)Bse™™*

+ (k2 + 2)Dye )] <Sin kx) dk, (40)

cos kx

033 = —/ [Bleimz + Dlemz + (BQ + ngz)esz
0

(41)

in k
# (D24 Dake)e] (T ) ea

013 = / [m(Blefmz — Dlemz)
0

+ k(Bge_kz — D2€kz) + k{Bg(kZ - 1)€—kz

— Dy(kz +1)eF}] < cos ki ) kdk.  (42)

—sin kx

Corresponding to the stresses given by equa-
tions (40) to (42), the displacements are found
by integrating the coupled constitutive relations
given in equations (6) to (8). We find (Singh and
Garg 1985)
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2G’U1 = —/ [Ble—mz + Dlemz + Bge_kz + Dgekz
0
+ B3(2v, — 2+ kz)e ™

k
+ Ds(—2v, + 2 + kz)e™] <_C(S)ISH Zx) kdk,

2Guz = / [m(Bye” ™ — Dye™*)
0

+ k(Bgeikz - Dgekz)

+ Bs(1 — 2v, + kz)ke **

in &
+ Dy(1 — 2u, — kz)ket?] <Sm x) dk.

cos kx
(43)
Equations (37), (38) and (41) to (43) may be
written in the form
sin kx
- <cos k:r:) dk, (442)
o sin kz
= / T <cos k‘x> dk, (44b)
= [T (R (45a)
o cos kx ’ &
_ [T sk (45D)
o —sin kx
o cos kx
= / U <_ sin k‘x> dk, (46a)
o sin kx
- / W <cos k:r:) (46b)

The functions P(k, z, s), etc. are given by the
matrix relation

A(z) =Z(2)E(2»)K, (47)
where A, K are the column vectors
A(z)=[U, W, S, N, P, T|",
K= [Bla D17 B27 D27 B37 D3]T7 (48)

and E is the diagonal matrix

E(Z) — diag(e—m,z’ em,z’ e—kz’ ekz’ e—kz’ ekz)'
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The elements of the 6 x 6 matrix Z(z) are

k

(11) = (12) = (13) = (14) = —55,

(21) = -(22) = 52,
(28) = —(24) = oo
(25) = <%> (1 -2, + k2),
(26) = <%> (1 - 2v, — kz),

(31) = —(32) = m,

(33) = —(34) =k,

(35) = k(kz — 1), (36) = —k(kz + 1),
(41) = (42) = (43) = (44) = —Fk,

(45) = (46) = —k?z,

(51) = (52) = —s/2cn,

(53) = (54) =0,

(55) = —(56) = &k?,

msy

(61) = ~(62) = 52,

(63) = (64) =0,

(65) = (66) = Exk®. (50)

The 4 x 4 matrix obtained on deleting the first and
the second columns and the fifth and the sixth rows
of the matrix Z for a poroelastic medium given
by equation (50) coincides with the correspond-
ing matrix for an elastic medium given by Singh
and Garg (1985) with the drained Poisson’s ratio
v replaced by the undrained Poisson’s ratio v,,.
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3. Multi-layered half-space

We consider a semi-infinite poroelastic medium
consisting of j — 1 parallel, homogeneous, isotropic
layers lying over a homogeneous, isotropic half-
space. The layers are numbered serially, the top-
most layer being layer 1 and the half-space, layer j.
The origin of the Cartesian system (z,y,z) is
placed at the surface with the z-axis drawn verti-
cally downwards into the medium. The nth layer
is of thickness d,,, the corresponding poroelastic
parameters are denoted by G, V,, Vun, By, ¢, and
is bounded by the interfaces z = z,_1,z,. Evi-
dently, d,, = 2, — 2,-1,20 = 0 and z;_; = H, where
H is the depth of the last interface. From equa-
tion (47), we have

An(z) = [Una Wna Sna Nna Pna Tn]T

=7Z,2)E,(2)K,, (z,..1<2<z,), (51)

Kn - [Bh’w D1n7 B2n) D2n7 BSn) DSn]T-
Equation (51) yields

A, (zno1) = a,A,(2,), (52)

where a,, is the propagator matrix
an, (Zn—b Zn) = Zn (Zn—l)En (Zn—l)E;:L (Zn)Z;1 (Zn)

To evaluate a,,, we temporarily shift the origin
to the interface z = z,. This yields

an(dy) = Zn(—do)E,(—d,)Z:1(0).

n

(53)

The continuity of wuq, us, 013, 033, p and ¢ at the
interface z = z,_; implies

An—l(zn—l) = An(zn—l)'
Equation (52) can now be written in the form

A, 1(Zn1) = a, AL (2n). (54)

The propagator matrix a, is a function of the
five poroelastic parameters of the nth layer and
its thickness d,, = z, — z,_1. It does not depend
upon z,_; or z, per se. The elements of the matrix
Z7'(0) are given in Appendix A and the ele-
ments of the propagator matrix a,(d,) are given in
Appendix B.

A repeated use of the relation (54) yields

A4(0) = VA,(H),

where
V= ajdg - A;_1.
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In the half-space (layer j), we apply the finiteness
condition that the displacements, stresses and pore
pressure remain finite as z — oo. This requires

D]_j - ng = D3j - 0, (57)
so that
Kj - [Blj7 0, ng, 0, B3j, O]T (58)
From equations (51), (55) and (58), we have
[UCH W07 S07 N07 POJ TO]T
== J[Blj, 0, ng, O, ng, O]T, (59)
where
J=VZ;(H)E;(H). (60)

4. Surface loads

For prescribed surface loads, Sy, Ny, are known.
Moreover, p=0 (P, =0) at the surface z =0.
Equation (59) gives

So = Js1 By + J33Bo; + J35Bs;,
No = Ju By + JusBaj + Ju5Bs;,
O = J51B1j + J53.ng + J55B3j. (61)

These equations can be solved for By;, Bs;, Bs;.
We find

A A A
By = Kl> Baj = K?a By; = ng (62)
where A, A;, Ay, As are the determinants
A = |C,CyC5), Ay =|CyCyC5),
AQ = ‘010403‘, A3 - ‘010204‘7 (63)

and C;, Cy, Cs, C4 are the columns of the 3 x 4
matrix

J31 J33 J35 SO

Ju Jaz Jus No (64)
Js1 Jsz Jss 0
Using (62), equation (59) yields
1
Uy = Z(JllAl + Ji3A0 + Ji543),
1
WO - Z(ngAl + J23A2 + J25A3). (65)
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Inserting these expressions for Uy, W, in
equation (46), we can find the surface displace-
ments u(0), us(0).

4.1 Normal strip loading

Consider a strip —L < x < L of infinite length in
the y-direction on the surface of the multi-layered
half-space. Let a normal load oy per unit length
acting in the positive z-direction be uniformly dis-
tributed over this strip. The boundary conditions
at the surface z = 0 are

013 = 07

0'33:() for |Jf| > L

20 for |z] < L. (66)
We may write
o3 =0,
oo [ sinkL
033 = —?0 N, cos kx dk, (67)
for z = 0. Comparing equations (45) and (67), we
have
B _0g (sinkL
So=0, Ny= 7Tk< T ) (68)

and the lower solution in equations (44) to (46) is
to be chosen. From equations (46) and (65), we find

<1
uy(0) = —/ K(JIIAI + Ji3As + Ji5A3)
0

x sin kx dk, (69)

<1
’U3(0) = / Z(JQ]_A]_ + J23A2 + J25A3) cos kx dk,
0
(70)

where A, Ay, Ay, Az are given by equations (63)
and (64) with Sy, Ny of equation (68).

4.2 Normal line loading

Taking the limit as L — 0 with oy fixed, equa-
tion (67) becomes

013 = 0)

O35 = —%/ cos kx dk = —oyd(z), (71)
0
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at z = 0. This represents a line load oy per unit
length acting at the origin to the surface z =0
in the positive z-direction. Equation (68) now

becomes
0o

%7

and the lower solution is to be chosen.

No=- (72)

4.3 Shear line loading

Suppose a shear line loading 7y per unit length is
applied at the origin to the surface z =0 in the
positive x-direction. The boundary conditions at
the surface z = 0 yield

o33 = 0,
o153 = —To0(x) = ——/ cos kx dk. (73)
Comparing equations (45) and (73), we find
No=0,  Sy=-—-r. (74)

and the upper solution is to be chosen. Equa-
tions (46) and (65) yield

- [
- [k

where A, Ay, Ay, Az are given by equations (63)
and (64) with Sy, Ny of equation (74).

JllAl + J13A2 + J15A3) cos kx dk’
(75)

ngAl + J23A2 + J25A3) sin kx dk
(76)

4.4 Uniform half-space

In the case of a uniform half-space J = Z(0). Equa-
tions (50), (69), (70) and (72) yield the following
expressions for the surface displacements due to a
normal line load acting on the surface of a homo-
geneous poroelastic half-space

uy(

" 271G 0 Q

X [k —m+(1-— QUU)%] sinkx dk,  (77)
1

1- >~ 1
usz(0) = —M/O zq o8 kx dk, (78)

TG7
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where
QO =k —mk— -,
!
(v —1)
= —2ent = 2
7 = =2 = 267 (79)
Similarly, for a shear line load
(M =wv)ms [T1
u1(0) = e =y cos kx dk, (80)
u E—m+ (1—-2v )i
a( 27TG “ky
x sinkx dk. (81)

The solutions for a line load can be used as
Green’s functions for finding the response for
general surface loading.

5. Conclusions

We have formulated the plane strain problem of the
quasi-static deformation of a poroelastic half-space
by surface loads. Poroelastic solution of the cou-
pled system has been obtained using the Biot stress
function. Explicit expressions for the Laplace—
Fourier transforms of the displacements, stresses,
pore pressure and fluid flux in a homogeneous
isotropic medium have been expressed in terms of
six arbitrary constants. These expressions can be
used for studying the deformation of a uniform
half-space or two half-spaces in contact by surface
loads or buried sources. Simplified explicit expres-
sions for the elements of the propagator matrix
have been obtained for the poroelastic case. This is
a generalization of the propagator matrix obtained
by Singh (1970) and Singh and Garg (1985) for the
elastic case. The propagator matrix can be used for
studying the quasi-static plane strain deformation
of a multi-layered poroelastic half-space by surface
loads or buried sources. We have found the solution
in the Fourier-Laplace domain. Two integrations
are required to be performed to get the solution in
the space—time domain. These integrations have to
be performed numerically.

List of notations

Skempton’s coefficient
hydraulic diffusivity
layer thickness

Biot’s stress function

Qs ° W

shear modulus
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m = (k*+s/c)t/?
P pore pressure (compression negative)
q fluid flux in the z-direction
s Laplace transform variable
t time
U; displacement components
Q@ Biot—Willis coeflicient
(v, —v)
- B(1—-2v)(1+wv,)
3(vy — V)
a0 Bltw,) 12
1
b = 2(1 —v,)
B c(v—1y,) 1
ﬁQ - 2(1_1/)(1_1/u) - 271/81
1—2v 1 1
= = (1 -20,)3 = =(1—
s 41— ) 2( Vu) B 2( 1)
BG(1+v,) en
= - _ — = G
ﬁ4 3(1 _ l/u) X 5/81
2c(v — 1,
N = ﬁ = —2cn¢
0(x) Dirac delta function
€ij strain components
3(v, — v 1—2v
) (va-v)

T2BA-v)(1+r) 20-v)"

v drained Poisson’s ratio
Uy, undrained Poisson’s ratio
2

0;;  stress components
X Darcy conductivity

_ 9c¢(1 —vy)(vy — V)
2GB%*(1 —v)(1 4 v,)?
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Appendix A

The elements of the matrix Z~'(0) are:

(11) = (21) = —(31) = —(41) = —2GB:k/s,
(12) = —(22) = —2GBk?/(ms),

(13) = —(23) = Bok*/(ms),

(14) = (24) = Bak/s,

(15) = (25) = —(35) = —(45) = —en/s,
(16) = —(26) = —f/(ms)

(32) = —(42) = GPBy /k + 2G Bk /s,

(33) = —(43) = Bs/k — Bak /s,

(34) = (44) = —1/(2k) — Bak/s,

(36) = —(46) = B4/ (ks),

(51) = (52) = —(61) = (62) = BiG/k,
(53) = (54) = (63) = —(64) = —5:/(2k),
(55) = (56) = (65) = (66) = 0.

The constants 3; (i = 1,2,3,4) are defined in the

List of notations.

Appendix B

The elements of the propagator matrix a,(d,)
are given below (suppressing the suffix n of the
layer thickness d,, and the poroelastic parameters

G,y Vpy Vun, B, and ¢,):

(11) = (33) = CKD + Bikd SKD

28, k?
S

_|_

(CMD — CKD),
(12) = —(43) = 28;SK D + Bikd CKD

26, k>
S

+ <ESMD - SKD),
m

(13) = 5

2
4 262K <—£SMD n SKD) ] ,
S m

(By — 2)SKD — 1kd CKD
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(14) = ~(3) = 55
[ﬁlkd SKD + —— 25 K (CMD — CKD)]
1 cnk
(15) = 55(45) = Z—(CMD — CKD),
(16) = %(46) g‘; < SMD — SKD>

(21) = —(34) = 26;8KD — f1kd CKD + %M

x(—m SMD + kSKD),

2ﬁ2k2

(22) = (44) = CKD — Bikd SKD +

x(~CMD + CKD),

(24) = % (81 —2)SKD + B1kd CKD
+2i2k(m SMD —k SKD)],
_ L
(25) = 55(35) = 5. (—m SMD +k SKD),
%) = - (36) = LL(—CMD + CKD
(26) = 5~(36) = G—( + )

(31) = —2GB, [SKD +kd CKD

+M( SMD — k SKD)] ,

(32) = —(41) = —2GB, |kd SKD

’71 k?
s

(CMD — CKD)],

(42) = 2GB, [kd CKD — SKD

2
L <%SMD _ SKD> ] ,

S

(51) = —2G(54) = 2GEBk(—CMD + CKD),

(52) = —2G(53) = 2GRk <—%SMD + SKD),

(55) = (66) = CMD,

(56) = ——SMD,
mx

(61) = —2G(64) = 2cnk> <SKD - %SMD),
(62) = —2G(63) = 2enk*(CK D — CMD),
(65) = mxSMD,

where

CKD = cosh(kd),
CMD = cosh(md),

SKD = sinh(kd),
SM D = sinh(md).

The 4 x 4 matrix obtained by deleting the fifth
and the sixth columns and the fifth and the sixth
rows of a, and putting v, = v in the surviving
4 x 4 matrix coincides with the propagator matrix
for an elastic body given by Singh and Garg (1985).
We have obtained the elements of the propaga-
tor matrix directly by using the definition given in
equation (53). Pan (1999) obtained these elements
by using the Laplace transform technique. On com-
parison, we find that the elements (14), (16), (23),
(25), (35), (46), (52), (53), (61), (64) given by Pan
(1999, Appendix III) are incorrect. To get the cor-
rect elements, the algebraic expressions appearing
in lines 8 and 11, p. 1649 (Appendix III) of Pan
(1999) should be replaced by the expressions

1
ﬁ[pl ch(Az) — p1 ch(Apz) — paAz sh(Az)]
and o
patts —[ch(Apz) — ch(A2)],
respectively.
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