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Abstract: We consider a class of 4D supersymmetric black hole solutions, arising from

string theory compactifications, which classically have vanishing horizon area and singular

space-time geometry. String theory motivates the inclusion of higher derivative terms,

which convert these singular classical solutions into regular black holes with finite horizon

area. In particular, the supersymmetric attractor equations imply that the central charge,

which determines the radius of the AdS2 × S2 near horizon geometry, acquires a non-

vanishing value due to quantum effects. In this case quantum corrections to the Bekenstein-

Hawking relation between entropy and area are large. This is the first explicit example

where stringy quantum gravity effects replace a classical null singularity by a black hole

with finite horizon area.
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1. Introduction

In any quantum theory of gravity, the low-energy effective action is expected to include

higher derivative corrections to the Einstein-Hilbert action. In string theory, such correc-

tions can be computed in principle and in many cases may be found explicitly. We will

argue that these corrections play an important role in the physics of certain black holes.

Many extremally charged black holes and branes have null singularities that are not sep-

arated from asymptotic observers by a regular horizon. For a broad class of examples,

however, the higher derivative terms completely alter the causal structure of these objects,

transforming these apparently singular solutions into regular black holes with finite horizon

area. After this ‘stringy cloaking’, the near horizon geometry becomes AdS2 × S2.
We will work in four dimensional, ungauged N = 2 supergravity [1]. In this case

the BPS black hole solutions exhibit fixed-point attractor behavior near the horizon, as

discovered by Ferrara, Kallosh and Strominger [2, 3]. Cardoso, de Wit and Mohaupt

described how higher order derivative terms, representing quantum effects, may be added to

the action, and found the generalized attractor equations in the presence of these additional

terms [4]. With Kappeli, they discussed the general class of stationary BPS solutions, which

includes ones with classicaly vanishing horizon [5]. We will follow the work of [4, 5] closely

in what follows. Wald has proposed a modification to the usual Bekenstein-Hawking area

law [6] in the presence of higher curvature terms [7], which was applied to these black holes

by [4]. This work focused primarily on black holes that already have a regular horizon

and large area in the leading supergravity approximation, where the entropy receives small

but calculable corrections from higher derivative terms, although solutions with classicaly

vanishing area were also considered. Remarkably, the leading order correction agrees with
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the counting of black hole microstates performed by Maldacena, Strominger and Witten,

and by Vafa [8]. Recently, Ooguri, Strominger and Vafa discussed an interesting relation

between these black holes and topological string theory [9].

The effects of the higher derivative terms are most dramatic for black holes that classi-

cally have zero area and hence zero entropy. It was noticed recently by Dabholkar [10] that

for certain two-charge black holes of this type occurring in Type-IIA theory compactified

on K3 × T 2, the correction to the entropy coming from higher derivative prepotential-like

terms reproduces precisely the logarithm of the number of BPS microstates [11, 12].

Motivated by these results, we examine the space-time geometry of a general class

of black holes in N=2 supergravity with higher derivative corrections. In particular, we

consider solutions of Type-IIA string theory compactified on a general Calabi-Yau 3-fold,

of which the two-charge black hole mentioned above is a special case. We will focus on

solutions which classically have null singularities and zero horizon area. We will argue that

in these cases the higher curvature terms cause the black holes to develop a regular horizon

with non-zero area.1 In Einstein frame, the radius of the horizon is large for large charges.

In addition to making the area non-zero, the higher curvature terms significantly modify

the Bekenstein-Hawking relation between entropy and area. The net entropy S is then

related to the corrected area A by the relation S = A/2, which is distinctly different from

the standard relation S = A/4.

The paper is organized as follows. In section 2, we review the basic formalism of the

generalized attractor mechanism and describe black hole solutions for Calabi-Yau com-

pactifications. More details can be found in [14]. In section 3 we show that for many

choices of electric and magnetic charges the classical geometry has a null singularity which

is replaced by a smooth horizon once the corrections are taken into account. We discuss

some implications when the Calabi-Yau 3-fold is K3 × T 2 in section 4, and summarize our

findings in section 5.

2. Review

2.1 Higher curvature corrections to N = 2, D = 4 supergravity

Our starting point is the N = 2 superconformal theory of gravity in four dimensions

described by [1], which is subsequently gauge fixed to give N = 2 Poincaré supergravity.

The field content is a Weyl multiplet, which contains the graviton as well as other physical

and auxiliary fields, along with n + 1 vector multiplets. One of these vector fields is the

graviphoton, which is not contained in the Weyl multiplet. One can define a superfield

W
ij
ab, where i, j = 1, 2 are spinor indices and a, b are local Lorentz indices, which contains

the field strengths of the Weyl multiplet as well as an anti-selfdual auxiliary field T ab ij . The

lowest component of the associated chiral multiplet W2 = (Wab ijεij)
2 is Â = (T ab ijεij)

2.

The couplings between the vector multiplets and the Weyl multiplet are summarized by a

holomorphic function

F (XI , Â) , I = 0, 1, . . . , n (2.1)

1This result is similar in spirit to the enhancon mechanism of Johnson, Peet and Polchinski [13], although

the mechanism is quite different.
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which is homogeneous of degree two. When F is independent of Â, this is the usual

holomorphic prepotential, which depends on the scalar components X I of the n+1 vector

multiplets.

The supergravity field equations are covariant under symplectic SP(2n + 2;Z) trans-

formations, which are a generalization of electric-magnetic duality. These transformations

act linearly on the two (2n+ 2)-component vectors

V =

(

XI

FI(X, Â)

)

and

(

pI

qI

)

. (2.2)

Here FI = ∂F/∂XI , and pI , qI are the electric and magnetic charges of a given solution.

We can use these vectors to define the central charge

Z = eK/2
(

pIFI(X, Â)− qIXI
)

, (2.3)

where e−K = i[X̄IFI(X, Â) − F̄I(X̄,
¯̂
A)XI ], which is invariant under symplectic transfor-

mations.

When F depends on Â the action contains higher curvature couplings between the

Weyl and vector multiplets. The bosonic lagrangian contains the terms

8πL = −1

2
e−KR+

1

2
(iFÂ Ĉ + h.c.) + · · · , (2.4)

where Ĉ = 64C−µνρσC−µνρσ + 16 εij T
µνijfµ

ρTρνkl ε
kl + · · · . Here C−µνρσ denotes the anti-

selfdual part of the Weyl tensor Cµνρσ, and fµ
ν = 1

2Rµ
ν − 1

12Rδµ
ν + · · ·. To fix the local

scale invariance of the theory and obtain N = 2 Poincaré supergravity, we must set e−K to

one. The first term in the action is then the properly normalized Einstein-Hilbert term.

2.2 Black hole solutions

Black hole solutions to this theory may be parameterized in terms of two functions f(r)

and g(r) as

ds2 = −e2g(r)dt2 + e2f(r)
[

dr2 + r2(sin2 θ dφ2 + dθ2)
]

. (2.5)

At r → ∞, e2g(r) → 1 and e2f(r) → 1, so the metric is asymptotically flat. As r → 0, it

was shown by [4] that

e2f(r) = e−2g(r) =
|ZZ̄|r=0
r2

, (2.6)

where Z is the central charge defined above. When Z|r=0 is non-vanishing the solution

becomes AdS2 × S2 at small r, and the black hole has a finite horizon area

A = 4π|ZZ̄|r=0 . (2.7)

However, when |ZZ̄|r=0 = 0 the solution has a null singularity: typically e2f(r) = e−2g(r) ∼
1/r, and the horizon at r = 0 is coincident with the null singularity.

Equation (2.7) may also be derived by imposing unbroken N=2 supersymmetry at the

horizon. Starting from the gravitino variation

δψiµ = 2Dµεi −
1

8
T ab ijγab γµεj (2.8)
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the gauge invariant condition δD[µψiν] = 0 implies a relation between the curvature of a

near horizon AdS2 × S2 and the value of the central charge Z at r = 0. This procedure is

explained in detail in [15].

To evaluate Z|r=0, we may use the generalized attractor equations [4]

Z̄

(

XI

FI(X, Â)

)

− Z
(

X̄I

F̄I(X̄,
¯̂
A)

)

= ie−K/2
(

pI

qI

)

(2.9)

which follow from the constraint of unbroken N=2 supersymmetry at the horizon. When

there are no quantum corrections, i. e. when the prepotential F is independent of Â,

these are the usual attractor equations [3]. When F depends on Â, consistency of the

construction requires that Â = −64 e−K Z̄−2.
The authors of [4] considered regular black hole solutions which classically have non-

zero horizon area. In the presence of higher curvature corrections, the entropy is not

given by the usual Bekenstein-Hawking formula (see, e.g. [16]). Instead, following Wald’s

proposal [7], the authors of [4] found

S = π
[

|Z|2 − 256 Im [FÂ(X
I , Â)]

]

, with Â = −64 Z̄−2 e−K , (2.10)

where XI and Z are fixed by the stabilization equations at r = 0. The first term is one

quarter the horizon area (including higher derivative corrections), while the second term is

the novel contribution to the entropy due to Wald.

Following [17], we will introduce the rescaled variables Y I = eK/2Z̄XI and Υ = eKZ̄2Â.

Using the homogeneity property of F , we find

ZZ̄ = pIFI(Y,Υ)− qIY I . (2.11)

The stabilization equations (2.9) become

Y I − Ȳ I = ipI , (2.12)

FI(Y,Υ)− F̄I(Ȳ , Ῡ) = iqI . (2.13)

The entropy formula (2.10) takes the form S = π[ZZ̄ − 256 ImFΥ(Y,Υ)] with Υ = −64.

2.3 Calabi-Yau black holes

In this paper, we will focus on black holes found by compactifying type-IIA string theory

on a large Calabi-Yau threefold. The prepotential has zero and linear order dependence on

Â, so that

F (Y,Υ) =
DABCY

AY BY C

Y 0
+ dA

Y A

Y 0
Υ . (2.14)

Here I = 0, . . . , n, A = 1, . . . , n and

DABC = −1

6
CABC , dA = − 1

24

1

64
c2A (2.15)

depend on the Calabi-Yau four-cycle intersection numbersCABC and second Chern-class co-

efficients c2A [18]. The classical solution to the attractor equations, where Υ→ 0 in (2.14),

was found by Shmakova [19].
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The quantum corrected solution, including the second term in (2.14), is somewhat

more complicated. In this case the lagrangian (2.4) contains a higher curvature term

proportional to c2A z
AR2, where zA = Y A/Y 0. Let us take p0 = 0 and assume that there

is a solution with Y 0 6= 0. The solution to the generalized attractor equation was found in

this case to be [4]

Y 0 = Ȳ 0 , (Y 0)2 =
D − 4dA p

A Υ

4q̂0
, Y A =

1

6
Y 0DABqB +

1

2
i pA . (2.16)

Here, following [19], we denote D ≡ DABC p
ApBpC , DAB ≡ DABC p

C , and define DAB

by DABD
BC ≡ δ CA . We have also introduced q̂0 = q0 +

1
12 D

ABqAqB, which we will take

to be negative. Note that this formula is valid only when the matrix DAB = DABCp
C is

invertible. In the next section we will consider general configurations where this may not

be the case. We must also take pA > 0 to keep (Y 0) real.

Putting this together, we have the corrected formula for the horizon area

A = 4π|Z|2r=0 = 16πY 0|q̂0| − 8π
dA p

A

Y 0
Υ . (2.17)

The corrected entropy formula, using Υ = −64, is

S = 4π Y 0|q̂0| . (2.18)

This agrees with the microscopic value computed in [8].

3. A stringy cloak for a null singularity

In this section we study supersymmetric solutions with vanishing classical horizon area,

and conclude that quantum corrections due to R2-terms lead to non-zero area.

Consider a Calabi-Yau black hole with vanishing graviphoton magnetic charge p0 = 0.

In the absence of higher curvature terms, i.e. taking Υ→ 0, the area and entropy take the

classical values

Scl =
Acl

4
= 4π Y 0cl|q̂0| = 2π

√

q̂0DABCpApBpC . (3.1)

We have used here the attractor equations to fix the classical value of Y 0 at r = 0,

(Y 0)2cl =
D

4q̂0
. (3.2)

We will consider black holes with charges pA such that

D ≡ DABCp
ApBpC = 0 (3.3)

vanishes. We see from (3.1) that the classical value for the area vanishes. Note that the

classical value of Y 0 given by (3.2) vanishes, so the attractor solutions presented above

become singular.
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Fortunately, quantum corrections to the prepotential allow one to consistently solve

the attractor equations. Making the ansatz

Y A = wA +
i

2
pA , (3.4)

where the wA are real, the attractor equations become

DABw
B =

1

6
Y 0qA , DABw

AwB = −1

3
(q0(Y

0)2 + dAp
AΥ) . (3.5)

When DAB is invertible, the solution is given by (2.16),

Y 0 =

√

c2A pA

24|q̂0|
. (3.6)

The quantum corrected horizon area becomes

A = 4π|Z|2r=0 = 8π

√

c2A pA|q̂0|
24

. (3.7)

This is non-zero provided c2Ap
A and q̂0 are non-vanishing. Note that A depends on the

topology of the Calabi-Yau (via the Chern classes c2A) as well as on the charges of the

black hole. The area is large when q̂0, c2Ap
A are large. Formula (3.7) may change once

higher order α′ and gs corrections are included.

If the matrix DAB is not invertible, then the solution is a little more complicated. In

this case, as may be seen from (3.5), one must impose additional conditions on the electric

charges qA to keep Y 0 non-zero. The simplest constraint is qA = 0, in which case the above

solution is correct provided we set q̂0 = q0. More generally, the charge vector qA must be

orthogonal to the kernel of the matrix DAB . In this case we have q̂0 = q0 +
1
12D̂

ABqAqB,

where D̂AB is the inverse of DAB in the subspace orthogonal to it’s kernel.

For all of the configurations described above, the corrected entropy is

S = 4π Y 0|q̂0| = 4π

√

c2A pA|q̂0|
24

. (3.8)

The quantum corrected entropy-area relation for this class of black holes is

S =
A

2
. (3.9)

We should emphasize that we have derived this relation only for this specific class of

solutions. Both S and A are symplectic invariants, so it is not surprising that they remain

proportional even after higher order corrections are included, but this specific relation is

not generic. It would be interesting to find the corresponding relation for other types of

black holes.
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4. Two-charge Black Holes in K3 × T 2 Compactification

In this section we specialize to Type-IIA string theory compactified on K3×T 2 considered
in [10]. There are 23 two-cycles, provided by the torus T 2 and the 22 two-cycles of K3.

The non-vanishing intersection numbers are

C1ab = Cab , (4.1)

where a = 2, . . . , 23 runs over the two-cycles of K3 and Cab is the intersection matrix on

K3. The second Chern class is c2,1 = 24.

One virtue of this special example is that the power series expansion of the holomorphic

function F (XI , Â) terminates at first order in Â. Moreover, the full quantum corrected

expression for F can be evaluated exactly (see e.g. [10]). This exact expression for F

includes the terms listed in equation (2.14), as well as corrections that are suppressed

when the volume of K3 × T 2 is large. This allows a more detailed comparison of the

microscopic degeneracy with the black hole partition function defined by [9] to all orders

in the inverse charge in an asymptotic expansion.

We consider the configuration where q0 = n and p1 = w are non-zero and the rest of the

charges vanish. This corresponds to a configuration of w D4-branes wrapping the K3 with

n D0-branes sprinkled on the worldvolume. This state is dual to a perturbative state with

winding number w and quantized momentum n in the heterotic theory compactified on

T 4×T 2. The condition (3.3) is satisfied for this configuration, so the black holes classically

have zero area. The quantum corrected area is

A = 8π
√

p1|q0| (4.2)

and the corrected entropy is

S = 4π
√

p1|q0| =
A

2
. (4.3)

The corrected geometry of the black hole near the horizon is given by AdS2 × S2.

In Einstein frame, the radius of the sphere goes as N
1
4 , where N ≡ |nw| can be taken

to be large. The attractor equations also determine the value of the heterotic dilaton φ

at the horizon. Recall that e−2φ is given by the imaginary part of Y 1/Y 0, which gives

e−2φ ∼
√
N from the solution of the attractor equations for our charge configuration [10].

The closed-string loop-counting parameter g2s = e2φ thus varies in the black hole geometry

and reaches a constant value at the horizon that goes as 1√
N
, and is thus vanishingly small

for large N.

Given this value of the dilaton, the radius of curvature at the horizon is of order string

scale in the string frame even though it is large in Einstein frame. This is consistent with

the heuristic idea of a string-scale ‘stretched horizon’ [20] for the zero area extremal black

holes [21] in the heterotic description. Note that while the string metric determines the

sigma-model couplings, the Einstein metric is the one that is invariant under duality.

In the Type-IIB description, this system is dual to the D1-D5 system where the ge-

ometry is known to be desingularized already at the classical level without the inclusion of

higher curvature terms [22, 23]. It was found that there are many such smooth geometries,

– 7 –
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which are dual to the oscillating string solutions of [24, 25] that are specified by an arbi-

trary profile of left-moving oscillations. The multiplicity of these smooth solutions then

accounts for the degeneracy of the corresponding BPS states. We have found instead that

the inclusion of higher curvature terms generates a regular horizon, and the entropy associ-

ated with this horizon accounts for the degeneracy of these states. It would be interesting

to understand in detail how these two dual pictures are compatible with each other.

The entropy of these black holes no longer satisfies the Bekenstein-Hawking area for-

mula but also includes the correction due to higher derivative terms given by Wald’s for-

mula. For the class of solutions considered here, we find that the entropy is given by

S = A/2 ≡ A/4 + A/4. Thus the correction to the entropy is of the same order as the

Bekenstein-Hawking entropy. Note that A here is the quantum corrected area and is quite

different from the classical area which vanishes.

This raises an important physical question. The Bekenstein-Hawking formula for the

entropy allows one to view the area theorems of black hole dynamics in classical general

relativity as special cases of black hole thermodynamics. In particular, the fact that the

area of black holes always increases in physical processes can then be viewed as a special

case of the second law of thermodynamics that the entropy always increases in physical

processes. For our black holes, since the entropy is quite different from classical area, it

is important to show that the geometric quantity defined as the entropy by Wald’s for-

mula always increases in a physical process. This is necessary to ensure that the second

law of thermodynamics is obeyed with the definition of entropy by Wald which appears

in the first law of black hole thermodynamics. Note that the entropy thus defined is in

perfect agreement with the counting of BPS microstates and the specific corrections to the

Einstein-Hilbert term used here are well-motivated by string theory. Therefore, slightly

non-extremal black holes in this system could be a good starting point for considering

possible generalizations of area theorems of classical general relativity within string the-

ory.

5. Conclusions

In conclusion, we have found a large family of classically singular, zero area solutions which

are converted into regular black holes by higher derivative corrections to the supergravity

action. This class includes the two-charge solutions of string theory on K3 × T 2 studied

recently in [10].

The entropy-area relation for this particular class of black holes is S = A/2, which dif-

fers from the well known classical relation S = A/4. However, we expect that this modified

version the Bekenstein-Hawking formula applies only to this special class of Calabi-Yau

black holes.

It would be interesting to investigate other black hole solutions with vanishing classical

horizon area. We would also like to understand any relation between our stringy cloaking

device and the proposal of [9], as well as the effects of higher order α′ and gs corrections

on our results. We leave this for future work.
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