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THE problem has often been formulated as to

how far the equations for a relativistic
particle of any assigned spin can be put into
the form (D

.o 0 : :
where p; = ih Sk X 1s some arbitrary constant

(Pra®* + ¥) 1w =10

and the a*’s are four matrices which satisfy a
different set of commutation relations in each
case. [t is well known that the equation (1)
1s invariant for all transformations of the

Lorentz group if the o's satisfy the commuta-
tlon relations

[ﬂk’ IF-F] = akIrS —— If-?nk p— gkl"ns — gkﬂﬂf (2)

where the metric tensor g¢* is defined by
kg[m — gll= — g22 — _ﬁgasi_ligm: 0, ! ,Zf:
and the I™=-—-I are the six infinitesmal trans-
formations of a particular representation of the

Lorentz group satisfying the commutation
rules
[Ikl}‘frs] —_ gkr Ils —+- gks 1tr - glrlks — ghlkr (3)
The further eguation

[a*, ") = M (4)

can be shown to be consistent with (2) and
(3) but it cannot in general he deduced from
them. It should be noted that a possible
numerical constant on the right of (4) can
always be removed by absorption into the a’s
and results merely in a change of the wvalue
of x in (1) which is without any significance.

I have investigated all possible equations of
the form (1). 1t can be shown that these
include a set equivalent to the one given by
Diracl and the alternative equivalent formula-
tions in the force free case given by Fierz2 for
particies of any assigned spin.
subsidiary conditions are not included, It also
includes a set which is a generalisation to
higher spins of the type of the scalar wave-
equationn. There are_ other more complicated
sets. But I have proved that except for the
case of spins 0, Y2 and 1 equation (4) is not
necessarily satisfied.

It can, however, be postulated that equation
(4) shall hold for all spins. All the irreduci-
ble representations of the set of ten operators
I¥ and e* satisfying (2) to (4), i.e., all pos-
sible irreducible wave equations of the form

(1) can then be found by the following arti-
fice, We introduce a new index 4 and define
1&4 o e IH: = EI.:
gt = —1,g" =0 k=4 (5)

The equations (2) and (4) are then included
in the set 3) if‘we let the indices in the latter
run from 0 to 4 instead of from 0 {0 3. But
the resulting ten matrices I* then satisfy the
commutation rules for the infinitesimal trans-
formations of the Lorentz group in five dimen-
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sions, and all irreducible representations of
these are known, " The problem is, therefore,
completely solved. It can also be deduced im-
mediately that the four «*’s and the six original
¥I“s have the same ecigenvalues (possibly
multiplied by ? to allow for the {ime-like char-
acter of the first co-ordinate). For example,
by (2) and (3) the three quantities I*, a* and
o' for k,1=1,23 satisfy the three equations
[a%, I¥] = ~ g, [I# q!] = —~ qF,

[, a%] = — IV (6)
which are just the commutation rules for the
three components of angular momentum, and
it follows from this that in* any representiation,
ureducible or otherwise, I, a* and. « have
the same eigenvalues and satisfy the same
charatteristic equation. It can be proved fur-
ther that for any irreducible representation
the eigenvalues are always s, s—1, .........
—§4-1, — 3 where s is any integer or half odd
integer. One can define a particle of spin s
as one for which the maximum eigenvaluye of
the I* is 5. In that case more restricted com-
mutation rules which the a*’s have to satisfy
for a given value of s can be deduced from

equations (2} to (4), as has been done by
Madhava Rao3 for s= 3/, and s = 2.

The imposition of the condition (4) has very
far-reaching consequences. It drastically cufs
down the number of possible equations. The
allowed sel includes the Dirac equation and
the scalar and vector Kemmert equations, but
it excludes the equations given by Dirac for
particles of higher spin. The allowed equa-
tions for higher spins are such that each com-
ponent of the wave-function in the force-free
case does not satisfy the usual second order
wave equation but a factorisable equation of
higher order. To see this we note that since
the a®* are matrices of a finite number of rows
and columns, say n, the operator P = pra¥
must satisfy a characteristic equation of order
< "2 whose coefficients can only contain pro-
ducts of the four quantities px multiplied hy
pure numbers, It can alsc be' seen quite
easily. that this characteristic equation must be
invariant for gll transformations of the
Lorentz group and hence must contain the 7p;
only in powers of the combination p? = p.p*.
To find the numerical coefficients we consider
the special case when P = pya®, the other three
components of pi being zero. Since the eigen-
values of «° for spin ¢ are +s, + (s—1), ...
it follows that the characteristic equation of P
must be

{P* — s%p%} {P2—-(s~1)%p% ...... = 0 (7)

the last factor being either P or P2 — p2/4
depending on whether s is an integer or half
odd integer. - OQur derivation shows that this is
ithe lowest order characteristic eguation that
P can satisfy, for otherwise a¥ would also satis-
fy one of lower order. Letting this equation
act on  and replacing every P in it by — x
through a repeated use of (1) we see that each
component of i+ must satisfy the equation

x* =% X* =~ (3 ~ 1)’p¥}ee

X' — Py =0 (8a)
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if § is an integer, or
O ~ % ¢ ~ (s — D).

{x* - *,p% {Xz — l,{ﬁlz}w =0 {(8b)
1f s is half-odd integer. These equations show
that a particle of spin 8 must necessarily ap-
pear with 2s and 2s+ 1 values of the mass
respectively, namely, =+ x/s, =x/(s~—-1), ....
Thus a' particle of spin 2/, In this theory would
necessarily be capable of appearing with two
different values :0f the rest mass, the higher
value being three times the lower. These
higher values of the rest mass cannot be elimi-
nated by an artifice any more than the states
of negative mass (energy) in Dirac’s theoryv of
the electron, and we are, therefore, compelled
to regard them as different states of the same
particle. The above theory has the advantage
over the theories of Dirac, Fierz and Paulid
that the equation (1) can be deduced naturally
from a Lagrange function even in the prescnce
of- an electromagnetic field. There are no
awkward subsidiary conditions.
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