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D I S T R I B U T I O N S  $ 

General theorems are presented, relating to the ordering of functions of operators. Certain new ordering 
operators are introduced and integral representations for them are given. Applications to phase space 
descriptions of quantum mechanical systems are noted. 

The problem of o rder ing  of opera tors  has r e -  
cently a t t racted a good deal of at tention in quan- 
tum optics in connection with genera l ized  phase 
space descr ip t ions  of optical f ields [1-3] and the 
theory of the l a s e r  [4,5] Var ious  r e su l t s  re la t ing  
to different ru les  of o rde r ing  and to phase space 
d i s t r ibu t ions  $$ have been der ived by ad hoc 
methods. We have found a genera l  technique for 
the t r ea tment  of such p rob lems  in a unified man-  
ne r  and we p resen t  in this  note our  main  resul ts .  

Let a and t~tbe the annihi la t ion and the c r ea -  
t ion opera tors  obeying the commutat ion ru le  

[~,a t ]  = 1. 

We wish to o rde r  a given opera tor  function 
F ( ~ , ~ t j  according to some p re sc r ibed  rule ,  de- 
noted by an order ing  opera tor  Q. We denote by 
F~ (a ,  ~t) the ~2 ordered  form of F ,  i.e. the form 
of F obtained by a r rang ing  F according to the 
p r e s c r i b e d  rule ,  with the help of the above com-  
mutat ion relat ion.  F u r t h e r  we denote by 

F(a,a  t) the opera tor  obtained by o rder ing  F ac-  
cording to the same rule but whithout making use 
of the commutat ion re la t ion ,  i.e. by t rea t ing  

and ~t  as c -number s .  For  example,  if F = 
nat  and ~ denotes normal  o rde r ing  then 
F ~  (a,a~) = ~t~+ 1, a n d r e  =a~a.  

Consider  an o rder ing  such that 

(2exp [a~t  - a ' d ]  = a ( a , a * ) e x p [ a ~ t  - a ' a ] ,  

where ~ (u, v) is an en t i re  function of two com- 
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plex va r i ab les  u and v which has no zeros  and 
~2 (-u,  -v) = ~ (u, v), ~2 (0, 0) = 1. It may easi ly 
be shown that the g2(a,a*) functions associated 
with the usual  ru les  of o rder ing  a re  of this form. 
F o r  example,  for Weyl ' s  rule of order ing,  

(a,a*) - 1, for normal  and for s tandard ru les  
of o rder ing  ~(a,  a*) is equal to exp [½an*) and to 
exp [¼(a 2 - a*2)] respect ively.  

We now introduce an order ing  opera tor  A(~) 
defined by the formula  

A(~)(z  - ~, z* - ~t)  = 

= ~ f d 2 ~ ( ~ ,  ~ , )  exp[~(z* - a t )  - ~*(z - a ) ] ,  

where the in tegrat ion extends over the whole com-  
plex a plane. A(~) is  re la ted via  the o rder ing  rule  
to an opera tor  A, essen t ia l ly  ident ical  with one 
previous ly  introduced by Kubo [6]: 

A(~)(z - a ,z*  - a t )  = ~ A ( z  - a ,  Z* - a t )  : 

1 
= ~ f d 2 a e x p [ a ( z * - a t ) - a * ( z - ~ ) ]  . 

One of the most  impor tant  p roper t i e s  of A(fz) is  
expressed by Theorem 1: For  an a r b i t r a r y  func- 
t ion ~9(z,z* ), 

f ~(z,  z*) a(e)(z  - a ,  z* - a*)  d2z = ~ ~9(&,a ?). 

Using this resu l t  one may readi ly  es tabl ish  the 
following two theorems:  
Theorem 2: The f i -o rde red  form of an a r b i t r a r y  
opera tor  function F(~,  ~t) is given by 

Ffl(e~, a?) = 7r ~ f  (~)(t~, a?) , 
where 
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f (~ ) ( z , z* )  : T r  [F(~,at-)  A(~)(z - ~ , z *  - ~I-)] . 

H e r e  ~ i s  w r i t t e n  in p l a c e  of ~2 -1. 
In v iew of th i s  t h e o r e m ,  we sha l l  r e f e r  to 

f ( ~  )(z, z* ) as  the f t -order ing  function associated 
with F(~, cV). 
Theorem 3: The  t r a c e  of the  p roduc t  of two o p e r a -  
t o r  func t ions  F ( 6 , S t )  a n d G ( 5 ,  fi1), a s s u m i n g  it  
e x i s t s ,  may  be  e x p r e s s e d  as  fo l lows:  

T r  [F(5, S t ) G ( 5 ,  S t ) ]  = ~ f /  ( f i )(z ,z*)g(~)(z ,  z*)d2z,  

w h e r e f  (~)(z,z*) i s  the  ~ - o r d e r i n g  func t ion  a s s o -  
c i a t e d  with  F(5 , t i  1') a n d g ( ~ ) ( z ,  z*)  i s  the  ~ - o r d e r -  
ing funct ion  a s s o c i a t e d  with  G(a , a  ~). 

S o m e  r e c e n t l y  d i s c o v e r e d  r e s u l t s  fo l low r e a d -  
i ly f r o m  our  t h e o r e m s .  If in t h e o r e m  2 one c h o o s e s  

to r e p r e s e n t  a n t i n o r m a l  o r d e r i n g  and one m a k e s  
u s e  of t h e o r e m  1 fo r  the  i n t e g r a l  r e p r e s e n t a t i o n  of 
the  a s s o c i a t e d  o r d e r i n g  funct ion  f (~)  (z,  z*) and if  
f u r t h e r  one u s e s  t he  c o m p l e t e n e s s  r e l a t i o n  on the  
e i g e n s t a t e s  of the  ann ih i l a t i on  o p e r a t o r  one obta ins  
the  S u d a r s h a n - G l a u b e r  d iagona l  r e p r e s e n t a t i o n  
[1,2]. F u r t h e r  i f  in t h e o r e m  2 one s p e c i a l i z e s  to 
the  c a s e s  of n o r m a l  and a n t i n o r m a l  o r d e r i n g ,  one  
i m m e d i a t e l y  ob ta ins  o t h e r  r e c e n t l y  d e r i v e d  r e -  
su l t s  [5]. 

If G is  the  d e n s i t y  o p e r a t o r ,  then  t h e o r e m  3 
e x p r e s s e s  the  e x p e c t a t i o n  va lue  of F ,  in the  s ta te  
r e p r e s e n t e d  by G a s  an a v e r a g e  o v e r  phase  space .  
If in p a r t i c u l a r  F is  a g t - o r d e r e d  o p e r a t o r  func t ion  
(F -- F~) then theorem 2 and 3 give 

Tr [F~(a, e}$)G(e},e) ~)] = fF~2 (z,z*)g(g~)(z, z*)d2z . 

T h i s  r e s u l t ,  wi th  ~ r e p r e s e n t i n g  n o r m a l  o r d e r i n g ,  
i s  the  e s s e n c e  of S u d a r s h a n ' s  t h e o r e m  [1,7] on the 
e q u i v a l e n c e  of the quan tum and s e m i c a l s s i c a l  
d e s c r i p t i o n s  of op t i ca l  c o h e r e n c e .  A c l o s e d  e x -  
p r e s s i o n  for  g(~2 ) (z ,z*  ) with gt, r e p r e s e n t i n g  n o r -  
m a l  o r d e r i n g ,  r e c e n t l y  d e r i v e d  by Mehta  [8], can 
a l so  be obta ined  f r o m  o u r  t h e o r e m s .  

F o r  the sake  of b r e v i t y  we h a v e  c o n s i d e r e d  
h e r e  only s y s t e m s  wi th  one d e g r e e  of f r e e d o m  
and func t ions  of o p e r a t o r s  fi and t ~  which  s a t i s fy  
an equal  t i m e  c o m m u t a t i o n  r e l a t i on .  H o w e v e r  the 
me thod  can  be  r e a d i l y  ex tended  to s y s t e m s  with  
a r b i t r a r y  n u m b e r  of d e g r e e s  of f r e e d o m  and a l so  
to p r o b l e m s  of m u l t i - t i m e  c o r r e s p o n d e n c e  [9], b e -  
tween  quantum and c l a s s i c a l  s t o c h a s t i c  p r o c e s s e s .  

We wish  to e x p r e s s  ou r  thanks  to P r o f e s s o r s  
L. Mandel  and J .  E b e r l y  f o r  c o m m e n t s  on an e a r -  
l i e r  v e r s i o n  of th i s  m a n u s c r i p t .  
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