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General theorems are presented, relating to the ordering of functions of operators. Certain new ordering
operators are introduced and integral representations for them are given. Applications to phase space

descriptions of quantum mechanical systems are noted.

The problem of ordering of operators has re-
cently attracted a good deal of attention in quan-
tum optics in connection with generalized phase
space descriptions of optical fields [1-3] and the
theory of the laser [4,5] Various results relating
to different rules of ordering and to phase space
distributions ¥ have been derived by ad hoc
methods. We have found a general technique for
the treatment of such problems in a unified man-
ner and we present in this note our main results.

Let @ and @ T be the annihilation and the crea-
tion operators obeying the commutation rule

[¢,aT) =1.

We wish to order a given operator function
F(&,&T, according to some prescribed rule, de-
noted by an ordering operator 8. We denote by
Fgqla, at) the Q ordered form of F, i.e. the form
of F obtained by arranging F according to the
prescribed rule, with the help of the above com-
mutation relation. Further we denote by
§ F(a,a) the operator obtained by ordering F ac-
cording to the same rule but whithout making use
of the commutation relation, i.e. by treating
a and at as c-numbers. For example, if F =
aat and Q denotes normal ordering then
Fq @,at) = ata+ 1, and @ F = ata.

Consider an ordering such that

ﬁexp [aat - a*ad] = Qa,a*) exp[aat - a*al,

where € (u,v) is an entire function of two com-
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plex variables # and v which has no zeros and
Q (-u,-v) = Q (u,v), Q(0,0) =1. It may easily
be shown that the (a,a*) functions associated
with the usual rules of ordering are of this form.
For example, for Weyl's rule of ordering,
Q (e,a*) =1, for normal and for standard rules
of ordering Q(a,a*) is equal to exp [3aa*) and to
exp [$(a2 - a*2)] respectively.

We now introduce an ordering operator Al%2)
defined by the formula

MR (z-a, 2% -at) =

- % [ d2agle,a® expla(z® - a1) - a¥(z - )] ,

where the integration extends over the whole com-
plex a plane. A(R) is related via the ordering rule
to an operator A, essentially identical with one
previously introduced by Kubo [6]:

Az - a,2* -at)y=QAa(z-a, z* -at) =

= fz;lzfdzaexp[a(z* -aTy-ax(z -a)] .

One of the most important properties of A(Q) is
expressed by Theovem 1: For an arbitrary func-
tion Y(z,z*),

[z, 2 Az -, 2+ -a1)d2z = @ w(a,aT).

Using this result one may readily establish the
following two theorems:

Theovem 2: The Q-ordered form of an arbitrary
operator function F(&, &%) is given by

Fg(a,ah =7 ar (@a,ah ,
where
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f(ﬁ)(z’z*) =Tr [F‘(&’&T) A(ﬁ)(z - &,Z* - &T)] .

Here & is written in place of QL.

_In view of this theorem, we shall refer to
F(8)z, z*) as the Q-ordering function associated
with Ka,at).

Theovem 3: The trace of the product of two opera-
tor functions F(d,at) and G(&, at), assuming it
exists, may be expressed as follows:

_ﬂff

wheref(Q)(z 2*)is the Q- ordermg function asso-
ciated with F(4,a1) and g(92)(z, z*) is the Q-order-
ing function associated with G(a,a T).

Some recently discovered results follow read-
ily from our theorems. If in theorem 2 one chooses
Q2 to represent antinormal ordering and one makes
use of theorem 1 for the integral representation of
the associated ordering function f& (z, 2*) and if
further one uses the completeness relation on the
eigenstates of the annihilation operator one obtains
the Sudarshan-Glauber diagonal representation
[1,2]. Further if in theorem 2 one specializes to
the cases of normal and antinormal ordering, one
immediately obtains other recently derived re-

Tr [F(a,at)G(a,at)

z z*) (Q)(z, z*)dzz,

This result, with  representing normal ordering,
is the essence of Sudarshan's theorem [1,7] on the
equivalence of the quantum and semicalssical
descriptions of optical coherence. A closed ex-
pression for g(€)(z,2*) with Q, representing nor-
mal ordering, recently derived by Mehta [8], can
also be obtained from our theorems.

For the sake of brevity we have considered
here only systems with one degree of freedom
and functions of operators @ and @t which satisfy
an equal time commutation relation. However the
method can be readily extended to systems with
arbitrary number of degrees of freedom and also
to problems of multi-time correspondence [9], be-
tween quantum and classical stochastic processes.

We wish to express our thanks to Professors
L. Mandel and J. Eberly for comments on an ear-
lier version of this manuscript.
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