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An example of a symmetrical star domain § is given such that it does not
contain any star domain which is minimal for coverings in the class of sym-
metrical star domains with covering constant O(S). In the process it is also
shown that the analogue of Farey’s result for convex domains does not hold
in the class of symmetrical star domains.

InTRODUCTION

§1. Let R, be the n-dimensional Euclidean space. Let K be a closed
set in R,. A lattice 4 in B, is said to be a covering lattice for K if every
point of R, lies in some translate of K through a point of 4. The covering
constant C(K) of K is defined as the least upper bound of the determinants of
all covering lattices of K.

Let @ be a class of sets in R,. A set S e @ is said to be ©-minimal (for
coverings) if T € @, TgS implies C(T') < C(8). An interesting question is

whether in a given class @ every set S € € contains a @-minimal set with equal
covering constant.

A set S in R, is said to be a star set if
(i S#4¢

(i)if X eS8, thenxXX eSfor0 <AL 1.

A star set § which has origin in the interior is called a star body if every
ray through the origin meets the boundary in atmost one point.
We shall use the following notation:

and

J = class of bounded closed star sets

J’ = class of bounded O-symmetrical closed star sets
© = class of bounded closed star bodies

&' == class of bounded O-symmetrical closed star bodies

¥ = class of closed convex bodies containing O in the interior

¥' = class of O-symmetrical closed convex bodies.

Hans (1967) proved that the answer to the above question is in the affir-
mative in the classes 7 and X. The proofs show that analogous result also
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holds in the class I’ and 3’. Here we shall prove that in the classes & and &’
the answer to the above question is in the negative. In § 2 we show that the
bounded O-symmetrical star domain 8 (shown in Fig. 1) does not contain
any $-minimal or &’-minimal star domain with the same covering constant.
In § 3 we determine a J-minimal set contained in S with covering constant
equal to C(8).

The analogous concept of irreducibility has been studied by various authors,
e.g. Mahler (1946, 1947), Rogers (1947, 1952), Woods (1959) and Ollernshaw
(1953). 1In particular, Mahler (1947) asked whether every bounded member of
® contains an @&-irreducible member with the same critical determinant.
Rogers (1952) constructed an example to show that the answer to Mahler’s
question is in the negative. However, by slightly modifying the definition of
the critical determinant of a set he proved that the result is true in the class
J’.  An alternative proof of this was given by Hans (1967).

The star domain S of Fig. 1 also provides a counter-example to a general-
ization of Farey’s result about the covering constant of a convex domain in R,.
Farey (1950) proved that every convex domain K contains a space-filling con-
vex domain which has the same covering constant as that of K (it is the largest
symmetrical ‘hexagon’ contained in. K). In § 2 we show that this result does
not generalize to O-symmetrical star domains by showing that this star domain
§ does not contain a space-filling star domain with covering constant equal
to C(S).

The covering constant and all maximal covering lattices of § were deter-
mined by Dumir and Hans-Gill (1972a). This domain 8 also served as a
counter-example for some results in the lattice double covering and lattice
double packing (Dumir and Hans-Gill 1972) by star domains.

§2. Let P, = (3, 0), Py = (15, 3), Py = (15, 15), P, = (3, 15), Py =
(0, 3). Let S be the set bounded by the broken line segment P,, P,, Py, P,, Py
and its reflections in the origin and the coordinate axes. This is the region
shown in Fig. 1. 8§ is a star body symmetrical about the axes and the
lines y = 2.

Y
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Theorem A—The covering constant of § is
C(S) = 491-04.
The maximal covering lattices of S are of the type 2I' where  is an auto-
morphism of § and I' is the lattice generated by
66 66 126
4= (——5—-, —5—), B = (12, T)

This is theorem 3 of Dumir and Hans-Gill (1972a).

Here we prove:

Theorem 1—The star domain § does not contain a space-filling star domain
with same covering constant as that of S.

Proor: Let T be any closed star domain contained in § with C(T') =
C(S). We shall prove that T cannot be space-filling. Any maximal covering
lattice of T is also a maximal covering lattice of S. Hence by Theorem A it
is of the type QI' where £ is an automorphism of § and I' is the lattice

generated by 4 = ( 86 Eﬁ) and B = (12, :15&) . If (I', Qr') is a space-

5’3
filling, then (2717, I') will be a space-filling. On replacing 7' by Q-7 we
can suppose that I' is a maximal covering lattice of T. We claim that this
cannot be space-filling.

Consider the covering of the plane by the sets S+C, CeI. Let P =
51 6
('—?, *52) , @ =(—3,15)and R = (—3, —55—7) . It is easy to verify that the

open triangle PQR is covered by 8 and no other set S+C, C e I, C #0
(see Fig. 2). Since T C 8, the sets T+C, C € I', ¢ # 0 do not meet the
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interior of the triangle PQR. Since I' is a covering lattice for 7', triangle
PQR must be contained in 7. Hence the triangle OPQ must be contained in
T, since T is a star domain.

Let L=(0, 3), M (2 551) and N = (—-g, %l) . The triangle LM N is
contained in S+ A and no other translate of § meets its interior (see Fig. 2).
Therefore triangle LM N must be contained in 7}+A4. Since T'-}-4 is star with
respect to A, the triangle ALM must be contained in T--A.

The triangles OPQ and ALM evidently overlap. Hence T and 7+ A4
overlap. Therefore T is not a space-filling domain.

Theorem 2—The star domain 8 does not contain an &-minimal or &'-
minimal domain with equal covering constant.

Proor: It was shown by Hans (1965) that any bounded #&-minimal or
&’-minimal domain is space-filling. Hence the result follows from Theorem 1.

§3. In this section we determine a J-minimal set contained in § which
has covering constant equal to C(S).

Definition: Let T € J. A point P on the boundary of 7' is said to be a
J-minimal point of Tif 7" € ¥, 7" C T, P ¢ T’ implies that C(T") < C(T).

The following two Lemmas are easy to prove.

Lemma 1-——Let T € J. Then T is J-minimal if and only if every point on
the boundary of 7' is a J-minjmal point of 7'.

Lemma 2—1et T € T and P a point on the boundary of 7. Then P is a
J-minimal point of T if for every maximal covering lattice of 7' either P
lies on the boundary of u (T+A) or P lies on a segment 0@ where @ is a

Aded

A#0
J-minimal point of 7.
Let

1
Q1=(3, O) QE_(g 9) Qa ( :551)3 Q4=(§25—51',§2£51‘): Q5=(%‘,15),
=Y e=030=(-3.22) tu=-31

51 66 66 51 279 51
Qn‘—-“( 5 5) Qu ( 5 5) Q15—-(“"15 3) Qle=(—“2—5‘s§5),

Q1 = (0, —38) = —¢,.
Let Q4 be the point of intersection of the lines 0@y and AQ, wheré 4 =

66 6 . :
(— 5 —59) ; @9 be the point of intersection of the lines OP,; and AQ,.
Let @,5 and @,, be the reflections of @;; and Qg respectively in the line

= —2.
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Let T be the domain bounded by the broken line segment @y, @, . . . @13
and its reflection in the origin (see Fig. 3). Clearly T is a star set with centre O.

Theorem 3—Let T be the closed star subset of § described above. Then
O(T) = O(S) and T is a J-minimal set for coverings.

Proor: It is easy to verify that the lattice I' is a covering lattice for 7',
for the A AOB is covered by the sets 7', T'-+4 and T B (see Fig. 4). There-
fore O(T) > d(I') = C(S). Since T' C S, C(T') < C(8). Hence C(T) = C(S).

In order to show that 7' is J-minimal, by Lemma 1 it is enough to prove
that every point of the boundary of 7T is J-minimal for 7. Since T is sym-
metric in O it is enough to prove this for boundary points of 7' in the upper
half plane. Any maximal covering lattice of T' is also a maximal covering
lattice of § so that by Theorem 1, it is of the type QI where 2 is a suitable
automorphism of 8. The group of automorphisms of § is generated by
reflections in the origin, in the X-axis and the line ¥y = x; whereas the group of
automorphisms of 7' is generated by reflections in the origin and the line y = 2.
It is easy to see that QI is a covering lattice of T if and only if Q is an
automorphism of 7'. Thus it suffices to prove that the conditions of Lemma 2
are satisfied for every point P on the boundary of T for the covering (T, I').
Because of the symmetry of 7' and in O, it is enough to verify it for points
in the upper half plane.

It is easily seen from Fig. 4 that conditions of Lemma 2 are satisfied.

The broken line segments @; Q... Qs @ Q1o @11, @12 @13, Q1s Q15 Qe and
Q17 Q15 are on the boundary of U (7'4-4). The remaining segments of the

4er
4#0
boundary in the upper half plane, namely Qg Qq, @11 @12, @13 @14 and @16 @17,

are such that they are parts of the rays through the origin such that their end

points Py, Py, Py, and P4 respectively are J-minimal.
Hence 7' is a J-minimal set contained in § such that O(T) = C(S).
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