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ABSTRACT

We point out that R ≡ Br(b → dγ)/Br(b → sγ) is a sensitive probe of possible
violation of CKM unitarity. We compute R in a minimal extension of the Standard
Model containing an additional isosinglet charge (−1/3) quark, which leads to a devi-
ation from CKM unitarity.
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The study of radiative B-decays provides an important test of the Standard Model
(SM) and is indeed a sensitive probe of physics beyond the SM. The recent discov-
ery, by the CLEO collaboration, [1] of the decay B → K∗γ with a branching ratio
Br(B → K∗γ) = (4.5 ± 1.5 ± 0.9) × 10−5 provides further motivation for this study.
Within the framework of the SM, the rare decays b → dγ and b → sγ provide indepen-
dent measurements of the Cabibbo-Kobayashi-Maskawa (CKM) elements Vtd and Vts,
respectively, which can be tested against the ones measured from Bd-B̄d and Bs-B̄s

mixings [2].

In this note we will point out that the decay amplitudes b → qγ (q = d, s) have a
crucial dependence on the unitarity of the (3 × 3) CKM matrix. Thus the magnitude
of such rare decays provides an excellent testing ground for new physics leading to the
violation of the CKM unitarity. For definiteness, we will analyse the above radiative
decays in the framework of a minimal extension of the SM where a charge (−1/3) SU(2)
singlet quark is introduced. Although we treat this extension beyond the SM from a
phenomenological viewpoint, there are theoretically appealing motivations behind its
consideration, including E6 grand-unified theories and some superstring-inspired mod-
els [3]. Furthermore, isosinglet quarks provide a simple solution [4] to the strong CP
problem [5]. We will show that the branching fraction b → dγ can change significantly
due to lack of GIM cancellation resulting from unitarity violation in the new CKM
matrix. However, the branching fraction b → sγ is not affected to any level of signifi-
cance. Therefore, the most important impact of the violation of CKM unitarity would
be a change in the ratio R ≡ Br(b → dγ)/Br(b → sγ) which, in the SM, provides a
reliable measure of |Vtd/Vts|.

Before describing the model in some detail, let us first recall the general structure
of the radiative b-decay and fix our notation. To the leading order, the quark-level
branching ratio b → qγ (q = d, s) is given in units of the semileptonic b-decay branching
ratio, as

Br(b → qγ)

Br(b → ceν)
=

6α

πρλ

∣∣∣∣∣
VtbV

∗
tq

Vcb

∣∣∣∣∣

2 [
η16/23Aγ +

8

3
(η14/23 − η16/23)Ag + C

]2
, (1)

where η ≡ αS(MZ)/αS(mb) = 0.548, ρ = (1−8r2+8r6−r8−24r4lnr) with r = mc/mb,
λ = 1 − 1.61 αS(mb)/π, and C(= −0.1766) is a term emanating from a complete
calculation of the leading-logarithmic QCD corrections [6]; V is the standard CKM
matrix. It may be noted that the mb

5 dependence in the partial decay widths of
the b quark cancels out in eq. (1). An O(m2

q/m
2
b) part in the branching ratio has

been neglected. We use Br(b → ceν) = 0.107. Aγ and Ag are the coefficients of the
effective operators for the magnetic and chromomagnetic moment couplings for b → q
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transitions [2] following from

Leff =

√
G2

F

8π3
VtbV

∗
tq q σµν

[√
αAγFµν +

√
αSAgTaG

a
µν

]
(mbPR + mqPL) b, (2)

where PR,L = (1 ± γ5)/2. Within the framework of the SM, the effective operator in
eq. (2), to lowest order, is obtained from the ‘penguin’ diagrams in fig. 1a. For the
sake of making this note self-contained, we give the explicit expressions of Aγ and Ag :

Aγ = x

[
7 − 5x − 8x2

24(x − 1)3
+

x(3x − 2)

4(x − 1)4
ln x

]
(3)

and

Ag = x

[
2 + 5x − x2

8(x − 1)3
− 3x

4(x − 1)4
ln x

]
, (4)

where x = m2
t/M

2
W . In all our discussions we shall assume that m2

c

M2

W

≃ 0.

It may be noted that the derivations of eqs. (3) and (4) depend crucially on the
validity of CKM unitarity. For the sake of illustration, particularly since we deal with
a model that violates this unitarity, we present the contribution fW

i that replaces Aγ

or Ag in eq. (2) for each individual diagram of fig. 1a:

fW
1 =

1

4
ξ̄1(x) +

1

2
ξ̄2(x)

fW
2 = x

[
1

2
ξ̄0(x) − 3

4
ξ̄1(x) +

1

4
ξ̄2(x)

]

fW
3 + fW

4 =
1

4
ξ̄1(x) (5)

fW
5 = Qt

[
ξ0(x) − 3

2
ξ1(x) +

1

2
ξ2(x)

]

fW
6 =

Qt

4
x [ξ1(x) + ξ2(x)] ,

where Qt is the charge of the top-quark and

ξn(x) =
∫ 1

0

zn+1dz

1 + (x − 1)z
=

−1

(1 − x)n+2

[
ln x +

n+1∑

k=1

(−1)k
(

n + 1
k

)
xk − 1

k

]

ξ̄n(x) =
1

x
ξn

(
1

x

)
.

(6)

In the event of a unitary V CKM , GIM cancellation ensures that we need consider only

6∑

j=1

{fW
j (x) − fW

j (0)} = Aγ ,

1

Qt

6∑

j=5

{fW
j (x) − fW

j (0)} = Ag,

(7)
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leading to the same results as in eqs. (3) and (4) respectively.

Now we briefly describe our model and the essential modifications from the SM. We
introduce an extra down-type quark (D), whose left- and right-handed components are
both SU(2) singlets. Consequently, the CKM matrix V CKM is a (3× 4) one. Without
loss of generality we can assume that the up-quark mass matrix is diagonal. V CKM

then consists of the first three lines of the (4× 4) unitary matrix W which relates the
left-handed components of the down-quark weak and mass eigenstates:

(
d◦

i

D◦

)

L

= W
(

di

D

)

L

, (8)

where i = 1, 2, 3 and the weak eigenstates are denoted by the superscript 0. It can
readily be seen [7] that whereas

(V V †)ij = δij , zαβ ≡ (V †V )αβ 6= δαβ (V ≡ V CKM). (9)

The weak gauge currents can be expressed in terms of the mass eigenstates as

JW
µ =

g√
2
ūLiV

CKM
iα γµdLα,

JZ
µ =

g

cos θW

[
tu3 ūLiγµuLi + zαβtd3d̄LαγµdLβ − sin2 θW Jem

µ

]
; (10)

where i = 1, 2, 3; α, β = 1, 2, 3, 4 and tu3 (td3) = 1/2 (−1/2). The generic symbols zαβ

then parametrise the tree-level flavour dependence of the down-sector neutral currents.

Within the SM sector the couplings zαβ (for α 6= β) are naturally suppressed by
the ratio of the standard quark masses to the vector-like quark masses (see ref. [7]
for details) and are strongly constrained by experiments. Of special interest to us are
the couplings zbs and zbd, which are constrained by Br(B → Xµ+µ−) ≤ 5.0 × 10−5

measured by the UA1 Collaboration [8], leading to the bounds [7]:

∣∣∣∣
zbd

Vcb

∣∣∣∣ ≤ 0.029,

∣∣∣∣
zbs

Vcb

∣∣∣∣ ≤ 0.029. (11)

For convenience, we write the explicit expressions of zbd and zbs as parts of the unitarity
quadrangles:

zbd = VtbV
∗
td + VcbV

∗
cd + VubV

∗
ud,

zbs = VtbV
∗
ts + VcbV

∗
cs + VubV

∗
us. (12)

So far we have discussed only the W - and Z-mediated interactions. The reason why
we have not emphasized the Higgs contributions is due to the fact that they depend

3



on the Higgs structure we choose for the specific model with an isosinglet quark. The
minimal structure is, of course, having only one Higgs doublet as in the SM with a bare
mass term for the isosinglet. In this case, we have checked that the contributions from
the Higgs-mediated penguins are small with respect to the dominant contribution to
b → dγ, which arises from W - and Z-mediated penguins.

Armed with the above information, let us now look at the diagrams of interest to
us. For simplicity, we assume that zbs = 0, so that the violation of CKM unitarity is all
contained in zbd. (We also assume that zds = 0 in view of the extremely tight restriction
from K–K̄ mixing.) Note that the inclusion of the isosinglet leaves unaffected the
apparent structure of the individual diagrams in fig. 1a. A crucial difference, however,
is brought about by the lack of GIM suppression. The flavour independent terms no
longer cancel; rather, they lead to contributions proportional to zbd. Unitarity violation
also shows up through a new set of Z-mediated penguins (fig. 1b), which originate as
a result of tree-level flavour mixing at the Z-vertex. The contributions fZ

i from the
diagrams of fig. 1b, analogous to the fW

1 of fig. 1a, are given by (y = m2
d,b/M

2
Z ≃

0, yD = m2
D/M2

Z):

fZ
1 + fZ

2 = Qdt
d
3

[
ad

L {4ξ0(y) − 6ξ1(y) + 2ξ2(y)} − 4ad
R {ξ0(y) − ξ1(y)}

]
,

fZ
3 = Qd(t

d
3)

2 [2ξ0(yD) − 3ξ1(yD) + ξ2(yD)] , (13)

where ad
L = td3 − Qd sin2 θW , ad

R = −Qd sin2 θW , and the integrals ξi are listed in eq.
(6). As a result, the expressions of Aγ and Ag are modified significantly to

Aγ −→ Aγ +

(
zbd

VtbV ∗
td

)IS

(cW
γ + cZ

γ ),

Ag −→ Ag +

(
zbd

VtbV
∗
td

)IS

(cW
g + cZ

g ).

(14)

Above, the supercript (IS) refers to the CKM elements in the presence of an isosinglet
quark; cW,Z

γ,g are constants arising from the W (Z)-mediated photon(gluon)-penguins.
These numbers can easily be derived from eqs. (5),(6),(13) to be

cW
γ ≃

6∑

j=1

fW
j (0) = 23/36,

cW
g ≃ 1

Qt

6∑

j=5

fW
j (0) = 1/3, (15)

cZ
γ ≃

2∑

j=1

fZ
j (0) = −13/108,

cZ
g ≃ 1

Qd

2∑

j=1

fZ
j (0) = 13/36.
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Needless to say, one should also add the contribution of fZ
3 to the above. This obviously

depends on mD and thus introduces an additional unknown. However, it can easily
be checked that such contributions are typically smaller and make little quantitative
impact. For example, even for relatively large zi4 consistent with the unitarity of W ,
these extra contributions, which we neglect, are (−1/60) to cZ

γ and (1/20) to cZ
g for

yD = 2 and are even smaller for larger values of yD.

The next task is to determine the element V IS
td . It ought to be stressed that the

experimentally allowed range of values of the CKM matrix elements in this scenario
differ from the corresponding ones in the SM. For example, in the SM, the element Vtd

is determined by comparing the Bd–B̄d mixing data with its prediction driven by the t-
mediated box. In this scenario, the extraction of Vtd is more complicated, though, since
Bd–B̄d mixing receives a tree-level contribution due to flavour-violating Z couplings in
the down-sector. The bound of eq. (11) allows for this tree level contribution to be
comparable with, or even dominate, the t-mediated SM box. In the following, we will
neglect the effect of the lack of CKM unitarity in the evaluation of the box diagrams,
since these effects are small compared to the tree-order Z-mediated ones. For the sake
of convenience we follow the notations of ref. [7] to write:

|VtbV
∗
td|IS |∆bd|1/2 = F x

1/2
d , (16)

where

F =

[
6π2

G2
FηM2

W MB

]1/2
1

τ
1/2
B B

1/2
B fB

|Ē(x)|−1/2
. (17)

The effects of new physics are contained in |∆bd| in eq.(16), which is parametrized as:

∆bd = 1 + rde
i2θbd , (18)

with

rd =
1

ν|Ē(x)|

∣∣∣∣∣
zbd

(VtbV ∗
td)

IS

∣∣∣∣∣

2

, ν =
α

4π sin2 θW

,

θbd = arg

[
zbd

(VtbV
∗
td)

IS

]
(19)

In the above expressions, the experimental inputs are given by [9] xd = 0.71 ± 0.07,

τB = (1.54±0.03) ps, and
√

BBf 2
B lies between 110 and 270 MeV; Ē(x) is the standard

Inami–Lim function for the t-mediated box diagram and νĒ = −0.0065 for mt = 174
GeV. The phase θbd is an independent parameter, which determines the orientation of
zbd in the unitarity quadrangle and plays an important role since it allows for different
contributions of new physics even for a fixed |zbd|. Since the aim of our analysis is to
focus on the departure from the SM prediction due to unitarity violation, we fix the
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experimentally derived inputs in eqs. (16)–(19) at their central values. As a result,
our estimates of the effects of new physics are conservative; one could always obtain
an enhanced effect by setting the experimental inputs at their extrema.

In eq. (19) one can put |Vtb|IS = 1 as a good approximation. Solving for |Vtd|IS

using eqs. (16)–(19) for θbd in the range [0◦ − 180◦] for fixed values of |zbd| within the
allowed domain as shown in eq. (11), we obtain the allowed values of |Vtd|IS, displayed
in fig. 2. For large values of |zbd|, θbd is constrained to a given range in order for the
solution for |Vtd|IS to exist. We present our results only for mt = 174 GeV and remark
that they are quite insensitive to its choice in the range mt = 174± 17 GeV [10]. The
region between the horizontal lines corresponds to the SM uncertainties, taking into
account the experimental uncertainties of the various inputs.

In fig. 3 we present the ratio Br(b → dγ)/Br(b → sγ) as a function of θbd for the
same values of zbd as in fig. 2 and putting zbs = 0. We find that even if one allows
for zbs 6= 0, the branching ratio Br(b → sγ) does not differ significantly from its SM
value. The reason is essentially due to the fact that although zbs and zbd could be of the
same order of magnitude, |Vts| is much larger than |Vtd|. Combining the results of the
quadrangular unitarity [eq. (12)] and the information of the CKM matrix elements, it
has been shown [7] that:

∣∣∣∣∣
zbd

VtbV
∗
td

∣∣∣∣∣ ≤ 0.93;

∣∣∣∣∣
zbs

VtbV
∗
ts

∣∣∣∣∣ ≤ 0.04. (20)

As a result of bounds in eq. (20), one concludes that in the case of Bd mixing, tree-level
flavour-changing Z-exchange may give a dominant contribution, while in the case of
Bs mixing, the t-mediated box diagrams are the dominant ones [7, 11].

It should be noted that in the SM the ratio Br(b → dγ)/Br(b → sγ) is given, to
a very good approximation, by

R =
Br(b → dγ)

Br(b → sγ)
≃ |Vtd|2

|Vts|2
. (21)

The result of eq. (21) is quite reliable since most of the uncertainties, such as the value
of mb and the bulk of QCD corrections, cancel out in the ratio.

It is clear from fig. 3 that as a result of violation of CKM unitarity, R can signifi-
cantly deviate from the SM prediction, for values of zbd consistent with the bound of eq.
(11). Note that in fig. 3, we have indicated for the SM the regions of allowed R values
within the horizontal lines taking into account the experimental uncertainties of the
various inputs [9], while for the present model we have taken central values for various
experimental inputs. Obviously, the effect of new physics becomes more “visible” once
the SM prediction is sharpened through a more precise knowledge of V SM

td and V SM
ts .

6



We should, however, point out that the experimental extraction of the ratio R of eq.
(21) is not so straightforward on account of both QCD corrections and uncertainties
in the hadronic matrix elements. For decays into light quarks, exclusive final states
are theoretically “cleaner”. However, in the case of B → Xdγ, a double Cabibbo–
suppressed process, one has a situation where the O(αs) corrections involving virtual
u and c quarks are no longer negligible [12]. The partial width is thus no longer a
simple function of |Vtd|2. Apart from this, there is also the experimental problem of
measuring the above inclusive decay rate. The exclusive modes are easier to measure
experimentally, although they are even more difficult to handle theoretically. As an
illustration, let us consider

Γ(Bu,d → ργ)

Γ(Bu,d → K∗γ)
=

|Vtd|2

|Vts|2
R̃Φu,d, (22)

where R̃ =
∣∣∣F B→ρ

1 (0)
∣∣∣
2
/
∣∣∣F B→K∗

1 (0)
∣∣∣
2
, the ratio of the hadronic form factors, and Φu,d is

a phase space factor. While in the exact SU(3) limit the hadronic uncertainties would
cancel to leave R̃ = 1, in the real world one has to calculate it within some model.
An idea of the uncertainties involved can be formed by looking at the results obtained
from different approaches for R̃ = 0.04 (Isgur-Scora-Grinstein-Wise formalism), 0.6
(QCD sum rule on the light cone) and 0.8 (Bauer-Stech-Wirbel formalism) [13, 14].
Another correction, in this context, has to do with the final-state interactions, which
may be important for B → ργ, but not so for B → K∗γ [14].

At present, no decay of the type B → Xd + γ has been observed and only upper
bounds have recently been obtained by the CLEO collaboration [15] for the following
exclusive decays (90% C.L.):

Br(B → ρ−γ) < 1.8 × 10−5,
Br(B → ρ0γ) < 3.1 × 10−5,
Br(B → ωγ) < 1.4 × 10−5.

(23)

From eq. (23) and within the SM, the following bound has been extracted [15]:

∣∣∣∣
Vtd

Vts

∣∣∣∣ <
1

1.8
, (24)

which in turn implies within the SM, using eq. (21),

Br(b → dγ)

Br(b → sγ)
< 0.31. (25)

It can be readily seen that the estimation of the bound of eq. (25) also holds in
our model, and it is compatible with the prediction of our model even for the largest

7



value of |zbd|. Furthermore, it is evident that the experimental bound in eq. (23) is still
not strong enough for the bound of eq. (24) to be competitive with the present SM
limit on the same, derived from Bd–B̄d mixing and unitarity. However, it is clear that
improved data and the eventual detection of the above exclusive decays will provide
an important constraint on the SM and have the potential to uncover new physics.

The presence of flavour-changing Z-mediated interactions has other phenomeno-
logical consequences. Recently, it has been pointed out [16] that in the presence of a
singlet down-type quark, the SM prediction 7 ≤ xs ≤ 40 changes to 2 ≤ xs ≤ 50. This
result is specially relevant if the experimental lower bound on xs turns out to be smaller
than the lower bound predicted by the SM. It is clear that once the experimental value
of xs is known and if one allows for zbs 6= 0, the extraction of |Vts|IS would be entirely
analogous to the one we have described for |Vtd|IS.

Furthermore, it has been pointed out in refs. [7, 11] that in the presence of violation
of CKM unitarity, CP asymmetries in B-decays can differ significantly from those
predicted in the SM. In particular, it has been shown [7] that the sign of CP asymmetry
in the decay B → ΨKs may be opposite to the one predicted by the SM, even for rather
small values of zbd.

At this point the following comment is in order. It is clear that the primary task
for the next generation of experiments is to check whether all data on rare B-decays,
B–B̄ mixings and CP asymmetries can be accommodated within the SM. If this fit is
not possible, thus implying evidence for new physics, the next task would then be to
discover what the new physics is and, in particular, whether there is any violation of
CKM unitarity, and measuring the parameters zbd and θbd.

To conclude, the measurement of the ratio Br(b → dγ) together with the measure-
ment of CP asymmetry in B-decays will provide a crucial test of the CKM unitarity,
leading either to the discovery of unitarity violation, or to strong constraints on the
parameters zbd and θbd.
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Figure captions

1. [a] The W -mediated photon-penguins in the Feynman gauge. The corre-
sponding gluon-penguins are realized by replacing the external photon lines by
gluon ones in diagrams 5 and 6.

[b] The Z-mediated photon-penguins in the Feynman gauge. The longitudi-
nal mode contributions are not shown, as they are negligible. The corresponding
gluon-penguins are realized by replacing the external photon lines by gluon ones
in all the diagrams.

2. Variation of |Vtd|IS with θbd for different values of |zbd| [1.16×10−3 (dot-dashed),
0.78×10−3 (dotted) and 0.39×10−3 (dashed)], evaluated using the central values

of the experimental inputs (xd, τB,
√

BBf 2
B etc.) and for mt = 174 GeV. The

region between the horizontal lines corresponds to the allowed values within the
SM, taking into account the experimental uncertainties of the above inputs.

3. Variation of R = Br(b → dγ)/Br(b → sγ) with θbd for the same values of zbd and
the same central values of the experimental inputs as in fig. 2. The horizontal
band corresponds to the allowed values of R within the SM for the uncertainties
in various inputs as described in fig. 2.
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