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The pupor prosents a dotailed discussion
of the knowledge usod by An'yubhu[/u Lin his mothod of solution and of conte.
butions made by the scholirs fiko Bhiiskara 1, Al’yubha.;u. 1T, Bhaskara II
and other medisval scholurs Lowards lurther simplifieation ahd modifications
of the rule ul"ﬁryubhu.!;«.n. L Tho uriginal Sanskrit bassages from tho text of
Karapapaddhati (1396 A.D. 7) with

succeossive approximations of wfb.

Boglish cranslations have also beon pre.
sented in the papor to show o whut extont the porfoction of the technique
has been attained by the suthor of Karanapaddhati following traditional lines
and the knowledgo found i way to other cultural aveas.

L. INrropucrioN

Al'ywb‘lmgw L (476 A.D.) and other Indian scholars have given o general method
of intogral solution of the indetorminate oquations of the type by = x4 ¢, which
involves knowledgo of continued fraction, The continued fraction is a process of
converting o fraction into a continued division and seems to have arisen in connec-
bion with tho problem of linding the approximate square-root of numbers that arc
ot perfeet squares.  Various methods of finding the approximate values of VA,

" whore 4 is an integer, by oxeess or in deteet, were known in different cultural areas
" of ancient and medieval peviods.  The carliest  important step in the theory of

'Uhl?illllﬁd fraction is known to Lawve been made by Iuclid? (¢.300 B.C.) who applicd

Uhe process of finding tho groatost common divisor of two lines to the greatest cominon

divisor of two numbers.  No furthor improvement of thoe knowledge has been ‘mado

“by ‘the Greeks cxcopt by the Indians who have made o systematic applicavion
- “of the knu\vlcdgo from the fifth century A.D. onwards., Tu the sixteenth century
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two European scholars Bombelli (b. 15630) and Cataldi (1548-1626) have made a most
systomatic uso of the knowledge of continued fraction, though it is not yet known
how they have discovered it®. Tho knowledge of continued fraction based on a
method of finding thoe greatest common divisor of tho prime numbers ¢ and b way

be placed as under :
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SOLUTION OF INDETERMINATE EQUATIONS
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according as n iy even or odd,

The results (1), (2) and (3) woere known to Aryabhata 1 (476 A.D.) and other Indian

scholars. Datta and a host of other writers® have given English translation

with modorn intorprétations of the rule of Aryabhata T and of other scholars upto

the time of Bhiskara 11 (b. 1150) and prosented interprotation of tho results in

modern form giving little importance to the knowledge of continued fraction. Here

an attempt has been made, how the results (1), (2) and (3) of the continued fraction

have boen ostablished and wsod in ancient and medieval India to obtain the solution of
ax-c “by-te . . .

Y = - bt orxy = /( l* and of some such problems and found their way to other

cultural areas.

2. AryaBuaTa I (b.476 AD.)

:

The dryabhatiye of Aryabhata T which deals with the solution of indeterminate
problems is also known as Admakatantra.  He has been mostly roferred as an Adémakiya
by Bhaskara I, which indicates that he belonged to Aémaka tribe and lived in the
rogion botween the rivers Mahismati and Godavari® He had his education in the
school of Kusumpura, which has been ideéntified with two places one near Patna and
the othor noar Madras ir Salempur district.® Since Aryabhata I's commentators
like Bhaskara 1, Paramedvara, Ramakrsna, Nilakantha and others had associations
with southern region of India and his Mss. are mostly available in the South, it is
prosumed he belonged to the South.  According to Puranic division, the region below
Vindhya was regacded as South.  This suggosts that Aryabhata I probably had his
education in the Kusunpura school in Madras and established his own school in
the Mahismati and Godavari region.

(A) Solution of y = E—Ll}}i in positive integers when a and b.are prime to each other.®

To got a solution for y, the rule ay given by Aryabhata I in his Aryabhaﬁyw
préscribes that @ and b ave to be mutually divided, then the remainder 7,_, obtained
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after. some stages (vide H.C.F. process shown before) is multiplied by a number ¢,
- known as mats, such that the product when added to the kgepa quantity c¢(c may be
"~ positive or negative), is exactly divisible by the subsequent remainder r,_,. Symboli-
cally it may be written as,

Ty b4

=8 or n (say) ' v (4)
Tp—3

Aryabhata I did not explain when ¢ is to be added or subtracted. Bhaskara I
(¢.600,A.D.)in his erabha@iya-bka"aya has written, samegu kgiptamvigamegu Sodhyam,®
i.e. “add (the kgepa quantity c) when 2 (totalnumber of quotients of mutual division)
is '*e_vqn and subtract when 2 is odd. Obviously two cases arise.

Case I: When » is even (i.e. the number of partial quotients used by Aryabhata I
i8 always one less i.e. odd, vide Table I below)

Let n = 4, then from equation (4), we can write,

i

r3~

=g, when ¢ = 12°°%
: s

Evidently the process of division (vide H.C.F. process) stops at the residue 7y
after the partial quotients a,, a,, ag are obtained. According to the rule given by
Aryabhata T, the partial quotients a,, ay, a,, with mati ¢, and final quotient s [calculated
from eqn. 4] are to be placed on bélow the other in Column I of the Table I and the
operation in the 2nd, 3rd and 4th column are performed by the Arya‘bhaga I’s rule,
adhaupari  guyitamantydyug, i.e. “(the numbers) below and above are multiplied
and the last is added to it” to obtain the final results and ! as follows :

TABLE I

" " 1st column 2nd column . 3rd column 4th column

a; a; a, al-+m = u (say)
ay a, a:m-+-t = [ (say) i

ay a3t +8 = m (say) m

t ¢

8

Now let us caloulate the value of m, ! and u and investigate their nature.

Here, m = agt-+8 -

Ty )

— 8(raa5+rg)—asc
; ~ T




SOLUTION OF INDETERMINATE EQUATIONS

. 87y —AyC
'I‘\i

[by equation (1)]

81y — yC) rp8—¢C

.+.

Ty T3

_ Sty -Fry) —o(@yay 1)
Ty

{by equation (1)]

o a‘é - 9(_“29:!, _*_—l )

Tq
P e S B
! s T3

— 5(“5b+ "1) —clay(ayay+1) +a,]

s

__sa—clay(ayay+1) taq]
"3

u _ sa—clay(a,ay+-1)+ay)
1 sl=clayas+1)

_sa—cp,
T sh—cqq

’

"If there are » number of partial quotients,,

. 4 U SA—CPn
. b and l sb—cq,y
Evidently,

p-n'l"-'Qn'u -

= pn(‘?b"'cqn—l)—Qn(sa_cp'n—l)
= =P Gn1=uPn-1) " P = Q= b]
= —¢ (by equation (3), when n is even) o (D)

Case II. When n is odd (i.e. the number of partial quotients is even, vide
Table 11(below).

Let » = 5, then from equation (4), we get C“—tf—q =n
_ Tsqs ¢

-when -
‘ Ts
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«tow woe place below the partial quotients @y, g, G, @4, matt t, then final quotient
%, and obtain ! and u following the process as explained before.

TABLE II

18t column .2nd column 3rd column 4th column 6th eoluumn

a, a a a; alty = uuay)
az az ay ay+a = I (say) l

Gy LR ayr+t = y (say) y

a, a¢+n = z(say) @

¢ ¢

”n

If we calculate z, y, I and « proceeding as before, we find

=

I nbtcq,
When there are » number qf partial quotients, we can write,

Evidently :
p,,.l—q,', N2

= Pu(nb-+cgn_3)—gn(na+cp,_,)
= (Pngu-- S Pn =8, ¢ = b]
= —c it -son (3) when » is odd] v (6)
The equation (5) and (6) are identical. This was purposely done by A_ry&bh&t'a 1,
thereby establishing equation (3) for he always wrote
Pal—gqu = —c or g, u = p,l+c v (7)

“when « and ! were calculated from the Table I and IT according as n is even or odd.
. .From (7) we have ' ' -
' bu = al+c¢ (. p, = a, q, = b)

Comparing with the équa.tibn by = az+-c, obviously y = u and z = [ gives the
solution. The two numbers % and ! 'were known as (final) upari and adha, dvaveva
raéi, phala and guna eto. by the Indian scholars.

If u = am-+y,, and ! = bm+z,

then y = y, (mod. a) and z = z, (mod. b) are the general solution of y = ‘E;:—c.
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. J) Solution of x = _QZ_/_}E in positive intege

rs when @ and b are prime to each other

The method of solution i3 exactly similar, only select

according as the number of partial quotients in the Table is odd or even

Then z = u=bm+z;
z = xl (mod.b)

and y=l=amty =% (mod. a)

(C) ' Hlustration :
452 +7 = 29y

Following Aryabhata I rule, let us divide 45 by 29 following a H.C.F. process.

now, 20)45(1
29

16)29(1
16

13)16(1
13
3)13(4
12

1)38
3

0

45 1

Hence s 14+ 15
Case I. If the process of division is stopped at the remainder 3, the number of
partial quotients, is odd : then we write,

3247 _
13 -
Here mati = 2, final quotient =
mats 2, and final quotient 1 in Column I of

Arranging the guotionts 1,1, 1,
Table I11 and the munbm‘s I and u are obtained as follows.
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TABLE II1

I 11 1 1v

1 1 1 1><5+3u8=—u(uuy)
1 1 1X342 = 5 = I (say).

1 12441 = 3 3

2 (matz) 2

1

Evidently y = u = § — 45X0+8 = 8§ (mod. 45)
and =35 (mod, 29).

Case II. When the process of division continucs uplo the remainder 1, and the
number of partial quolients are cven

Then : 1x 130_7 == ]

Here mat; = 10, final quotient =: 1,

Placing the quotients 1,1, 1,4, mat; 10, and final quotient 1, onv bolow the
other and procoeding the oporation us boforo, we get, « = 143, and | = 92.

Yy=u=143 = 45X 348 =8 (mod. 45),
=1=92 = §(mod. 29).

This shows that the mothod of solution based on continued fruction was rightly
understood by Aryabhata 1 (476 A.D.).

3. Buaskara I (600 AD)

Bhaskara I was not a diroct disciple of Aryabluga 1. He imbibed his know-
ledge of astronomy from his father® who has bocn an astronomer of the sehool of
Arya,bh&,gu. I. In his commentary on the A-ryab/mﬁ ye he has adduced six matlho-
matical problems on remaindor and twenty-four astronomica] problems® to oxplain
the rule of Aryabliata I. The method of indeterminate analysis used here is known
as kufiikdra or simply kutfa by Bhiskara I, In English oquivalent it is known us
‘pulverizor’, sinco the values of the cooflicionts (e, b) bocome smaller and smadler,
Bhiskara I has clussifiod the pulverizer into two groups, viz. residual pulverizer
(sagra kuftakira) and non-rosidual pulverizer (nirayra ,(:umik(i;u). Such classifications
is not availablo in the Brahmasphuga-siddhanta of Brahmagupta (628 A.D.), a con-
temporary of Bhiskara L, but same classification is found to have been mentioned
by Govinda (800-850), Paramodvary (1430) and other medioval scholars.  The terms

- sama- and vigema-kuftakara havo also boen used by Mahavira (850) and the author of

Yuktibhaga (c. 1500-1600).




SULUTION OF INDETLRMINATE EQUATIONS 9
(A)  NSolution of Y == o

Bhaskara I has applivd the mothod of Aryabhata I to solve astronomical probloms
like culeulation of uhwrgune, complote revolutions performed by a planet, expressed
muinly in the form

v e ®)

where « == bhajye, dividend, or revolution nwmber of planets; b = hdra, divisor
or civil days i @ yug; ¢ = ayre, residue of the revolution of the planets; x =
gupakdre or  churgana. waul oy = phale, or complete revolutions performed by a
planct.  Hu has given o rulett indicating the method of solution of cquation (8).
Now it may be scen that the cquation (8) of Bhaskara 1 and Aryabhata 1I's equation
¥ = byt arc identical with only difforence that the former is exprossed in terms
of y and the latter in torms of v, Ln the mothod of solution of Bhaskara I the number
b is divided by « tho rvason of which is obviously understood if one is acquainted
with the mothod of solution of Aryabhata 1. Bhaskara I has preferred in his cal-
culations always an even numbor of partial quotients, perhaps to avoid repetition of
results, obtained from odd number of quotients. Obviously for solution, the Case
11 of Aryabhuta I's rulo (B) is applicable here.

Hence = u = z; (mod. a)
and Yy =1==y (mod. b) J

. . . ax—c
is tho gencral solution of —_—

<
I
Ll

(b)  Further Stmplification of the Lulet*

s . . wxr—c . .
The quantitics, «, b, ¢ of tho cquation y == T i astronomical problems are
generally very large and its solution is a laborious affair. To avoid this, Bhiskara

I has supplied the least intogral values of a, b, x, and y for plancts satistying the pul-

. ur—1 S e . . . .
verizor —— = y and thon applied following procedures to obtain the solution of

y o G
Y= b
- . ’ ’ M o I—‘—l
(1) 2" =r, y 5 be a solution of ‘wb =3, thon @ = ¢r and y = cs
is a solution of
ar ¢
=y = ‘ o (9)
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- ‘ ax'—1 ,
Evidently, ‘ — =y
: ar—1

or, ~—~b——— == 8
or, = _ (e
or, ey,

(i) Ifz=r, y=¢bea solutxon of @b_..c =y
then z =r and y = mr4-s ;'s a solution of ?fb_ ¢ Y
where a = mb+a'(a < b). o (10)
Evidently,
or, ‘@'r—c¢ = bs-
or, (mb+-a')r—c==b(mr +-s)
or, ar—c = b(mr-+-s) -

Z == 1y and y = mr--s is s solution of—g.’fl;fﬁ = y.

(iti) If 2 =7, y =8 be tho minimum solution of y = _{15"1: ¢

then other solutions of the same pulverizer are : | -
T = b --r
' . (11)
Yy =am-s

4. SOHOLARS FROM SEVENTH TO SIXTEENTH CENTURY

-~ The method was subsequently discussed by Brahmagupta (c. 628), Prthudaka,
(c. 850) and srip&ti (1039), Govindasvimi (c. 850), Mahdvira (850) with no improve-
ment over Aryabhata I and Bhaskara I's rule®. It was elaborated with further
simplification’¢ by Aryabhata IT (950), who continued the mutual division till the
remainder in the process of division becomes 1. Then the table (valld) was made thh
quotients @, a,, @, and with 1, attached a,t the end. Evidently it gives

u a,(azaa-{-l)—{-a,, Py

l g0 +1 UEY
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If there be n number of partial quotients,

. o 4w P,
Po . 5 and ¥ = P
'1" ) [ (1"—1

Evidently, p,.l—g,u == +1 according as the number of partial quoients are odd

and even
g4 = p,.1F 1. according as number of partial quotients are odd and even

= p,l-41 according as number of partial quotients are even and odd.

*
or bu = (&[j_‘tl IR EE >

OT,. b.’/ = (X :[: 1 ’” 2 35

This gives the solution of by = ax+1 Cees
where y=mu, and z =1
If (2, ;) be the least solution of (12), then (czy, cy,) is the solution of by = ax-t-c.
Obviously two cases arise : ‘ v
Case I. When the number of quotients are even, the method gives the solu-
tion of by = ax-c. '
Case 1I. When the number of quoticnts are odd, the method gives the solution
of by == ax—c. Then x = (b—w))-+bt, and y = (a—y,)-+at is the general solution
of by = axt-c.
Bhaskara 1115 (b. 1150) has simplified further the method of Aryabhata II by
continuing the mutual division till the remainder becomes unity and prepared the
table (valli) with partial quotionts, along with ¢ and o, This shuws that Bhiskara
II directly calculated bu = ali-c¢ : .
u Py

"~ wheroe . .
l C(]n—l

The remaining opoerations are similar to that of Aryabhata II. Exactly the
same method of Bhaskara 11 has boen given in different words by Narayanal® (1356
A.D)and Kamalikara!” (1658 A.D.). The South Indian scholar Parameévarss
(11430) in his commentary on the dryabhatiya has cited two examples with explana-
tion the rule of Aryabhatu T and several others in his Siddhdntadipika, a commentary
on the Mahdbhaskariya of Bhiskara I, and considered solution for even number of
quotients only. Nilakantha!? (1500), however furnished a detailed account of the
rule of Acyabhata T in his dryabhafiyabhdgye with quotations from the works of
Bhaskara I, Govindasvami, Bhaskara IT and Parameévara without any further

contribution to the source,
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6. TREATMENT IN THE Karanapaddhati®® (167H CENTURY ?)
AND Yuktibhdga® (1500-1600)

- ' The Karanapaddhati -farnishes intéresting information on the calculation of
- approximations of mahdhdra : mahdguna (i.e. b : a) and has applied the both upward
.. (below-top) and downward (top-below) techniques to calculate the successive approxi-

. mations. The relevant verse®* runs as follows :

anyonyam vibhajenmahdgunahidrau Javadvibhakte'lpata
tavallabdhaphalani ripamapi. ca nyasyedadho’dhaj, kramat
prakgipyantyamupdntimena gunite svordhve tadantyam tyajed
bhuyo’pyega vidkirbhaved gunahdrau syaam tadordhvasthitau ||

English Translation :

“The makdguna (a) and hara (b) should be simultaneously divided till it becomes
liegligiblo (i.e. zero). The respective quotients and a number one are placed one
- below the other. Then multiply the last but one (updnta) by the number placed
above it (updnta wrddha) and the last is added to it, and then this last number is
left. This is the process of obtaining the guna and hara placed-in two urdha positions.”

This method upward (below-top) technique is similar to that of Bhaskars I
with the difference that the mutual division is repeated upto the remainder zero,
like that of our modern method.

For example,

b 355
lo a 113

The rule gives a process of caleulating the final convergent gl
n

Py _b _ 365
g e 113"
one below another following the process discussed before,

. Here for n = 3,

This has been obmfned from the quotients 3, 7, 16 and 1 placed

The Karanapaddhati has given an alternative (top-below) process of this rule
for . caloulating the successive approximations of circumference : diameter, i.e.

Py Py By etc.; in the following rule.2s
Q9

anyonyahrtabhajyahdrakaphalam sarvam tvadho'dho
nyasedekatradyaphalena hinamaparatraikam dvayadcapari |
‘kurjad valyupasamhrtim kyuparita), purvaprandsam ving
tydjyam tatprathamordhvagam haragunadéigtabca va svecchayd |/
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“of remainders.

SOLUTION OF INDETERMINATE EQUATIONS 13

hsh Translation :

» “The. hdra amd brajya (guna) are simultaneously divided and the results are
all placed systematically ono below the other in one place (first place). Put the

L

. partial quotients without the first quotient in another place (second place) and place
" one over both the places.
-number of the first place which was not destroyed in the operation. The kdra, guna

Perform the valli operations from the top and leave the

and the remaining results (are obtained) as desired.

.p]. p2 pﬂ.“eto"
Vg2’ s

followed before. Here the valli operation is performed starting from top hke that of

our modern method of calculamml as follows : :

This is undoubtedly a reverse (top-below) techmque of ca,lcula,tmg

1st place hare 2md place guna
l .
a a(= p) 1 K= q)
@ @z 1(== py) Qg ax(= gz)
a3 agf{aray+ 1} 4-ay (== py) ag a8+ 1(= g4)
a4 aglag{aaz+1} -1 a}(= py) @y as{az@s+ 1} +ax(= ga)

“Hence the successive approximations of circumiorence (hdra) diameter (guna),

i.e. Q,g p, Pa ... otc. are:

91
l’_l; Es’ Pe_amtl py | el tlida g o
o 1'g My s ayty+1
The suthor of yuktibhdsd (vide appendix of the edited text) has used the same
technique to caloulate L, P2 Pa
T4 Y

This shows that Indian scholars had a more or less distinct idea about the appli-
cation of continued fraction and used the tool p,g,_;~—¢,p,_; = =1 for the solution
of by = ax--c, according ay » is even or odd.

6. 'TRANSMISSION

The Greelk scholar Nicomachus of Geresa?® (i.e. 100 A.D.) recorded an example
The Chinese classic, Sun Tzu Suan Ching?®s (4th century A.D.)

have also a similar example on the problem of remainders. Both these problems

- were supplied with answers without any method of solution.

The Chinese scholar I-Hsing (687-727 A.D.) has made use of indeterminate
analysis in his Ta yen Li Shu (Book of the Ta Yen Calendar) for the solution of

astronomical problems. The indeterminate analysis derived the name Ta Yen
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from ‘Great Extonsion Number” based on process of continued division.28 Ac-
cording to George Sarton, Ta Yen was similar to the Hindu method of kuftaka (pul-
verizer or multiplier).?” Needham opined, “the argument of Matthiessen that they
were different does not carry conviction”.?® Five centuries later Chhin Chiu-Shao
(c. 1244) gave a full explanation of the subject in his Shw Shu Chiu Chang. His
second and third problems appearing in the first and third chapters respectively
with caleulations approach very nearly to the method of I-Hsing, though the termi-
nology was different. 1-Hsing came to India in 673 A.D., became a Tantric-Buddhist
monk and learnt Sanskrit. Hence it is quite possible that this Tantric--Buddhist
astronomer acquired the technique of solving indeterminate problems from Indian
works or scholars and it is through his effort, the knowledge was carried to China.
The Arabic scholar Abii Kamil?® (c.850-930) has givenintegral solutions of some
indeterminate equations in his Kitab al-far@if fi'l jisab (Book of Rare Things in tho
Art of Caloulations) but his solutions were obtained by trial. For this reason, Levey
did not believe that the Indian Knowledgo of indoterminate unalysis had passed to

the Arabs by the time ¢ f Aba-Kamil.3,

The problem of remainders has been treated by Ibn al-Haitam (c. 1000), and
Leonardo Pisano (c. 1202) in his Liber Abaci.

Regiomontanus (1436-76) got acquainted with the work of L. Pisano in Ttaly
and proposed in a letter a problem on remainders similar to that of Aryabhata 1.
A German Ms. of the fifteenth century has proved a genoeral rule correspending to-
the Chinese Ta yen rule®’. The other Latin European scholar took also active
interest in the translations of many earlior Sanskrit texts through Arab and Chinese
intermediaries. In viow of this it is yet to be scen whether they have received any
idea 'of the knowledge of continued fraction and its application in the general method
of integral solution of by = ax4-c from the source.
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