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A NOTE ON INVARIANT FINITELY ADDITIVE MEASURES

S. G. DANI1

ABSTRACT. We show that under certain general conditions any finitely addi-

tive measure which is defined for all subsets of a set X and is invariant under

the action of a group G acting on X is concentrated on a G-invariant subset Y

on which the G-action factors to that of an amenable group. The result is then

applied to prove a conjecture of S. Wagon about finitely additive measures on

spheres.

It is well known that if G is an amenable group acting on a set X then there exist

plenty of G-invariant finitely additive probability measures on (X, ^ß(X)) where

ÍP(X) is the class of all subsets of X (cf. [3] for details). However, such measures

may fail to exist when G is nonamenable. In [6] S. Wagon conjectured that if

G is a group of isometries of Sn, the n-dimensional sphere, such that for any G-

invariant subset Y, the group {g/Y | g G G} of restrictions of elements of g to Y is

nonamenable, then there does not exist any G-invariant finitely additive probability

measure on (Sn,<#(Sn)):

In this note we establish the above-mentioned conjecture. Further, we formulate

a condition on actions of (abstract) groups, involving the isotropy subgroups and

fixed point sets, which implies similar assertions in a more general situation (cf.

Theorem 1.1). The condition holds for actions of subgroups G of any compact Lie

group 0 acting on homogeneous spaces of 0. It also holds for actions of subgroups

G of algebraic R-groups <£> acting on homogeneous spaces of 0 by algebraic R-

subgroups. Thus, in all these cases we are able to conclude that G-invariant finitely

additive probability measures (defined for all subsets) are concentrated on invariant

sets on which the action factors to that of an amenable quotient of G (cf. §2).

A particular consequence is that if G is a nonamenable subgroup of GL(n+ 1, R)

acting irreducibly on Rn+1, then for the natural G-actions on R"+1 — (0), 5n or

Pn, there exist no invariant finitely additive probability measures (cf. Corollaries

2.2 and 2.4). We recall that by a theorem of A. Tarski [5] this is equivalent to

existence of paradoxical decompositions for the action (cf. [6 and 7] for motivation

and some results in that direction).

In some of the G-actions discussed above, e.g. G a group of isometries of 5™ or

G a subgroup of a compact Lie group 0 acting on a homogeneous space of 0, there

exists a natural countably additive G-invariant probability measure defined on the

class of Borel subsets. We prove that the measure extends to a G-invariant finitely

additive measure defined on all subsets if and only if G is amenable (cf. Theorem
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1.4 for a general result).  For the case of groups of isometries of Sn this was first

proved by S. Wagon [6].

In [1] the author obtained results analogous to those discussed above for the

case of subgroups of GL(n, Z) acting on Tn as group automorphisms. The present

method is analogous but much simpler. In the case of the action on T™ the condition

of Theorem 1.1 is not satisfied and consequently the proofs depend on various

specific features of T™.

1. Main results. Let G be a group acting on a set X. For x G X we denote

by Gx the isotropy subgroup under the G-action; viz. Gx = {g & G \ gx = x}.

For any subgroup H of G we denote by Fh the set of fixed points of H; that is

Fh = {x G X | hx = x for all h G H}.

For any set E we denote by ^(E) the class of all subsets of E. A (possibly

empty) subclass Í of 9ß(E) is said to be of type £ if the following holds: for any

family {Ea}ae\, where A is an indexing set and Ea G <£ for all a G A, there exist

fc > 1 and ax,a2, ■ ■., Qfc G A such that f)aeA E<* = fï»=i ^a-

THEOREM 1.1. Let G be a group acting on a set X. Suppose {Gx \ x G X} and

{Fh I H a subgroup of G} are of type £. Let jt be a G-invariant finitely additive

probability measure on (X,9ß(X)). Then there exists a normal subgroup Q of G

such that G/Q is amenable and h(Fq) = 1.

We need the following lemma from [4] (cf. Proposition 3.5 of [4]).

LEMMA 1.2. Let G be a group acting on a set X. Suppose that for all x G X

the isotropy subgroup Gx is amenable. Suppose also that there exists a G-invariant

finitely additive probability measure p on (X, ^ß(X)).  Then G is amenable.

We first prove the following.

PROPOSITION 1.3. Let G be a group acting on a set X. Suppose {Gx | x G X}

is of type £. Suppose also that there exists a G-invariant finitely additive probability

measure p such that for any nontrivial subgroup H of G, p.(Fn) < I. Then G is

amenable.

PROOF. If possible let G be nonamenable. Let M be the class of all nonamenable

subgroups S of G such that either S — G or S = C\i=1GXi, where k > 1 and

X\,...,Xk G X. Let M be the subset of M consisting of minimal elements of M;

that is M G M, Ne .V.and N c M implies N = M. Since the class of subgroups

{Gx | x G X} is of type £, it follows that M is nonempty and that in fact any N € A/

contains a minimal element (otherwise there would exist a sequence Xx, ■ ■ ■, Xk, ■ ■ ■,

in X such that H"=i G^i ls a strictly decreasing sequence).

Let M G M. Being nonamenable, in particular M is nontrivial. Hence, by

hypothesis, p(Fm) < 1 or, equivalently, fj,(X — Fm) > 0. In particular, X — Fm

is nonempty. Consider the M-action on X — Fm- The isotropy subgroup of any

x G X — Fm under the M-action is M fl Gx and it is a proper subgroup of M. We

note that MnGx is amenable for all iel; if not, MC\GX G M, which would mean

M is not minimal in M. On the other hand, on X — Fm we have an M-invariant

finitely additive probability measure v defined by v(E) = p(E)/p(X — Fm) for all

E C X — Fm- By Lemma 1.2 these observations imply that M is amenable—a

contradiction. Hence G must be amenable.
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PROOF OF THE THEOREM. Consider the class of subgroups <t = {H \ p,(FH) =

1}. Let F = f]{FH | H G ff}. Since {FH | H C G} is of type £ there exist k > 1

subgroups Hx,...,HkE<Z such that F = flJU Fh, • Then p(F) = 1 - p(X - F) >
1 - Ylf-i-X - Fhí) = I- Let Q be the subgroup generated by (j{H | H G ff}. Since
p is G-invariant, ff is invariant under conjugation and consequently Q is a normal

subgroup of G. Further, clearly Fq = F so that p(Fq) = 1 and hence Q is the

unique maximal element of ff. To complete the proof, we need only show that G/Q

is amenable. Fq is a G-invariant set and the action of G on Fq factors to an action

of G/Q. The restriction of p to Fq is a G/Q-invariant finitely additive probability

measure on Fq. It is evident that the G/Q-action on Fq satisfies the conditions

of Proposition 1.3 (G/Q and Fq in the place of G and X respectively). While the

isotropy subgroups form a class of type £ because of the corresponding property for

the G-action, the set of fixed points of any nontrivial subgroup has /¿-measure < 1

because of our choice of Q as the unique maximal element of ff as defined above.

Hence, by Proposition 1.3, G/Q is amenable, which proves the theorem.

Let (X, 97Î, m) be a measure space; that is, 97Î is a cr-algebra of subsets of X,

and m is a (countably additive) measure defined on 971. Let G be a group acting

on X preserving 971 and m; that is, for all g G G and E G 97Î, gE G 97Î and

m(gE) = m(E). The G-action is said to be weakly measurable if for any subgroup

H of G, Fu G 9JÎ. A weakly measurable action is said to be essentially factorable

through a normal subgroup H of G if m(X — Fh) = 0. A finitely additive measure

p on (X, y$(X)) is said to extend the measure m on (X, 971) if p(E) = m(E) for all

Eel.

THEOREM 1.4. Let G be a group acting on a measure space (X, 97î,m), pre-

serving 371 and m. Suppose m(X) = 1 and the G-action is weakly measurable.

Suppose also that {Gx \ x G X} and {Fh \ H a subgroup of G} are of type £. Then

there exists a G-invariant finitely additive measure p on (X, ty(X)) extending the

measure m on (X, 971) if and only if the G-action is essentially factorable through

a normal subgroup Q such that G/Q is amenable.

PROOF. Suppose there exists a G-invariant finitely additive measure p on

(X, ^ß(X)) extending m. By Theorem 1.1 there exists a normal subgroup Q of

G such that G/Q is amenable and p(Fq) = 1. Since Fq G 97Î and p extends m, we

get m(FQ) = 1, that is, the action is essentially factorable through Q.

Conversely, suppose the action is essentially factorable through a normal sub-

group Q such that G/Q is amenable. By a well-known result (cf. [3, Theorem

5.1]) the measure mQ on (FQ,WlQ), where DJlQ = {E n FQ \ E G 97Î}, defined
by m,Q(E) = m(E) for all E G 97Îq extends to a G/Q-invariant (under the factor

action) finitely additive measure pg on (Fq,'^(Fq)). Put p(E) = pq(E (1 Fq),

for all E G Í5(A"). Then p is a G-invariant finitely additive measure on (X, ^ß(X))

extending the measure m on (X, 971).

2. Examples.  We now apply Theorems 1.1 and 1.4 to various situations.

(i) Let X — Sn, the n-dimensional sphere (of unit vectors in Rra+1, with respect

to the usual norm) and let G be a subgroup of 0(n + 1), the orthogonal group,

acting as isometries of Sn. For each x G Sn, Gx = GC\ 0(n + i)x. Since evidently

{0(n+l)z | x G Sn} is evidently of type £, so is {Gx \ x G Sn}. On the other hand,

for each subgroup H C G C 0(n + 1), Fh is a compact differentiable submanifold
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with finitely many connected components.   It follows therefore that {Fh  | H a

subgroup of G} is of type £. Hence we get the following.

COROLLARY 2.1. (a) Let p be a G-invariant finitely additive probability (or

finite) measure on (Sn,^ß(Sn)). Then there exists a normal subgroup Q of G such

that G/Q is amenable and fJ,(Sn — Y) — 0, where Y = Fq = {x G Sn \ qx = x for

all q G Q}. Y is a G-invariant set and {g/Y \ g G G}, the group of restrictions of

elements of G to Y, is an amenable group.

(b) There exists a G-invariant finitely additive measure p on (Sn,<$(Sn)) ex-

tending the standard (0(n + l)-invariant) measure m on (S",93), where 93 is the

o-algebra of Bor el sets, if and only if G is amenable.

PROOF, (a) Let Q be as given by Theorem 1.1. Then since Q is normal, Y — Fq

is G-invariant. Since Q fixes each y G Y the group {g/Y \ g G G} is a quotient of

G/Q and therefore amenable (cf. [2]).

(b) If such an extension exists, then by Theorem 1.4 there exists a normal sub-

group Q such that G/Q is amenable and m(Sn — Fq) = 0. The latter condition

implies that Fq is dense in Sn and, since it is closed, we have Fq = Sn. But

identity is the only isometry fixing all points. Hence Q is trivial and consequently

G is amenable. Conversely, if G is amenable, then by a well-known result (cf. The-

orem 5.1 of [3]) there exists a G-invariant finitely additive measure on (Sn, ty(Sn))

extending m.

Part (b) was proved earlier by Wagon (cf. [6]). He also noted part (a) in the

particular case n = 2 and conjectured its validity for all n (cf. [6]); the corollary

establishes the conjecture. (We should, however, note the following: In the state-

ment of the conjecture in [6, p. 81], it is not explicit whether the measure is meant

to be finite. But in the particular case of S2 which is settled in [6] and from which

the author motivates the conjecture, the measure is implicitly assumed to be finite

(cf. Theorems 6 and 7 and Proposition 1 in [6]). Whether the conjecture is true

for cr-finite additive measures is not clear, even for S2.)

In [6] it is actually shown (cf. Theorem 7 of [6] ) that for any nonamenable group

G of isometries of S2 there does not exist any (finite) G-invariant finitely additive

measure on (S2, y$(S2)). We note that if G is a nonamenable subgroup of 0(3) then

the natural action of G on R3 is irreducible (that is, there is no proper nontrivial

invariant subspace). The above-mentioned assertion from [6] generalizes to the

following.

COROLLARY 2.2. Let G be a nonamenable subgroup of 0(n + 1) acting ir-

reducibly on Rn+1. Then there does not exist any G-invariant finitely additive

probability measure on (Sn,^ß(Sn)).

PROOF. If possible let p be such a finitely additive measure. By Corollary 2.1

there exists a normal subgroup Q of G such that G/Q is amenable and p(Fq) = 1.

Evidently, FQ = Sn D W, where W = {x g'R"+1 \ qx = x for all q G Q}. Since Q

is normal W is a G-invariant subspace of Rn+1. By irreducibility either W = (0)

or Rn+1. The former is impossible since Fq would then be empty, while actually

p(Fq) > 0. On the other hand, if W = Rn+1 then Fq = Sn, which means Q must

be the trivial subgroup; but in that case G must be amenable—a contradiction to

the hypothesis. Hence there cannot exist such a finitely additive invariant measure.
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(ii) The above examples generalize in a natural way to homogeneous spaces of

compact Lie groups. Let 0 be a compact Lie group and 6 be a closed subgroup

of 0. Let X = 0/6 and let G be a subgroup of 0 acting on X on the left. Then

arguments as above yield the following.

COROLLARY 2.3. (a) Let p be a G-invariant finitely additive probability mea-

sure on (X, 9^3(X)). Then there exists a normal subgroup Q of G such that G/Q is

amenable and p(X — Fq) =0.

(b) There exists a G-invariant finitely additive measure p on (X, 93(X)) extend-

ing the 0-invariant (countably additive) probability measure on (X, 93), where 93 is

the o-algebra of Borel sets, if and only if G is amenable.

(iii) Similar arguments may be made for homogeneous spaces of algebraic groups:

Let 0 be an algebraic R-group (the group of R-elements of an algebraic group

defined over R), e.g. GL(n,R). Let 6 be an algebraic R-subgroup of 0. Let

X — 0/6 and let G be a subgroup of 0 acting on X on the left. Then for each

x G X, Gx = G n &x. {0X | x G X} is a family of algebraic R-subgroups and

therefore it is of type £. Hence so is {Gx \ x G X}. On the other hand, for any

subgroup H, F h is the set of R-elements of an algebraic variety. Therefore {Fh \ H

a subgroup of G} is of type £. It follows that Corollary 2.2(a) holds verbatim for

G and X as above. In general, (X, 93), where 93 is the Borel tr-algebra, may not

carry any finite G-invariant (countably additive) measure. If it does then Corollary

2.2(b) also holds verbatim for those G and X. We note that since compact Lie

groups are algebraic R-groups these results generalise Corollary 2.3. Similarly the

following generalises Corollary 2.1.

COROLLARY 2.4. Let G be a subgroup of GL(n,R). Let X be either Rn - (0)
or S"-1 or pn_1 ((n — 1)-dimensional projective space) and consider the natural

G-action on X. Let p be a G-invariant finitely additive probability measure on

(X, 93(X)). Then there exists a normal subgroup Q of G such that G/Q is amenable

and p(Fq) = 1. In particular, if G is nonamenable, and the action of G on R" is

irreducible (e.g. if G = SL(n, Z)) then there does not exist any G-invariant finitely

additive probability (or finite) measure on (X, 93(X)).

In the case of X = R™ — (0) or Pn_1 the isotropy subgroups for the (transitive)

GL(n,R)-action are algebraic R-subgroups and the result follows from the above

remarks. For 5™_1 it may be deduced either from the result for pn_1 or directly

from Theorem 1.1. If the action of G on R™ is irreducible, then as in the proof

of Corollary 2.2 we see that for any normal subgroup H of G, Fh must be either

empty or X (for any X as above). Hence for such a G there cannot exist any

invariant finitely additive measure on (X, ^ß(X)) unless it is amenable.

In [1] we proved the analogous assertion for the actions of subgroups of GL(n, Z)

acting on T", the n-dimensional torus, as the group of automorphisms. In that case,

however, Theorems 1.1 and 1.4 do not apply since Gx for x G T" cannot in general

be expressed as G n 0X for some algebraic group 0; in fact {Gx \ x G T™} is not

of type £. The proof there uses, together with the ideas underlying the proof of

Theorem 1.1, certain specific features of the torus.
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