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ON SUPERPOTENTIALS IN THE THEORY OF NEWTONIAN
GRAVITATION. II. TENSORS OF HIGHER RANK
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ABSTRACT

In addition to the tensors considered in the earlier paper, the following tensors are defined and studied:

X

Tx—x"]
Dissn(x) =G_/;p(x’) (xi— ) (25— x5) xp dx’,

lx—x"|3

Dus(x) =G f p(x) 30 dx,

and

SBW(x)—Gf (x) &z i) (w5 —27) (W — @) (21— 20 )

lx—x'[®

These tensors are useful in problems (such as the stability of the Jacobi ellipsoids) in which it is neces-
sary to examine the effects of perturbations belonging to the third harmonic.

I. INTRODUCTION

In earlier papers (Chandrasekhar 1960, 1961; Lebovitz 1961; Chandrasekhar and
Lebovitz 1962a, b) we have shown the utility of defining the quantities

!

N = A S )
Di(x) G-/vp(x)lx——x'ldx
and
ey - ny (0 — %) (w5 —x5) @
%z,(x)—Gﬁp(x) [x—x'|3 dx

where G is the constant of gravitation, dx’ = dx; dx;dx;, and the integration is effected
over the whole volume V occupied by the fluid. The vector ©; and the tensor potential
B.; are related between themselves and with the Newtonian potential,

p(x
. LB(x) = Gf Tx (3)
and the superpotential
x(x)=-—G_/p(x’)lx—-x’[dx’, @)
1 4
by the relations
. 9%, 2D
B = xzax]-l- 3%, )
= B dj +6_:£~(';_x-;’ (6)
and
D= x4 QH— o
ax,
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Further, D, and x are governed by the “Poisson” equations,
V2D, = — 4nGpx; @)

Vix = —2%. 9

and

In the further developments of the theory (cf. Chandrasekhar 1962) we have found
that it is necessary to introduce the following tensors of still higher rank:

Ian !
fbw(x)=vap(x’)|—xx~_’~_ac—”c—,—I dx’, 10
. - o (g — ) (5 —af)ap an
@i};k(x)—G‘/I;P(JC) ]x—x/|3 dx’

and

R (x) =G/;,p(x’) (xi—2/) (x]—licj_)_(xxrkl: xf) (x;— x7) dx’. 12)

’ N 7

Dk = D and LBkt = B, (13)

II. THE TENSORS D;; AND Dk

Clearly, ©;; is the Newtonian potential induced by the “density distribution” px.x;;
accordingly, it can be deduced from Poisson’s equation

Vi, = —4nGoxx; . (14)

The tensor D,;;i is the proper tensorial generalization of Dy even as B; is the proper
tensorial generalization of B: for D,;;i is the “B,;” induced by pxy even as Dy is the
“%B” induced by pxx. With this last interpretation of ©;;;x, we can express it directly
in terms of Dy, and D, for, according to equation (3), the tensor potential B,; is derivable
from the gravitational potentials ¥ (induced by the basic density distribution p) and
P, (induced by the basic density distribution times x;); and, since the basic density
distribution for Dy;;, (considered as a tensor potential in its first two indices) is pxi,
it is clear that ®; and Dy play for it the roles of “LB” and “D,” for B;;. Hence

Qs = — xi%%‘*‘%%; 1s)
a relation which can also be derived directly from the definitions (1), (10), and (11) of
the respective quantities. In analogy with equation (6), we can also infer the existence
of a superpotential, xx, in terms of which D,;;x must be expressible in the form

62
Dijie = 0,5Dp+ ax:;’;c," (16)
where (cf. eq. [4])
x;c=—Gfp(x')x;’c|x—x’|dx’. a7
v

III. THE COMPLETELY SYMMETRIC TENSOR 81
From the definitions of the respective quantities, we can readily derive the relation

% a%u+ 0D sk

ax; ax;

= 3LBjri — 6:BVix — 6;:1 Bk - (18)
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Interchanging the indices % and / and remembering that L;;x; is symmetric in its indices,
we obtain

B, 0D
o e 9%

On the subtraction of one of equations (18) and (19) from the other, we obtain

Dije ('9@@” G%ia‘_x oBi;
dx; Y Yox

= 3Qijri — 0:Bj1— 0x L - (19)

(20)

+ 8:uBix+ 8:1Bir— Vi1 — daBu==x

Substituting for the tensor potentials, on the left-hand side of equation (20) in terms

of 2B and x (in accordance with eq. [6]), we find, after some further reductions, that
9 [o.. RO ﬂ_] ( )‘”C]
axl[@u;k—l"(xz ax]+ Xj axi axk axk @’LJ l+ X4 ax]+ J axl

9%y OBi;

= X — X

axy Y oar

21

The left-hand side of this equation is manifestly the curl of the expression in the square
brackets, considered as a vector with respect to the index after the semicolon; and the
right-hand side is similarly the curl of B,;xx with respect to the same index (k). Accord-
ingly, we may write

d | 0x _ dxij
A et I reve i ’ (22)
@,k+(x Ity D) X = g

where x;; is some symmetric tensor. Rewriting equation (22) in the manner

d [ 6) ax
173 7 z 61’*
Diish = 3 %n Xii— %4 Fy ]+ j + kaxj

9Ix

X ASi5, (23)
37, + % Bij
differentiating it with respect to x;, and making further use of equation (6) relating the

tensor potential and x, we find

0Dijsn_ 92
ax, 6xk6x,

Xid = ( ax}"'xf 6(1 ] + 6B+ 6 (BVir— B i)

(24)
0%,
+ 0in (B — Bdu) + 2 % !
Inserting this last result in equation (18), we find
a2
iinl = ————| x4; — - i o — R
3Bij axkaxl[’“ ax]+x’ ]+5k($:z Bbji) us
+ 8 (BVir— Vo) + 6uVii+ 6B+ 6::Bx,s
and, adding to this equation the identity
O=—61] ax ax+6w(%kl""6kl§8) (26)
we obtain
A2
3%1’1’“ = axkaxl[)(ij ""( + Xj ('9 X~ BMX] + %wskl"" B 81+ B ij @n

+ Biidju+ BVardji+ Vi1 bin— (84i8k+ 8indjn+ 6,561:) B .«
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From the symmetry in all four indices of B;z; and of the terms on the right-hand side
in the tensor potential and in B, we conclude that

0 0 ) 0%*P
o= X —— Xi —— _611' = (28)
Xij 16xj+ Jax¢ X iX 6x¢6xj’
where ® is some scalar function. We can therefore write

‘P
— (840k+ 6indji+ 0% 61i) B+ Bijorr+ Bir s

6x ax]axkax, (29)

+ B0+ Buibje+ Var 650+ Vjibar -

3 5Bwkl

It remains to find an equation which will determine ®. The required equation can be
obtained by contracting equation (29) with respect to k and / (say). We obtain

92
3B = Fyr Ve — 568+ 0,8+ 3B+ 4B, 30)
or
0= Vot 4By 548) = (VO 4x). @
0x;0x J qu;axj

From equation (31) we may conclude, without loss of generality, that
Vi = —4x. (32)

Thus ® may be considered as the superpotential for x.
With x,; given by equation (28), equation (23) for D;;;, becomes

9%® ax
D = = 33
@z],k axiaxjaxk+ [%) a dx +5zk +xk2§1]7 (33)
or, expressing B,; in terms of B and x, we have
9?2 ad ( )
Dijik = 7.0 6xk+ xk)()—i- 8.5 pye + 2.8 (34)

An equivalent expression for D;;;; is (cf. eq. [7])

2
” (35)
Bujie = ox; ax] axk+ kX)

A comparison with equation (16) now shows that

od
=—_—4 ; (36)
Xk 9%r XrX

From equations (4), (17), and (37) we find

q>=%cj;p(x')|x—x'|sd'x. (38)
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IV. CONCLUDING REMARKS

It is evident that the tensors described in this and in the earlier paper (Chandrasekhar
and Lebovitz 1962a) are only the first few in an entire hierarchy of tensors that one may
define:

Dij. . . = the completely symmetric tensor which is the Newtonian potential induced
by the “density” pxxx . . .,

Dijski - - = the tensor potential “%B,;” induced by pxrx; . . .,
Dijkizmn. - - = the tensor potential “B;;” induced by pxmy . . .,
ijkimn- - - = the completely symmetric tensor of even order, which, on contraction with

respect to any two of its indices, yields the corresponding tensor of two
ranks lower; and the Newtonian potential is the completely contracted
scalar of this tensor.

And associated with these tensors, we shall have a sequence of superpotentials of odd
orders:

(= 1)"G
2n—1

x(2=1) =

fp(x’)lx—x'l”‘*ldx’ (n=1,2,...). 39
14

It is clear, however, that these tensors of higher rank are not likely to be of much practi-
cal use as their “bookkeeping” will become excessively complicated. Indeed, even the
tensors described in this paper (in contrast to those described in the earlier paper) are
useful in only very special problems (cf. Chandrasekhar 1962).
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