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T h o m a s p re c e ssio n is a c u rio u s e ® e c t in sp e c ia l

re la tiv ity w h ic h is p u re ly k in e m a tic a l in o rig in

a n d illu stra te s so m e im p o rta n t fe a tu re s o f th e

L o re n tz tra n sfo rm a tio n . It a lso h a s a b e a u tifu l

g e o m e tric in te rp re ta tio n . W e w ill e x p lo re th e se

in th is a n d th e n e x t in sta llm e n t.

T h e sim p lest con tex t in w h ich th e T h om as p recession
arises is w h en a n ob ject w ith a n in trin sic sp in (like an

electro n or a gy rosco p e) m oves in a closed o rb it w ith
variab le velo city { an ex am p le b ein g th e electro n orb it-
in g th e n u cleu s in a n atom , treated alon g classical lin es.
It tu rn s ou t th at, d u e to T h o m a s p recession , th e e® ective
en erg y o f cou p lin g b etw een th e sp in an d th e orb ital a n -

gu lar m om en tu m o f th e electron p ick s u p a n ex tra factor
of (1/2 ) w h ich , o f cou rse, h as ex p erim en tally verī a b le
con seq u en ces. N aively, yo u m igh t h ave th ou g h t th at
an y sp ecial relativ istic e® ect sh ou ld lead to a co rrection
w h ich is o f th e ord er of (v = c)2 an d h en ce w ill b e a v ery
w eak e® ect for a n electron in an a tom . T h is is in d eed

tru e. B u t ex p erim en ta lly o b servab le e® ects o f th e sp in -
orb it in tera ction are also relativ istic e® ects. T h ese a rise
b ecau se, in th e in sta n ta n eou s rest fram e of th e orb it-
in g electron , th e C ou lom b ¯ eld (Z e 2 = r 2 ) o f th e n u cleu s
gives rise to a m ag n etic ¯ eld (v = c)(Z e 2 = r 2 ). T h is m ag -

n etic ¯ eld cou p les to th e m agn etic m o m en t (e~= 2m ec)
of th e electron . S o an y oth er e® ect w h ich is of th e ord er
of O (v 2 = c2 ) w ill ch a n ge th e ob serva b le con seq u en ces b y
ord er u n ity factors.

It tu rn s ou t th a t th is p recession also h a s an in terestin g
geom etrical in terp retation th at allow s on e to relate it to
oth er { ap p aren tly u n con n ected { p h y sical p h en om en a
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The transformation
between inertial
frames can be
thought of as  a
rotation in  four-
dimensional space.

like th e rota tion of th e p lan e of th e F o u ca u lt p en d u lu m .

In th is in stallm en t I w ill p rov id e a straigh tforw ard (a n d
p o ssib ly n o t very in sp irin g) d eriva tio n of th e T h o m a s
p recession . N ex t m on th w e w ill ex p lo re th e F ou cau lt
p en d u lu m an d th e geom etrical relation sh ip .

C o n sid er th e stan d a rd L oren tz tra n sform ation eq u a tio n s
b etw een tw o in ertia l fra m es w h ich a re in relative m otion
alon g th e x -ax is w ith a sp eed v ´ c¯ . T h is is given b y
x = ° (x 0+ v t0);t = ° (t0+ v x 0= c2 ), w h ere ° = (1 ¡ ¯ 2 )¡ 1 = 2 .
W e k n ow th a t th e L oren tz tra n sform ation leaves th e
q u an tity s 2 ´ (¡ c2 t2 + jx j2 ) in varian t. A q u a d ratic ex -
p ression o f th is form is sim ilar to th e len g th of a vector
in th ree d im en sio n s w h ich is inva ria n t u n d er rota tion of
th e co ord in ate ax es. T h is su g gests th at th e tran sfo rm a -

tio n b etw een th e in ertia l fram es ca n b e th ou g h t of a s a
rota tio n in fo u r-d im en sion a l sp ace. T h e ro tatio n m u st
b e in th e t{x p la n e ch aracterized b y a p aram eter, say, Ã .
In d eed , th e L oren tz tra n sform ation can b e eq u iva len tly
w ritten as

x = x 0cosh Ã + ct0sin h Ã ; ct = x 0sin h Ã + ct0cosh Ã :
(1)

w ith tan h Ã = (V = c), w h ich d eterm in es th e p a ram eter
Ã (ca lled th e rapidity ) in term s of th e relative v elo city
b etw een th e tw o fra m es. E q u a tio n (1) ca n b e th o u gh t
of as a rota tio n b y a com p lex a n gle iÃ .

T w o su ccessiv e L o ren tz tran sform ation s w ith velo cities
v 1 an d v 2 , alon g the sam e direction x , w ill corresp on d to
tw o su ccessive rotation s in th e t{x p lan e b y an g les, say,
Ã 1 an d Ã 2 . S in ce tw o rota tion s in th e sam e p la n e ab ou t

th e sam e o rigin com m u te, it is ob v iou s th at th ese tw o
L o ren tz tra n sform ation s com m u te an d are eq u ivalen t to
a rotation b y a n a n gle Ã 1 + Ã 2 in th e t{ x p la n e. T h is
resu lts in a sin g le L o ren tz tran sform ation w ith a velo c-
ity p a ram eter g iv en b y th e relativ istic su m o f th e tw o

velo cities v 1 a n d v 2 . N o te th a t th e rap id ities sim p ly a d d
w h ile th e v elo city ad d itio n form u la is m ore co m p lica ted .
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The root cause of
Thomas precession is

this: when a body is
accelerated, with its

velocity vector
changing

continuously,  the
instantaneuous

Lorentz frames are
obtained by boosts

along different
directions, and there

is an effective rotation
of coordinate axes

which occurs in the
process.

T h e situ atio n , h ow ever, ch an ges in th e case o f L oren tz

tran sform atio n s a lo n g tw o d i® eren t d irectio n s. T h ese
w ill corresp on d to rotation s in tw o d i® eren t p lan es an d it
is w ell k n ow n th at su ch rota tion s w ill n ot co m m u te. T h e
ord er in w h ich th e L o ren tz tran sform ation s a re ca rried
ou t is im p ortan t if th ey are alon g d i® eren t d irection s.

S u p p ose a fram e S 1 is m ov in g w ith a velo city v 1 = v 1 n 1
(w h ere n 1 is a u n it vecto r) w ith resp ect to a referen ce
fram e S 0 an d w e d o a L oren tz b o o st to con n ect th e co o r-
d in ates o f th ese tw o fram es. N ow su p p ose w e d o a n oth er
L o ren tz b o ost w ith a v elo city v 2 = v 2 n 2 to go fro m S 1
to S 2 . W e w an t to k n ow w h at k in d of tran sform ation
w ill n ow tak e u s d irectly from S 0 to S 2 . If n 1 = n 2 ,
th en th e tw o L oren tz tra n sform ation a re alo n g th e sa m e
ax is an d on e can go fro m S 0 to S 2 b y a sin gle L oren tz
tran sform atio n . B u t if th e tw o d irection s n 1 an d n 2 are

d i® eren t, th en th is is n o t p ossib le. It tu rn s o u t th a t in
ad d ition to th e L oren tz tran sfo rm a tio n on e also h as to
rota te th e sp atial co o rd in ates b y a p articu lar a m o u n t.

T h is is th e ro ot cau se o f T h om a s p recessio n . W h en a

b o d y is m ov in g in a n accelerated tra jecto ry w ith th e
d irectio n of velo city vecto r ch a n gin g con tin u o u sly, th e
in stan tan eou s L o ren tz fram es are ob tain ed b y b o o sts
alon g d i® eren t d irection s at each in stan t. S in ce su ch
su ccessiv e b o osts are eq u iva len t to a b o ost p lu s a ro -

tation of sp atial ax es, th ere is a n e® ectiv e rotation of
th e co ord in ate a x es w h ich o ccu rs in th e p ro cess. If th e
b o d y carries a n in trin sic vector (lik e sp in ) w ith it, th e
orien ta tio n of th at v ector w ill u n d ergo a sh ift.

A fter all th at E n g lish , let u s d o som e m ath s to esta b -
lish th e id ea rig orou sly. T o d o th is w e n eed th e L oren tz
tran sform atio n s con n ectin g tw o d i® eren t fram es of ref-
eren ces, w h en on e of th em is m ov in g alon g an arb itrary

d irectio n n w ith sp eed V ´ ¯ c. T h e tim e co ord in ates
are rela ted b y th e ob v iou s form u la

x 00 = ° (x 0 ¡ ¯ ¢ x ); (2)
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w h ere w e a re u sin g th e n ota tion x i = (x 0 ;x ) = (ct;x )

to d en o te th e fou r-v ector co o rd in a tes. T o ob tain th e
tran sform atio n of th e sp a tia l co o rd in ate, w e ¯ rst w rite
th e sp a tia l vecto r x as a su m of tw o vectors; x k = V (V ¢
x )= V 2 w h ich is p a rallel to th e v elo city v ector a n d x ? =
x ¡ x k w h ich is p erp en d icu la r to th e velo city vector. W e
k n ow th at, u n d er th e L oren tz tra n sform ation , w e h ave
x 0? = x ? w h ile x

0
k = ° (x k¡ V t): E x p ressin g ev ery th in g

ag ain in term s o f x an d x 0, it is easy to sh ow th at th e
¯ n a l resu lt ca n b e w ritten in th e vectoria l fo rm (w ith
¯ = ¯ n ) a s:

x 0= x +
(° ¡ 1 )
¯ 2

(¯ ¢ x )¯ ¡ ° ¯ x 0 : (3)

E q u ation s (2) a n d (3 ) give th e L o ren tz tran sform ation

b etw een tw o fra m es m ov in g alon g an arb itrary d irection .

W e w a n t to u se th is resu lt to d eterm in e th e e® ect of
tw o con secu tiv e L oren tz tran sfo rm a tion s for th e case in

w h ich b oth v 1 = v 1 n 1 an d v 2 = v 2 n 2 a re sm all in th e
sen se th at v 1 ¿ c, v 2 ¿ c. L et th e ¯ rst L oren tz tran s-
form ation ta ke th e fo u r vecto r x b = (ct;x ) to x b1 an d th e
secon d L o ren tz tra n sform ation ta ke th is fu rth er to x a2 1 .
P erfo rm in g th e sam e tw o L oren tz tran sfo rm a tion s in re-

verse ord er lea d s to th e vector w h ich w e w ill d en ote b y
x a1 2 . W e a re in terested in th e d i® eren ce ±x

a ´ x a2 1 ¡ x a1 2
to th e low est n on triv ial ord er in (v = c). S in ce th is in -
vo lv es p ro d u ct of tw o L o ren tz tra n sform ation s, w e n eed
to com p u te it k eep in g all term s u p to quadratic ord er in
v 1 an d v 2 . E x p licit com p u ta tio n , u sin g , (3 ) a n d (2) n ow

gives (try it o u t!)

x 02 1 ¼ [1 +
1

2
(¯ 2 + ¯ 1 )

2 ]x 0 ¡ (¯ 2 + ¯ 1 ) ¢ x ;
x 2 1 ¼ x ¡ (¯ 2 + ¯ 1 )x 0 + [̄ 2 (¯ 2 ¢ x ) + ¯ 1 (¯ 1 ¢ x )]+

¯ 2 (¯ 1 ¢ x ); (4)

accu rate to O (¯ 2 ). It is o b v iou s th at th e term s w h ich
are sy m m etric u n d er th e ex ch an g e of 1 a n d 2 in th e
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ab ove ex p ression w ill ca n cel o u t w h en w e co m p u te ± x a ´
x a2 1 ¡ x a1 2 . H en ce, w e im m ed ia tely g et ± x 0 = 0 to th is
ord er of accu racy. In th e sp atial co m p on en ts th e o n ly
term w h ich su rv iv es is th e o n e a risin g from la st term in
th e ex p ressio n for x 2 1 w h ich g iv es

± x = [̄ 2 (¯ 1 ¢ x ) ¡ ¯ 1 (¯ 2 ¢ x )] = 1

c2
(v 1 £ v 2 ) £ x : (5)

C o m p a rin g th is w ith th e stan d a rd resu lt for in ¯ n itesi-

m al rota tio n o f co ord in ates ±x = − £ x , w e ¯ n d th a t th e
n et e® ect o f tw o L oren tz tran sfo rm a tio n s leaves a resid -
u al spatial rotation a b ou t th e d irection v 1 £ v 2 . S in ce
th is resu lt w as ob ta in ed b y tak in g th e d i® eren ce b etw een
tw o su ccessiv e L oren tz tra n sform ation s, ±x ´ x 2 1 ¡ x 1 2 ,
w e ca n th in k o f ea ch on e con trib u tin g an e® ectiv e ro -
tation b y th e am ou n t (1 = 2 )(v 1 £ v 2 )= c2 . C on sid er n ow
a p article w ith a sp in m ov in g a circu lar o rb it. (F or ex -
am p le, it co u ld b e an electron in an atom ; th e classica l
an a ly sis co n tin u es to a p p ly m a in ly b ecau se th e e® ect is

p u rely k in em a tic!). A t tw o in stan ces in tim e t a n d t+ ± t,
th e velo city of th e electron w ill b e in d i® eren t d irectio n s
v 1 a n d v 1 + a ± t, w h ere a is th e a cceleration . T h is sh ou ld
lea d to a ch an ge in th e a n gle of orien tation of th e ax es
b y th e am ou n t

± − =
1

2

(v 1 £ v 2 )
c2

=
1

2

(v 1 £ a )
c2

±t (6)

corresp o n d in g to th e an gu la r velo city ! = ±− = ± t =

(1= 2)(v 1 £ a )= c2 . T h is is in d eed th e co rrect ex p ression
for th e T h om as p recession in th e n on relativ istic lim it
(sin ce w e h a d assu m ed v 1 ¿ c;v 2 ¿ c).

L et m e n ow o u tlin e a rigo rou s d erivation of th is e® ect,
leav in g th e algeb raic d etails fo r y ou to ¯ gu re ou t! T o
set th e sta ge, w e a gain b eg in w ith th e ro tation s in 3 -
d im en sion a l sp ace. A given ro tation ca n b e d e¯ n ed b y
sp ecify in g th e u n it v ector n in th e d irection of th e a x is

of rotation an d th e an gle μ th ro u gh w h ich th e ax es are
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The change from
trigonometric
functions to
hyperbolic functions
is in accordance with
the fact that Lorentz
transformations
correspond to rotation
by an imaginary
angle.

rota ted . W e asso cia te w ith th is rota tio n a 2 £ 2 m a trix

R (μ ) = co s(μ = 2 ) ¡ i(¾ ¢ n ) sin (μ = 2 ) = ex p ¡ iμ
2
(¾ ¢ n );

(7)

w h ere ¾ ® are th e sta n d ard P a u li m a trices a n d th e co s(μ = 2 )
term is co n sid ered to b e m u ltip lied b y th e u n it m a trix
th ou gh it is n o t ex p licitly in d icated . T h e eq u iva len ce of
th e tw o fo rm s { th e ex p o n en tial an d trigo n om etric { of
R (μ ) in (7) can b e d em o n strated b y ex p an d in g th e ex -

p o n en tial in a p ow er series an d u sin g th e easily p roved
rela tion (¾ ¢ n )2 = 1. (In cid en tally, th e o ccu rren ce of
th e an gle μ = 2 h as a sim p le geom etrical origin : A ro -
tation th ro u gh an a n gle μ ab ou t a g iven ax is m ay b e
v isu alized as th e co n seq u en ce of su ccessive re° ection s in

tw o p lan es w h ich m eet a lo n g th e ax is at an an gle μ = 2 .)
W e can a lso a sso cia te w ith a 3 -vector x , th e 2 £ 2 m a -
trix X = x ¢ ¾ . T h e e® ect of a n y rotation ca n n ow b e
con cisely d escrib ed b y th e m atrix relatio n X 0= R X R ¤.

S in ce w e can th in k o f L o ren tz tran sfo rm a tio n s a s rota -
tio n s b y an im ag in a ry an g le, a ll th ese resu lts gen eralize,
in a n atu ra l fa sh ion , to L oren tz tran sfo rm a tion s. W e
sh a ll a sso cia te w ith a L o ren tz tra n sform ation in th e d i-

rection n w ith th e sp eed v = c ta n h ® , th e 2 £ 2 m a trix

L = cosh (® = 2 ) + (n ¢ ¾ ) sin h (® = 2 ) = ex p 1
2
(® ¢ ¾ ):

(8)

T h e ch a n ge fro m trigon o m etric fu n ctio n s to h y p erb olic
fu n ctio n s is in a cco rd an ce w ith th e fact th a t L oren tz
tran sform atio n s corresp o n d to rota tio n b y a n im agin ary
an g le. J u st as in th e case o f rotation s, w e can a sso ciate
to a n y even t x i = (x 0 ;x ), a (2 £ 2 ) m a trix P ´ x i¾ i
w h ere ¾ 0 is th e id en tity m a trix an d ¾ ® a re th e P a u li
m atrices. U n d er a L oren tz tra n sform ation alon g th e d i-
rection n̂ w ith sp eed v , th e even t x i g o es to x i

0
an d P

go es P 0. (B y con ven tio n ¾ i's d o n ot ch an ge.) T h ey are
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w ith

P 0= L P L ¤ (9)

w h ere L is g iv en b y (8 ).

C o n sid er a fram e S 0 w h ich is a n in ertial, la b o ratory
fram e a n d let S (t) b e a L o ren tz fra m e com ov in g w ith
a p article (w ith a sp in ) a t tim e t. T h ese tw o fra m es are

rela ted to each oth er b y a L o ren tz tran sform atio n w ith
a velo city v . C on sid er a p u re L oren tz b o ost in th e co-
m ovin g fram e o f th e p article w h ich ch an ges its v elo city
rela tive to th e la b fra m e from v to v + d v . W e k n ow
th at th e resu ltin g ¯ n a l co n ¯ gu ra tion ca n n ot b e rea ch ed

from S 0 b y a p u re b o ost a n d w e req u ire a ro tatio n b y
so m e an gle ± μ = ! d t fo llow ed b y a sim p le b o ost. T h is
lea d s to th e rela tio n , in term s of th e 2 £ 2 m atrices co r-
resp o n d in g to th e rota tio n an d L oren tz tra n sform ation s,
as:

L (v + d v )R (! d t) = L co m ov (d v )L (v ): (1 0)

T h e righ t-h a n d sid e rep resen ts, in m atrix form , tw o L o -
ren tz tra n sform ation s. T h e left-h an d sid e rep resen ts th e

sa m e e® ect in term s o f o n e L oren tz tran sfo rm a tio n a n d
on e rotation { th e p a ram eters of w h ich a re at p resen t
u n k n ow n . In th e rig h t-h an d sid e o f (10) th e m a trix
L co m o v (d v ) h as a su b scrip t c̀o m ov in g' to stress th e fact
th at th is op era tio n corresp o n d s to a p u re b o o st on ly in
th e co m ov in g fram e an d n ot in th e lab fra m e. T o take
care of th is, w e d o th e fo llow in g: W e ¯ rst b rin g th e
p article to rest b y ap p ly in g th e in verse L o ren tz tran s-
form ation op era tor L ¡1 (v ) = L (¡ v ). T h en w e a p p ly a
b o o st L (a co m ov d ¿ ), w h ere a co m o v is th e a cceleration of

th e sy stem in th e co m ov in g fra m e. S in ce th e ob ject w a s
at rest in itia lly, this operation ca n b e ch aracterized b y a
p u re b o ost. F in ally, w e tra n sform b a ck from th e la b to
th e m ov in g fram e b y ap p ly in g L (v ). T h erefo re w e h ave
th e rela tion

L co m o v (d v ) = L (v )L (a co m o v d ¿ )L (¡ v ): (1 1)
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U sin g th is is in (10 ), w e g et

L (v + d v )R (! d t) = L (v )L (a co m o v d ¿ ):

In th is eq u ation , th e u n k n ow n s are ! a n d a co m ov . M ov -
in g th e u n k n ow n term s to th e left-h a n d sid e, w e h ave
th e eq u a tio n ,

R (! d t)L (¡ a co m ov d ¿ ) = L (¡ [v + d v ])L (v ); (1 2)

w h ich ca n b e so lv ed for ! an d a co m o v . If w e d en ote th e

rap id ity p ara m eters for th e tw o in ¯ n itesim a lly sep arated
L o ren tz b o o sts b y ® a n d ® 0´ ® + d ® a n d th e corresp o n d -
in g d irection s b y n a n d n 0´ n + d n , th en th is m a trix
eq u a tio n ca n b e ex p an d ed to ¯ rst o rd er q u an tities to
give

1 ¡ (i! d t + a d ¿ ) ¢ ¾
2

= [cosh (® 0= 2 ) ¡ (n 0¢¾ ) sin h (® 0= 2)]
[co sh (® = 2) ¡ (n ¢¾ ) sin h (® = 2 )]: (1 3)

P erfo rm in g th e n ecessary T ay lo r series ex p an sio n in d ®
an d d n in th e righ t-h a n d sid e an d id en tify in g th e co r-
resp o n d in g term s o n b o th sid es, w e ¯ n d { a fter so m e
algeb ra! { th a t a co m ov = n̂ (d ® = d ¿ ) + (sin h ® )(d n̂ = d ¿ )
an d m o re im p o rtan tly,

! = (cosh ® ¡ 1)
μ
d n̂

d t
£ n̂

¶
(1 4)

w ith ta n h ® = (v = c). (T h is resu lt for ! d t h as a n ice
geom etrical in terp retation w h ich w e w ill d iscu ss n ex t

m on th .) E x p ressin g every th in g in term s of th e velo city,
it is ea sy to sh ow th at th e ex p ressio n fo r ! is eq u ivalen t
to

! =
° 2

° + 1

a £ v
c2

= (° ¡ 1)(v £ a )
v 2

: (1 5)

In th e n on rela tiv istic lim it (v < < c), th is g ives a p re-
cessio n al a n gu lar velo city ! »= (1= 2c2 )(a £ v ) w h ich th e
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sp in w ill u n d ergo b eca u se o f th e n on -co m m u tativ ity of

L o ren tz tra n sform ation s in d i® eren t d irectio n s. W ork -
in g ou t th e d etails o f th e d erivation given ab ove is a
w orth w h ile ex ercise in sp ecia l relativ ity.
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be further supplemented by field trips, hands on practical training on Arc GIS 9.1 and ERDAS 8.7 and
interactions with industry/academia experts. Eligible candidates would be provided to and fro second class
railway fare by the shortest route for attending the programme and each participant shall pay an amount of
Rs.500/- towards registration fee. Free boarding and lodging will be provided for outstation participants. This
course is planned as a residential programme and stay in the University Guest House at Kukatpally Campus of
JNTU, Hyderabad, is compulsory for outstation participants.  Selection will be based on a first-come-first-
served basis. Application form can be downloaded from the Centre for Water Resources web site www.cwr.co.in
and also from the JNT University website www.jntu.ac.in. Last date for registration is 18th August, 2008.

Dr. M V S S GIRIDHAR (Course Coordinator) , Assistant Professor, Centre for Water Resources
Institute of Science and Technology, JNT University, Kukatpally,  Hyderabad 500 085, AP
Telephone: 09440590695, 040-23157220 (R),  Email:mvssgiri@yahoo.com


