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H o w d o e s o n e s t u d y q u a n t u m m e c h a n ic s in a n

a c c e le r a t e d fr a m e ? T h e a n s w e r t o t h is q u e s t io n

le a d s t o s o m e s u r p r is in g in s ig h t s in t o t h e s o lu -

t io n s o f t h e S c h r Äo d in g e r e q u a t io n fo r h a r m o n ic

o s c illa t o r !

In a n y in e rtia l fra m e ( ¹S ), th e w a v e fu n c tio n d escrib -
in g a fre e p a rtic le o f u n it m a ss sa tis¯ e s th e sta n d a rd
S ch rÄo d in g e r e q u a tio n

i
@ Ã

@ t
= ¡

1

2

@ 2 Ã

@ ¹x 2
; (1 )

w h e re w e h a v e u se d u n its in w h ich ~ = 1 a n d h a v e co n -
¯ n e d o u r a tten tio n to o n e d im en sio n w ith a co o rd in a te
¹x . C o n sid e r n o w a n o th er o b se rv e r (S ), w h o is m o v -
in g a lo n g th e x -a x is in a n a rb itra ry m a n n e r. T h is o b -
se rv e r c a n u se a co o rd in a te x w ith ¹x ´ x + l(t), w h ere
l(t) is a n a rb itra ry fu n c tio n o f tim e . (In th e sp irit o f
n o n -rela tiv istic m e ch a n ic s, w e a ssu m e th a t th e tim e co -
o rd in a te is th e sa m e fo r b o th th e o b se rv e rs.). V iew e d
fro m ¹S , th e o rig in o f S m o v e s w ith th e tra je c to ry l(t).
W h a t h a p p e n s to th e S ch rÄo d in g er e q u a tio n a n d its so lu -
tio n s in th is a c ce lera ted fra m e ? S o m ew h a t su rp risin g ly ,

sta n d a rd te x tb o o k s d o n o t d iscu ss th is issu e . It tu rn s
o u t th a t th e c o o rd in a te tra n sfo rm a tio n s to n o n -in e rtia l
fra m e s p ro v id e so m e in te re stin g in sig h ts in to q u a n tu m
m ech a n ics w h ich w e w ill d isc u ss in th is in sta llm en t.

O n e w a y to a tta ck th is p ro b le m is a s fo llo w s: W e k n o w
th a t th e fre e p a rtic le L a g ra n g ia n ¹L = (1 = 2 ) _¹x

2
ex p re sse d

in term s o f th e x c o o rd in a te is ju st ¹L = (1 = 2 )( _x + _l)2 in S .
(T h e o v erd o t d e n o te s th e tim e d e riv a tiv e .) E x p a n d in g
th e sq u a re a n d m a n ip u la tin g th e ex p re ssio n a little , w e
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Transformation of

Schrödinger

equation to non-

inertial frames can

provide same

interesting insights

to quantum

mechanics.

c a n re w rite th e L a g ra n g ia n in th e fo rm

¹L =
1

2
_x 2 ¡ Äl(t)x +

d

d
t

h
K + x _l

i
´ L +

d f

d t
; _K =

1

2
_l2 :

(2 )
In c la ssic a l m e ch a n ic s, w e k n o w th a t tw o L a g ra n g ia n s
re la ted b y th e ¹L = L + (d f (x ; t)= d t) w ill lea d to th e sa m e
e q u a tio n s o f m o tio n . S o , th e a c c ele ra te d o b se rv er c o u ld
ig n o re th e (d f = d t) term in th e L a g ra n g ia n in (2 ) a n d

ju st u se th e L a g ra n g ia n L = (1 = 2 ) _x 2 ¡ Äl(t)x to d e scrib e
th e p h y sic s. T h is m a k e s se n se , b ec a u se L d e sc rib es a
p a rtic le m o v in g u n d e r th e a c tio n o f a (tim e d ep e n d en t)
fo rc e a (t) ´ Äl(t). T h is is p re cise ly th e p seu d o -fo rc e o n e
e x p e cts to see in th e a c c ele ra te d fra m e .

T h e co rresp o n d in g q u a n tu m th e o ry , b a se d o n th e L a -
g ra n g ia n L , h o w ev er, w ill le a d to th e S ch rÄo d in g e r e q u a -
tio n :

i
@ Ã

@ t
= ¡

1

2

@ 2 Ã

@ x 2
+ a (t)x Ã (3 )

w h ich , in g e n era l, c a n b e d i± c u lt to so lv e . O u r ¯ rst ta sk
is to u n d e rsta n d th e p h y sic s b eh in d th is e q u a tio n .

T o d o th is, le t u s ta k e a c lo se r lo o k a t th e q u a n tu m

m ech a n ics b a sed o n th e tw o L a g ra n g ia n s re la te d b y a
to ta l tim e d eriv a tiv e , lik e ¹L = L + (d f (x ; t)= d t). T h e
e x tra term d oes ch a n g e th e fo rm o f c a n o n ica l m o m e n tu m
[p = @ L = @ _x ] a n d H a m ilto n ia n [H = p _x ¡ L ]. U sin g
(d f = d t) = (@ f = @ t) + _x (@ f = @ x ), it is e a sy to see th a t th e

n e w m o m en tu m a n d H a m ilto n ia n a re re la ted to th e o ld
o n e s b y :

¹p = p + (@ f = @ x ) ´ p + f 0; ¹H = H ¡ (@ f = @ t) = H ¡ _f :

(4 )

W h a t h a p p en s to a so lu tio n Ã (t; x ) o f th e S ch rÄo d in g e r
e q u a tio n in q u a n tu m th eo ry, w h en w e g o fro m L to ¹L ?
C lea rly , Ã h a s to ch a n g e su ch th a t th e ex p e c ta tio n v a lu e s
o f th e o p e ra to rs p = ¡ i@ = @ x ; H = i@ = @ t ch a n g e a c co rd -
in g to e q u a tio n (4 ). It is ea sy to se e th a t th is re q u ire s
Ã to b e m o d ī e d b y a p h a se fa c to r: Ã ! ¹Ã = e if Ã . F o r
e x a m p le ,
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hp in e w =

Z

d x ¹Ã ¤ [¡ i(@ = @ ¹x )] ¹Ã

=

Z

d x Ã ¤
£

e ¡ if [¡ i(@ = @ x )]e if
¤

Ã = hp io ld +
@ f

@ x
; (5 )

w h e re w e h a v e u se d th e sta n d a rd re su lt:

e ¡ if [¡ i(@ = @ x )]e if = ¡ i(@ = @ x ) + f 0: (6 )

[N o te th a t (@ = @ ¹x )t = (@ = @ x )t, e tc .] T h u s th e a d d itio n

o f a to ta l tim e d eriv a tiv e to th e L a g ra n g ia n , L ! ¹L =
L + (d f = d t), le a d s to th e w a v e fu n c tio n p ick in g u p a
p h a se fa c to r Ã ! ¹Ã = e if Ã .

W e ca n u se th e se resu lts to so lv e th e S ch rÄo d in g e r e q u a -
tio n s o f th e fo rm in (3 ) w ith a n a rb itra ry tim e-d ep en d en t
fu n c tio n a (t)! S u p p o se w e h a v e so lv ed th e S ch rÄo d in g e r
e q u a tio n (1 ) fo r a fre e p a rtic le a n d it h a s a so lu tio n

¹Ã fre e ( ¹x ; t). T h e c o rre sp o n d in g so lu tio n in th e a cc e le r-
a te d c o o rd in a te s, o f c o u rse , ca n b e o b ta in e d b y ju st a

sh ift x ! ¹x = x + l(t), so th a t ¹Ã = ¹Ã fre e (x + l; t) in
th e n e w c o o rd in a tes. B u t sin ce , ¹L is rela te d to L b y th e
a d d itio n o f a to ta l tim e d e riv a tiv e term , th e so lu tio n ¹Ã

d i® e rs fro m th e so lu tio n Ã o f (3 ) o n ly b y a p h a se fa cto r!
T h a t is, ¹Ã = ¹Ã fre e (x + l; t) = e if Ã . T h u s w e c a n n o w

w rite a so lu tio n to (3 ) a s a fre e p a rtic le so lu tio n w ith a
sh ift in x a n d a n a d d itio n o f a p h a se :

Ã (t; x ) = ¹Ã fre e [x + l(t); t]e x p ¡ i(K + x _l); (7 )

w h e re ¹Ã fre e is a n y so lu tio n to th e fre e p a rtic le S ch rÄo d in g e r
e q u a tio n . [O f c o u rse , y o u c a n d irec tly v e rify th a t th e
fu n c tio n in (7 ) so lv e s (3 ).] H e n c e y o u c a n n o w so lv e (3 )

fo r a n y g iv e n a (t)!

Y o u w ill a lso n o tic e th a t jÃ j2 = jÃ fre e (x + l(t); t)j2 , so
th a t th e p ro b a b ility ju st g e ts sh ifte d b y th e cla ssic a l
tra je cto ry l(t) a s w e w o u ld h a v e ex p ec te d . If Ã fre e re p re -

se n ts, sa y , a d isp ersin g w a v e p a ck e t ce n tere d a ro u n d th e
o rig in , th e n ew p ro b a b ility d istrib u tio n w ill re p resen t a
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1 Airy function is a special func-

tion Ai(x) which is a solution of

the equation y'' – xy = 0.

w a v e p a ck e t m o v in g a lo n g th e tra jec to ry ¡ l(t) w ith th e

sa m e d isp ersio n .

W e w ill n o w a p p ly th is re su lt to tw o sim p le ex a m p les,
to illu stra te its p o w er. A s a ¯ rst e x a m p le , c o n sid e r a

p a rtic le m o v in g in a u n ifo rm fo rc e ¯ e ld w ith a = co n -
sta n t. T h e H a m ilto n ia n H = (1 = 2 )p 2 + a x is tim e in -
d e p e n d e n t a n d h e n ce a llo w s fo r sta tio n a ry sta te s w h ich
sa tisfy H Á E = E Á E . T h e e ig e n fu n ctio n Á E , h o w ev e r,
h a p p e n s to b e A iry fu n ctio n 1 in x -sp a c e. T h is, h o w ev e r,

is o n e p ro b le m in w h ich th e m o m e n tu m sp a ce re p re se n -
ta tio n o f th e o p e ra to rs w ith x = i(@ = @ p ) tu rn s o u t to
b e ea sie r to h a n d le! T h e S ch rÄo d in g er eq u a tio n in th e
p -rep re se n ta tio n is n o w ia (@ Á = @ p ) = (E ¡ p 2 = 2 )Á . In te -
g ra tin g th is e q u a tio n a n d th e n F o u rier tra n sfo rm in g w e

g e t th e so lu tio n in th e x -rep re se n ta tio n to b e

Á E (x ) =

Z 1

¡ 1

d p e x p i[p (x ¡ E = a ) + (p 3 = 6 a )]; (8 )

w h ich is in d ee d a n in te g ra l re p re se n ta tio n fo r th e A iry
fu n c tio n [1 ].

L e t u s n o w so lv e th e sa m e p ro b le m b y o u r a p p ro a ch .
W e b e g in w ith th e sim p le st fre e p a rtic le so lu tio n to th e
S ch rÄo d in g e r e q u a tio n , w h ich a re th e m o m e n tu m e ig e n -
fu n c tio n s Ã fre e (t; x ) = e x p (¡ ip x + ip 2 t= 2 ). W e n e x t o b -

ta in th e so lu tio n to (3 ) b y th e sim p le tra n sfo rm a tio n
x ! x + l(t), w h ere Äl = a = co n sta n t a n d th e a d d itio n
o f a p h a se a s in d ic a te d in (7 ). T h is g iv e s th e so lu tio n :

Ã = e x p ¡ i[x (p ¡ a t) + (1 = 2 )p a t2 ¡ (1 = 2 )p 2 t ¡ (1 = 6 )a 2 t3 ]:

(9 )

(Y o u c a n d irec tly v e rify th a t th is fu n c tio n sa tis¯ e s (3 )).
T h is is, o f c o u rse , n o t a n en e rg y eig e n fu n c tio n . H o w ev e r,
a F o u rie r tra n sfo rm o f th is ex p re ssio n w ith resp e ct to t

Á E (x ) =

Z 1

¡1

d t Ã (t; x ) ex p iE t (1 0 )
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This analysis

provides a way of

understanding the

coherent excited

states of a harmonic

oscillator.

w ill g iv e th e en e rg y e ig e n fu n c tio n s fo r a p a rtic le m o v in g

in a u n ifo rm fo rc e ¯ eld . C h a n g in g th e v a ria b le o f in te -
g ra tio n fro m t to » ´ (a t ¡ p ), y o u w ill ¯ n d th a t v a rio u s
te rm s ca n c el o u t n ic e ly , le a d in g to

Á E (x ) /

Z 1

¡1

d » e x p i[» (x ¡ E = a ) + (» 3 = 6 a )]; (1 1 )

w h ich a re th e sa m e e n e rg y e ig e n fu n ctio n s a s in (8 ) e x -
c ep t fo r a n u n im p o rta n t p h a se .

O u r a p p ro a ch a lso le a d s to a n o th e r in tere stin g re su lt,
w h ich o c cu rs in th e ca se o f th e q u a n tu m h a rm o n ic o sc il-
la to r. T h e g ro u n d sta te o f a h a rm o n ic o scilla to r is d e -
sc rib e d b y a G a u ssia n w a v e fu n ctio n w ith th e p ro b a b ility

d istrib u tio n jÁ 0 (x )j2 / e x p [¡ ! x 2 ]. W e a lso k n o w th a t
th e h a rm o n ic o scilla to r a d m its c o h e re n t sta te s w ith th e
p ro b a b ility d istrib u tio n jÁ A (x )j2 / e x p [¡ ! (x ¡ A c o s ! t)2 ],
w h ich is o b ta in e d b y ju st sh iftin g th e g ro u n d sta te p ro b -
a b ility d istrib u tio n b y x ! x ¡ A c o s ! t. W h a t is m o re

su p risin g is th a t su ch c o h e ren t sta tes e x ist even fo r th e
excited sta tes o f th e o sc illa to r w ith th e sa m e sh ift! T h e
e x iste n c e o f su ch sta te s is a b it o f a m y ste ry in th e
c o n v e n tio n a l a p p ro a ch to q u a n tu m m e ch a n ic s b u t o u r
a n a ly sis g iv es a n in te restin g in sig h t in to th is issu e.

T o u n d e rsta n d th is, let u s a p p ly th e tra n sfo rm a tio n x !
¹x = x + l(t) to th e h a rm o n ic o scilla to r L a g ra n g ia n L =
(1 = 2 )( _x 2 ¡ ! 2 x 2 ). E lem e n ta ry a lg e b ra sh o w s th a t th e

n e w L a g ra n g ia n h a s th e stru c tu re

¹L = (1 = 2 )( _x 2 ¡ ! 2 x 2 ) ¡ (Äl + ! 2 l)x +
d f

d t
; (1 2 )

w h e re f is a g a in a fu n c tio n d ete rm in e d b y l(t) b u t its e x -
p lic it fo rm is n o t im p o rta n t. L e t u s n o w ch o o se l(t) to b e
a so lu tio n to th e c la ssica l e q u a tio n o f m o tio n Äl+ ! 2 l = 0 .
T o b e sp e cī c , w e w ill ta k e l = ¡ A c o s ! t. If y o u w a n t,
y o u c a n th in k o f th is a s sh iftin g to a fra m e w h ich is

o scilla tin g w ith th e p a rtic le. W e th e n se e th a t th e se c -
o n d term in (7 ) v a n ish e s a n d ¹L h a s th e sa m e fo rm a s
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th e o rigin a l h arm on ic oscillator L a gra n gian ex cep t for

th e total d eriva tiv e. (T h is m iracle o ccu rs o n ly for th e
q u ad ra tic p o ten tia l!) T h e so lu tion s to th e S ch rÄod in ger
eq u a tio n are, th erefore, th e sam e as th e stan d ard so -
lu tio n s to th e h arm on ic o scilla tor p rob lem w ith a sh ift
x ! x + l(t) a n d a n ex tra p h a se factor!

F u rth erm o re, th e p rob a b ilities d o n ot care fo r th e p h ase
factor an d w e h ave th e resu lt j¹Ã j2 = jÃ (x + l(t);t)j2 .
If Ã is th e grou n d state th en th is sh ift lead s to th e

sta n d ard coh eren t state. B u t if yo u tak e th e n th ex -
cited state o f th e o scilla to r Ã n (x ;t), sh ift th e co ord in ate
an d ad d a p h ase, th en w e g et a n oth er va lid solu tion
e if Ã n (x ¡ A cos ! t;t). A s fa r as th e p ro b ab ility g o es,
jÃ n (x ¡ A cos ! t;t)j2 m erely tra ces th e origin al p rob a -
b ility d istrib u tio n w ith th e m ea n valu e oscillatin g a lo n g
th e classical so lu tion . In ou r a p p roa ch , w e see th a t a
h arm on ic oscillato r gets m a p p ed b a ck to a h a rm o n ic o s-
cilla tor w h en w e m ove to a fram e w ith Äl + ! 2 l = 0 w ith
ju st a sh ift in x (an d a p h ase w h ich is irreleva n t for
th e p rob ab ilities). T h at is w h y su ch coh eren t sta tes ex -

ist ev en for th e excited sta tes of th e h arm on ic oscillato r.
H op efu lly ou r a n aly sis m a kes th is resu lt som ew h at m ore
tran sp aren t.
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