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E le c tro m a g n e tic ¯ e ld s c a rry n o t o n ly e n e rg y a n d

m o m e n tu m b u t a lso a n g u la r m o m e n tu m . T h e

a n g u la r m o m e n tu m o f th e ¯ e ld c a n le a d to so m e

c u rio u s re su lts lik e th e o n e w h ic h is d e sc rib e d

h e re .

Y o u w ou ld h av e certain ly learn t th at th e electrom ag -
n etic ¯ eld p ossesses en erg y an d m om en tu m . T h e u su a l
ex p ressio n s for en ergy p er u n it volu m e (U ) an d m om en -
tu m p er u n it v olu m e (P ) are

U =
1

8¼
(E 2 + B 2 ); P =

1

4¼ c
(E £ B ) (1)

F or ex am p le, th e ex p ression for en erg y d en sity is u sed
in elem en tary cou rses to stu d y th e en ergy sto red in a
cap a citor or in a solen oid , w h ile th e ex p ression for elec-
trom ag n etic m o m en tu m is req u ired to stu d y th e ra d ia -
tio n p ressu re of th e electrom ag n etic w aves an d related

p h en om en a.

W h a t is n o t stressed ad eq u ately in tex tb o o k s is th a t th e
electro m agn etic ¯ eld s { an d p retty sim p le on es a t th at

{ a lso p ossess an g u lar m o m en tu m . J u st as th e electro -
m agn etic ¯ eld can ex ch an g e its en ergy an d m om en tu m
w ith ch a rged p a rticles, it can also ex ch a n ge its an g u -
lar m om en tu m w ith a sy stem o f ch a rged p articles, often
lea d in g to rath er su rp risin g resu lts. In th is in stallm en t,

w e sh all ex p lore o n e su ch ex am p le.

A sim p le co n ¯ gu ra tio n in w h ich ex ch a n ge o f a n gu lar m o -
m en tu m o ccu rs is sh ow n in F igu re 1, d iscu ssed in V ol-
u m e II of F eyn m an lectures in P hysics [1 ]. A p lastic d isk ,
lo cated in th e x { y p la n e, is free to ro tate a b o u t th e ver-
tica l z -ax is. O n th e d isk is em b ed d ed a th in m eta llic
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Ring of total
charge Q

Solenoid with 
magnetic flux Φ

Figure 1. The initial con-
figuration of solenoid and a
plastic disk.

The question is

where does this

angular

momentum come

from?

rin g of rad iu s a ca rry in g a u n iform ly d istrib u ted ch arge

Q . A lo n g th e z -ax is, th ere is a th in lon g cu rren t-carry in g
so len oid p ro d u cin g a m a gn etic ¯ eld B con trib u tin g a to -
tal ° u x © . T h is in itial co n ¯ gu ra tio n is com p letely sta tic
w ith a m agn etic ¯ eld B co n ¯ n ed w ith in th e so len oid a n d
an electric ¯ eld E p ro d u ced b y th e ch arg e lo cated on

th e rin g . L et u s su p p ose th at th e cu rren t sou rce is d is-
con n ected lead in g th e m a gn etic ¯ eld to d ie d ow n . T h e
ch a n ge in th e m ag n etic ° u x w ill lead to an electric ¯ eld
w h ich w ill act tan g en tial to th e rin g of ch arge th ereb y
giv in g it a torq u e. O n ce th e m ag n etic ¯ eld d ies d ow n ,

th is to rq u e w ill resu lt in th e d isk sp in n in g ab ou t th e z -
ax is w ith a ¯ n ite a n gu lar m om en tu m . T h e q u estion is
w h ere d o es th is an g u lar m om en tu m com e from ?

F ey n m an p resen ts a d eta iled d iscu ssion a b o u t th is p ro b -
lem b u t it is ob v io u s th a t th e an gu lar m o m en tu m in th e
in itial ¯ eld is w h at ap p ea rs as th e m ech an ica l a n gu lar
m om en tu m of th e ro tatin g d isk in th e ¯ n a l stage. W h at
is really im p ortan t an d in terestin g is to w o rk th is ou t
an d ex p licitly verify th at th e a n gu lar m o m en tu m is co n -

served (w h ich F ey n m a n u n fo rtu n ately d o esn 't d o!). I
w ill d escrib e th is ca lcu la tio n a s w ell as som e in terestin g
issu es w h ich arise from it in th is in stallm en t[2].
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The angular

momentum in the

initial field is related to

the mechanical

angular momentum in

the final stage.

T h e an gu lar m om en tu m of th e ¯ n a l rotatin g d isk is easy

to com p u te. T h e rate o f ch an g e o f an gu lar m om en tu m
d L /d t d u e to th e torq u e actin g on th e rin g o f ch arge
is alon g th e z -ax is an d so w e o n ly n eed to co m p u te its
m agn itu d e. T h is is giv en b y

d L

d t
= a Q E =

Q

2¼

I
E ¢ d l = ¡ Q

2¼ c

@ ©

@ t
: (2)

H ere E is th e tan g en tial electric ¯ eld gen erated d u e to
th e ch an gin g m agn etic ¯ eld an d th e la st eq u ality follow s
from F ara d ay 's law . In tegratin g th is eq u atio n a n d n o t-
in g th a t th e in itia l a n gu lar m om en tu m o f th e d isk a n d
th e ¯ n a l m ag n etic ° u x a re zero, w e get

L =
Q

2¼ c
© in itia l: (3)

It is in terestin g th a t th e ¯ n a l an g u la r m o m en tu m d e-
p en d s o n ly on th e total ° u x a n d n ot on o th er con ¯ g u -
ration a l d eta ils.

W e n ow n eed to sh ow th at th e in itia l static electrom ag -

n etic co n ¯ gu ra tio n h a d th is m u ch o f stored a n gu lar m o -
m en tu m . I w ill ¯ rst d o th is in a ra th er u n co n v en tion a l
m an n er a n d th en in d icate th e co n n ection w ith th e m ore
fam iliar ap p ro ach . T o d o th is, let u s reca ll th at th e
can o n ical m o m en tu m of a ch arge q lo cated in a m ag -

n etic ¯ eld is g iv en b y p ¡ (q= c)A , w h ere A is th e vector
p o ten tial rela ted to th e m a gn etic ¯ eld b y B = r £ A
an d p is th e u su a l k in em a tic m o m en tu m . T h is su g gests
th at on e can a sso cia te w ith ch arg es lo cated in a m ag -
n etic ¯ eld , a m om en tu m (q= c)A . F o r a d istrib u tio n of

ch a rge, w ith a ch arge d en sity ½ , th e ¯ eld m om en tu m p er
u n it vo lu m e w ill b e (1= c)½ A . H en ce, to a ch arge d istri-
b u tion lo ca ted in a reg io n of v ector p oten tial A , w e can
attrib u te an an g u la r m o m en tu m

L A =
1

c

Z
d 3 x ½ (x )[x £ A (x )]: (4)
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The derivation gives a

physical meaning to

the field momentum

(q/c)A which is

somewhat mysterious

in conventional

approaches.

In o u r p rob lem , th e ch a rg e d istrib u tion is con ¯ n ed to a

rin g of rad iu s a an d th ere is n eg ligib le m a gn etic ¯ eld in
th e lo cation o f th e ch a rge. B u t th e v ector p oten tial w ill
ex ist ou tsid e th e so len oid a n d th e ab ov e ex p ression can
b e n on -zero . T o com p u te th is, let u s u se a cy lin d rica l
co o rd in a te sy stem w ith (r;μ ;z ) a s th e co ord in ates. W e

w ill ch o ose a ga u ge in w h ich th e vecto r p oten tia l h a s
on ly th e ta n gen tia l com p o n en t; th at is, on ly A μ is n o n -
zero . U sin g I

A ¢ d l = © ; (5)

w h ere © is th e tota l m ag n etic ° u x , w e get 2¼ rA μ = ©
for a lin e in tegra l of A aro u n d a n y circle. H en ce A μ =

© = (2¼ r ). T h is can b e w ritten in a n ice vectorial fo rm a s

A =
©

2¼ r 2
(ẑ £ r); (6)

w h ere ẑ is th e u n it v ecto r in th e z-d irection . W h en w e
su b stitu te th is ex p ression in eq u ation (4) a n d calcu late

th e a n gu lar m om en tu m , th e in tegral gets co n trib u tion
on ly from a circle of ra d iu s a . U sin g fu rth er th e id en tity,
r £ (ẑ £ r) = ẑ r 2 , w e get th e resu lt th at

L A =
Q

2¼ c
© in itia lẑ ; (7)

w h ich is ex actly th e ¯ n al a n gu lar m om en tu m th at w e
com p u ted in eq u a tio n (3). R a th er n ice!

T h is elem en tary d erivatio n , as w ell as th e ex p ression
for electrom ag n etic a n gu lar m om en tu m in eq u ation (4)
raises several in trigu in g issu es. O n th e p ositive sid e, it
m akes v ecto r p oten tia l a very tan g ib le q u an tity, som e-
th in g w h ich w e lea rn t fro m relativ ity a n d q u an tu m m e-

ch a n ics b u t cou ld n ever b e clearly d em on strated w ith in
th e co n tex t of classical electro m a gn etism . In th e p ro cess,
it also g iv es a p h y sical m ean in g to th e ¯ eld m om en tu m
(q= c)A w h ich is so m ew h a t m y steriou s in co n v en tion a l
ap p roach es. O n th e ° ip sid e, on e sh o u ld n o te th a t A , b y
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We would like to

have a definition of

electromagnetic

angular

momentum which

is gauge invariant.

th e v ery d e¯ n itio n , is ga u ge d ep en d en t a n d o n e w ou ld

h ave p referred a d e¯ n ition of electrom agn etic a n gu lar
m om en tu m w h ich is p rop erly ga u ge in va ria n t.

It is, o f cou rse, p o ssib le to w rite d ow n a n oth er ex p res-

sion for th e electrom ag n etic a n gu lar m o m en tu m w h ich is
m ore con v en tion al. G iven th e d en sity of electro m a gn etic
m om en tu m , P , w e can d e¯ n e th e corresp on d in g a n gu lar
m om en tu m d en sity as x £ P . In tegra tin g it ov er all sp a ce
sh o u ld giv e th e a n gu lar m om en tu m a sso cia ted w ith th e

electro m agn etic ¯ eld . S in ce th e m om en tu m d en sity P
in v olves o n ly th e electric a n d m ag n etic ¯ eld s, th e resu lt-
in g ex p ressio n s a re au to m a tically g au ge in varian t. T h is
lea d s to a d e¯ n itio n o f an g u la r m om en tu m given b y

L E M =
1

4 ¼ c

Z
d 3 x [x £ (E £ B )]; (8)

w h ich ju st rep la ces th e m o m en tu m d en sity ½ A = c in eq u a-
tio n (4) b y (E £ B = 4 ¼ c). It is triv ial to verify th a t, a s
m om en tu m d en sities, th ese tw o ex p ressio n s a re u n eq u a l

in gen eral. B u t w h a t is relevan t, as far a s ou r co m p u ta -
tio n go es, is th e in tegra l ov er th e w h o le sp a ce of th ese
tw o ex p ression s. If th ese tw o ex p ression s d i® er b y term s
w h ich van ish w h en in teg rated ov er w h ole sp ace, th en
w e h ave a n eq u iva len t ga u ge in varian t d e¯ n itio n of ¯ eld

an g u la r m om en tu m .

It tu rn s ou t th at th is is in d eed th e ca se in an y sta tic
con ¯ g u ration if w e ch o ose to d escrib e th e m agn etic ¯ eld
in a g au ge w h ich satis¯ es r ¢A = 0. O n e can th en sh ow
th at

1

4¼
(E £ B )® = 1

4 ¼
(E £ (r £ A ))® = ½ A ® + @ V

¯ ®

@ x ¯
; (9)

w h ere V ¯ ® is a com p licated secon d ran k ten so r b u ilt ou t
of ¯ eld variab les. W e are u sin g th e co n ven tion th a t re-

p eated G reek in d ices (like ¯ in th e a b ov e last term of
th e a b ove ex p ression ) are su m m ed ov er 1,2,3. W h ile
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on e can p rov id e a p ro of of eq u ation (9 ) u sin g vector

id en tities (yo u sh ou ld try it o u t!), it is a lot fa ster a n d
n eater to u se fo u r-d im en sion a l n o tation a n d sp ecial rel-
ativ ity to get th is resu lt. S u ch a d eriva tio n is ou tlin ed
in th e ap p en d ix for th ose w h o are fa m iliar w ith th e fo u r-
d im en sion a l n otation . G iv en th e resu lt in (9 ), it is easy

to see th a t in o u r ex a m p le w e w ill get th e sam e resu lt
irresp ective of w h eth er w e u se L A or L E M . T h is is b e-
cau se, w h en w e in teg rate th e ex p ression s in (9) over all
sp a ce, th e term in volv in g V ¯ ® can b e con verted to a
su rfa ce term at in ¯ n ity w h ich d o es n ot co n trib u te.

A p p e n d ix

L et m e b rie° y o u tlin e th e d eriva tio n of (9) for th o se w h o
are fam ilia r w ith th e fou r-d im en sion a l n ota tion . W e b e-

gin w ith th e ex p ressio n for th e m o m en tu m d en sity of
th e electro m a gn etic ¯ eld in term s o f th e stress ten sor
T a b of th e electrom ag n etic ¯ eld (w ith th e co n v en tion
th at L a tin letters ra n ge ov er 0,1,2,3). T o sim p lify th e
ex p ressio n s w e w ill a lso u se th e n o tation @ i ´ (@ = @ x i),
etc. T h e T 0 0 com p o n en t of th is ten so r is p rop ortion a l
to th e en erg y d en sity of th e electrom a gn etic ¯ eld , w h ile
th e T 0 ® is p rop ortion a l to th e m om en tu m d en sity P ® .
M ore p recisely,

T ®0 =
1

4¼
(E £ B )® = cP ® : (1 0)

O n th e oth er h an d , th e electrom ag n etic stress ten sor can

b e w ritten in term s of th e fo u r-d im en sion a l ¯ eld ten sor
F a b in th e form T ®0 = ¡ (1 = 4¼ )F ® ¯ F 0 ¯ . W e w ill m an ip u -
late th is ex p ression u sin g th e fa cts th a t (i) th e con ¯ g u -
ration is static a n d (ii) th e vector p o ten tia l sa tis¯ es th e
ga u ge con d itio n r ¢ A = @ ® A ® = 0, to p rov e (9).
U sin g th e d e¯ n itio n o f th e ¯ eld ten so r in term s o f th e
fou r-vecto r p o ten tial, F ij = @ iA j ¡ @ iA j, w e ca n w rite
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�Scientific reasoning does not differ from ordinary everyday thinking
in kind, but merely in degree of refinement and accuracy, more or less
as the performance of the microscope differs from that of the naked
eye.�

�To be sure, when the pioneer in science sends forth the groping feelers
of his thoughts, he must have a vivid intuitive imagination, for new
ideas are not generated by deduction, but by an artistically creative
imagination.�

  �  Max Planck

T ®0 = ¡ 1

4¼
F ® ¯ F 0 ¯ = ¡

1

4 ¼
(@ ® A ¯ ¡ @ ¯ A ® )F 0 ¯ ;

= ¡ 1

4¼
(@ ® A ¯ )F 0 ¯ +

1

4¼
@ ¯ (F 0 ¯ A

® ) ¡ A ® @
¯ F 0 ¯

4 ¼
;

= ¡ 1

4¼
(¡ @ ® A ¯ @ ¯ A 0 ) + 1

4 ¼
@ ¯ (F 0 ¯ A

® ) ¡ A ® @
¯ F 0 ¯

4¼
:

(11 )

T o a rriv e at th e seco n d lin e w e h ave d on e an in tegra -

tio n b y p arts a n d to o b tain th e th ird lin e w e h av e u sed
@ 0 A ¯ = 0 sin ce th e con ¯ g u ration is tim e in d ep en d en t.
W e n ex t u se th e resu lt @ ¯ F 0 ¯ = ¡ r ¢ E = ¡ 4¼ ½ in th e
last term a n d an o th er in tegra tio n b y p a rts in th e ¯ rst
term , u sin g th e g au g e con d ition r ¢A = @ ® A ® = 0 . T h is
gives

T ®0 = ½ A
® +

1

4¼
@ ¯ [A 0 @

® A ¯ ¡ A ® @ ¯ A 0 ]: (1 2)

W e th u s ¯ n d th at

cP ® = ½ A ® + @ ¯ V
¯ ® ; V ¯ ® ´ 1

4¼
[A 0 @

® A ¯ ¡ A ® @ ¯ A 0 ]
(1 3)

w h ich p roves th e eq u ivalen ce b etw een th e tw o ex p res-
sion s fo r electrom ag n etic m o m en tu m d en sity (cP a n d
½ A ) w h en u sed in in tegra ls over all sp ace, p rov id ed th e
secon d term van ish es su ± cien tly fast. F or th e case w e
are d iscu ssin g, th is is in d eed tru e.
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