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S o m e o f t h e c u r io u s e ® e c t s in q u a n t u m t h e o r y

a n d s t a t is t ic a l m e c h a n ic s c a n b e in t e r p r e t e d b y

a n a ly t ic a lly c o n t in u in g t h e t im e c o o r d in a t e t o

p u r e ly im a g in a r y v a lu e s . W e e x p lo r e s o m e o f

t h e s e is s u e s in t h is in s t a lm e n t .

In o n e o f th e p re v io u s in sta lm e n ts [1 ], w e d iscu sse d h o w
o n e ca n stu d y th e tim e ev o lu tio n o f a q u a n tu m w a v e
fu n c tio n u sin g a p a th in te g ra l p ro p a g a to r g iv e n b y

K (q 2 ; t2 ; q 1 ; t1 ) =
X

p a th s

e x p iA [p a th ] ; (1 )

w h e re A is th e cla ssic a l a ctio n e v a lu a te d a lo n g a p a th
c o n n e c tin g (q 1 ; t1 ) w ith (q 2 ; t2 ) a n d w e a re u sin g u n its

w ith ~ = 1 . T h is p a th in te g ra l k ern e l a llo w s y o u to
d e term in e th e w a v e fu n c tio n a t tim e t2 if it is k n o w n a t
tim e t1 th ro u g h th e in te g ra l

Ã (q 2 ; t2 ) =

Z + 1

¡1

d q 1 K (q 2 ; t2 ; q 1 ; t1 )Ã (q 1 ; t1 ) : (2 )

T h e se ex p re ssio n s a re q u ite g en e ra l. B u t w h e n th e H a m il-
to n ia n H d e sc rib in g th e sy ste m is tim e in d e p e n d e n t,

w e ca n in tro d u c e th e en e rg y e ig e n fu n c tio n s th ro u g h th e
e q u a tio n H Ã n = E n Ã n . W e h a v e a lso se e n in th e e a rlie r
in sta lm e n t [1 ] th a t th e k e rn el c a n b e e x p re sse d in te rm s
o f e n e rg y e ig e n fu n ctio n s th ro u g h th e fo rm u la

K (T ; q 2 ;0 ; q 1 ) =
X

n

Ã n (q 2 )Ã ¤
n (q 1 ) e x p (¡ iE n T ) : (3 )

S o , if th e en e rg y e ig en fu n ctio n s a n d eig e n v a lu e s a re g iv e n
o n e c a n d e te rm in e th e k ern e l.



SERIES  ARTICLE

1061RESONANCE  November 2009

d irec tly b y e v a lu a tin g o r a p p ro x im a tin g th e p a th in te g ra l. T h e q u estio n a rises
a s to w h e th e r o n e c a n d ete rm in e th e e n erg y eig e n fu n c tio n s a n d e ig e n v a lu e s b y

ìn v e rtin g ' th e a b o v e re la tio n . In p a rtic u la r, o n e is o ften in tere ste d in th e g ro u n d

sta te e ig en fu n ctio n a n d th e g ro u n d sta te e n e rg y o f th e sy ste m . C a n o n e ¯ n d th is
if th e k e rn el is k n o w n ?

It c a n b e d o n e u sin g a n in tere stin g trick w h ich v ery o fte n tu rn s o u t to b e m o re
th a n ju st a trick , h a v in g a ra th e r p erp le x in g d o m a in o f v a lid ity . T o a ch iev e

th is, let u s d o th e u n im a g in a b le b y a ssu m in g th a t tim e is a c tu a lly co m p le x a n d
a n a ly tica lly co n tin u e fro m th e rea l v a lu e s o f tim e t to p u re ly im a g in a ry v a lu es
¿ = it. In sp ec ia l rela tiv ity su ch a n a n a ly tic c o n tin u a tio n w ill ch a n g e th e lin e
in te rv a l fro m L o re n tz ia n to E u c lid e a n fo rm th ro u g h

d s 2 = ¡ d t2 + d x 2 ! d ¿ 2 + d x 2 : (4 )

B e c a u se o f th is re a so n , o n e o ften ca lls q u a n tities ev a lu a te d w ith a n a ly tic co n tin -
u a tio n to im a g in a ry v a lu e s o f tim e a s È u c lid e a n ' q u a n titie s a n d o fte n d e n o tes
th e m w ith a su b sc rip t È ' (w h ich sh o u ld n o t b e co n fu se d w ith e n e rg y !). If w e
n o w d o th e a n a ly tic c o n tin u a tio n o f th e k ern e l in (3 ) w e g et th e re su lt

K E (T E ; q 2 ; 0 ; q 1 ) =
X

n

Ã n (q 2 )Ã ¤
n (q 1 ) e x p (¡ E n T E ) : (5 )

L e t u s c o n sid e r th e fo rm o f th is ex p re ssio n in th e lim it o f T E ! 1 . If th e e n erg y
e ig en v a lu e s a re o rd ere d a s E 0 < E 1 < :::: th e n , in th is lim it, o n ly th e term w ith
th e g ro u n d sta te e n erg y w ill m a k e th e d o m in a n t c o n trib u tio n a n d re m e m b erin g
th a t g ro u n d sta te w a v e fu n c tio n is re a l fo r th e sy ste m s w e a re in te reste d in , w e
g e t,

K E (T E ; q 2 ; 0 ; q 1 ) ¼ Ã 0 (q 2 )Ã 0 (q 1 ) e x p (¡ E 0 T E ); (T E ! 1 ) : (6 )

S u p p o se w e n o w p u t q 2 = q 1 = 0 , ta k e th e lo g a rith m o f b o th sid e s a n d d iv id e b y
T E , th e n in th e lim it o f T E ! 1 , w e g e t a fo rm u la fo r th e g ro u n d sta te e n e rg y :

¡ E 0 = lim
T E ! 1

·
1

T E

ln K E (T E ; 0 ; 0 ; 0 )

¸

: (7 )

S o if w e ca n d e te rm in e th e k ern e l b y so m e m e th o d w e w ill k n o w th e g ro u n d sta te
e n erg y o f th e sy stem . O n ce th e g ro u n d sta te e n e rg y is k n o w n w e c a n p lu g it
b a ck in to th e a sy m p to tic e x p a n sio n in (6 ) a n d d e te rm in e th e g ro u n d sta te w a v e
fu n c tio n .
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V e ry o ften , w e w o u ld h a v e a rra n g e d m a tters su ch th a t th e g ro u n d sta te e n erg y
o f th e sy ste m is a c tu a lly z ero . W h e n E 0 = 0 th e re is a n ice r w a y o f d e term in in g
th e w a v e fu n c tio n fro m th e k ern e l b y n o tin g th a t

lim
T ! 1

K (T ; 0 ; 0 ; q ) ¼ Ã 0 (0 )Ã 0 (q ) / Ã 0 (q ) : (8 )

S o th e in ¯ n ite tim e lim it o f th e k ern e l { o n c e w e h a v e in tro d u c ed th e im a g in a ry
tim e { a llo w s d e te rm in a tio n o f b o th th e g ro u n d sta te w a v e fu n ctio n a s w e ll a s
th e g ro u n d sta te e n erg y . T h e p ro p o rtio n a lity co n sta n t o f Ã 0 c a n b e ¯ x ed b y
n o rm a lisin g th e w a v e fu n c tio n .

O f c o u rse , th e se id e a s a re u se fu l o n ly if w e c a n c o m p u te th e k e rn e l w ith o u t k n o w -
in g th e w a v e fu n ctio n s in th e ¯ rst p la c e . T h is is p o ssib le { a s w e d isc u ssed in [1 ]
{ w h e n ev er th e a c tio n is q u a d ra tic in th e d y n a m ic a l v a ria b le . In th a t c a se, th e

k e rn e l in re a l tim e c a n b e e x p ressed in th e fo rm

K (t2 ; q 2 ; t1 ; q 1 ) = N (t1 ; t2 ) ex p [iA c (t2 ; q 2 ; t1 ; q 1 )] ; (9 )

w h e re A c is th e a c tio n e v a lu a te d fo r a c la ssic a l tra je cto ry a n d N (t2 ; t1 ) is a n o r-
m a liz a tio n fa c to r. T h e sa m e id e a s w ill w o rk e v e n w h e n w e c a n a p p ro xim a te
th e k e rn el b y th e a b o v e e x p ressio n . W e sa w in th e la st in sta lm e n t th a t in th e
se m i-c la ssic a l lim it th e w a v e fu n ctio n s c a n b e e x p re ssed in te rm s o f th e c la ssic a l
a c tio n . It fo llo w s th a t th e k e rn el c a n b e w ritten in th e a b o v e fo rm in th e sa m e

se m i-c la ssic a l lim it. If w e n o w a n a ly tic a lly c o n tin u e th is e x p ressio n to im a g in a ry
v a lu e s o f tim e , th e n u sin g th e resu lt in (8 ) w e g e t a sim p le fo rm u la fo r th e g ro u n d
sta te w a v e fu n c tio n in te rm s o f th e E u clid ea n a ctio n (th a t is, th e a c tio n fo r a
c la ssica l tra je cto ry o b ta in e d a fte r a n a ly tic c o n tin u a tio n to im a g in a ry v a lu e o f
tim e ):

Ã 0 (q ) / e x p [¡ A E (T E = 1 ; 0 ; T E = 0 ; q )]

/ e x p [¡ A E (1 ; 0 ; 0 ; q )] : (1 0 )

A s a n a p p lic a tio n o f th ese re su lts, c o n sid e r a sim p le h a rm o n ic o sc illa to r w ith

th e L a g ra n g ia n L = (1 = 2 )( _q 2 ¡ ! 2 q 2 ). T h e c la ssic a l a c tio n w ith th e b o u n d a ry
c o n d itio n s q (0 ) = q i a n d q (T ) = q f is g iv en b y

A c =
!

2 sin ! T

£
(q 2

i + q 2
f ) c o s ! T ¡ 2 q iq f

¤
: (1 1 )
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T h e a n a ly tic c o n tin u a tio n w ill g iv e th e E u c lid e a n a ctio n c o rre sp o n d in g to iA c to
b e ¡ A E w h e re

A E =
!

2 sin h ! T

£
(q 2

i + q 2
f ) co sh ! T ¡ 2 q iq f

¤
: (1 2 )

U sin g th is in (1 0 ) w e ¯ n d th a t th e g ro u n d sta te w a v e fu n c tio n h a s th e fo rm

Ã 0 (q ) / e x p ¡ [(! = 2 )q 2 ] (1 3 )

w h ich , o f c o u rse , is th e sta n d a rd re su lt. Y o u c a n a lso o b ta in th e g ro u n d sta te
e n erg y (1 = 2 )~! b y u sin g (7 ). W h a t is a m a z in g , w h e n y o u th in k a b o u t it, is th a t
th e E u clid ea n k e rn e l in th e lim it o f in ¯ n ite tim e in te rv a l h a s in fo rm a tio n a b o u t
th e g ro u n d sta te o f th e q u a n tu m sy ste m . T h is is th e ¯ rst ex a m p le in w h ich
im a g in a ry tim e lea d s to a re a l re su lt!

T h e a n a ly tic c o n tin u a tio n to im a g in a ry v a lu e s o f tim e a lso h a s c lo se m a th em a tic a l
c o n n e c tio n s w ith th e d esc rip tio n o f sy ste m s in th erm a l b a th . T o se e th is, co n sid e r
th e m ea n v a lu e o f so m e o b se rv a b le O (q ) o f a q u a n tu m m e ch a n ica l sy stem . If th e
sy ste m is in a n e n e rg y e ig e n sta te d escrib e d b y th e w a v e fu n c tio n Ã n (q ), th e n th e

e x p ec ta tio n v a lu e o f O (q ) ca n b e o b ta in e d b y in te g ra tin g O (q )jÃ n (q )j2 o v er q . If
th e sy ste m is in a th e rm a l b a th a t te m p e ra tu re ¯ ¡ 1 , d e sc rib e d b y a ca n o n ic a l
e n se m b le, th e n th e m ea n v a lu e h a s to b e c o m p u ted b y a v era g in g o v er a ll th e
e n erg y e ig en sta te s a s w ell w ith a w eig h ta g e e x p (¡ ¯ E n ). In th is ca se , th e m e a n
v a lu e c a n b e ex p re sse d a s

hO i =
1

Z

X

n

Z

d q Ã n (q )O (q )Ã ¤
n (q ) e ¡ ¯ E n

´
1

Z

Z

d q ½ (q ; q )O (q ) ; (1 4 )

w h e re Z is th e p a rtitio n fu n ctio n a n d w e h a v e d e ¯ n ed a d en sity m a trix ½ (q ; q 0)

b y

½ (q ; q 0) ´
X

n

Ã n (q )Ã ¤
n (q 0) e ¡ ¯ E n (1 5 )

in term s o f w h ich w e c a n re w rite (1 4 ) a s

hO i =
T r (½ O )

T r (½ )
; (1 6 )



1064 RESONANCE  November 2009

SERIES  ARTICLE

w h e re th e tra ce o p e ra tio n in v o lv e s settin g q = q 0 a n d in teg ra tin g o v e r q . T h is
sta n d a rd resu lt sh o w s h o w ½ (q ; q 0) c o n ta in s in fo rm a tio n a b o u t b o th th e rm a l a n d
q u a n tu m m ech a n ic a l a v e ra g in g . In fa c t, th e e x p re ssio n fo r th e d en sity m a trix in

(1 5 ) is ju st th e co o rd in a te b a sis rep re se n ta tio n o f th e m a trix co rresp o n d in g to
th e o p era to r ½ = e x p (¡ ¯ H ). T h a t is,

½ (q ; q 0) = hq je ¡ ¯ H jq 0i : (1 7 )

B u t w h a t is in te re stin g is th a t w e c a n n o w re la te th e d e n sity m a trix o f a sy ste m

in ¯ n ite te m p era tu re { so m e th in g v e ry rea l a n d p h y sic a l { to th e p a th in teg ra l
k e rn e l in im a g in a ry tim e . T h is is o b v io u s fro m c o m p a rin g (1 5 ) w ith (3 ). W e ¯ n d
th a t th e d e n sity m a trix c a n b e im m e d ia te ly o b ta in ed fro m th e E u c lid ea n k ern e l
b y :

½ (q ; q 0) = K E (¯ ; q ;0 ; q 0) : (1 8 )

W h a t is su rp risin g n o w is th a t th e im a g in a ry tim e is b ein g id en tī ed w ith th e in -
v e rse te m p e ra tu re . V e ry c ru d e ly , th is id e n tī c a tio n a rise s fro m th e fa ct th a t th er-
m o d y n a m ics in c a n o n ic a l en sem b le u se s e ¡ ¯ H w h ile th e sta n d a rd tim e e v o lu tio n
in q u a n tu m m ech a n ic s u se s e ¡ itH . B u t b e y o n d th a t, it is d i± c u lt to u n d e rsta n d

in p u re ly p h y sic a l te rm s w h y im a g in a ry tim e a n d re a l te m p era tu re sh o u ld h a v e
a n y th in g to d o w ith ea ch o th er.

In o b ta in in g th e e x p e cta tio n v a lu e s o f o p e ra to rs w h ich d e p e n d o n ly o n q { lik e th e

o n e s u se d in (1 4 ) { w e o n ly n e e d to k n o w th e d ia g o n a l e le m en ts ½ (q ; q ) = K E (¯ ; q ;
0 ; q ). T h e k e rn el in th e rig h t h a n d sid e c a n b e th o u g h t o f a s th e o n e co rresp o n d in g
to a p e rio d ic m o tio n in w h ich a p a rtic le sta rts a n d en d s a t q in a tim e in te rv a l ¯ .
In o th e r w o rd s, p e rio d ic ity in im a g in a ry tim e is n o w lin k e d to ¯ n ite te m p e ra tu re .

B e lie v e it o r n o t, m o st o f th e resu lts in b la ck h o le th erm o d y n a m ic s c a n b e o b ta in ed
fro m th is sin g le fa c t b y n o tin g th a t th e sp a c e tim es rep rese n tin g a b la ck h o le , fo r
e x a m p le , h a v e th e a p p ro p ria te p e rio d icity in im a g in a ry tim e. C o n sid e rin g th e
e le g a n ce o f th is re su lt, let u s p a u se fo r a m o m e n t a n d se e h o w it c o m es a b o u t.
C o n sid e r a c u rv e d sp a c etim e in g en e ra l re la tiv ity w h ich h a s a lin e in te rv a l

d s 2 = ¡ f (r )d t2 +
d r 2

f (r )
+ d L 2

? ; (1 9 )

w h e re d L 2
? rep re se n ts m etric in tw o tra n sv e rse d irec tio n s. F o r ex a m p le, w e sa w in

a p rev io u s in sta lm e n t [2 ] th a t th e S ch w a rzsch ild m e tric re p re se n tin g a b la ck h o le
h a s th is fo rm w ith f (r ) = 1 ¡ (r g = r ), w h e re r g = (2 G M = c 2 ) = 2 M (in u n its w ith
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G = c = 1 ) a n d d L 2
? re p re se n ts th e sta n d a rd m e tric o n a tw o sp h e re. T h e o n ly

p ro p erty w e w ill a c tu a lly n e e d is th a t f (r ) h a s a sim p le z e ro a t so m e r = a w ith
f 0(a ) ´ 2 · b e in g so m e c o n sta n t. In th e ca se o f th e b la ck h o le m e tric, · = (1 = 2 r g ).

W h e n w e c o n sid e r th e m e tric n e a r th e h o riz o n r ¼ a , w e ca n ex p a n d f (r ) in a
T a y lo r se rie s a n d re d u c e it to th e fo rm

d s 2 = ¡ 2 · ld t2 +
d l2

2 · l
+ d L 2

? ; (2 0 )

w h e re l ´ (r ¡ a ) is th e d ista n c e fro m th e h o riz o n . If w e n o w m a k e a c o o rd in a te
tra n sfo rm a tio n fro m l to a n o th e r sp a tia l c o o rd in a te x su ch th a t (· x )2 = 2 · l, th e
m etric b e co m e s

d s 2 = ¡ · 2 x 2 d t2 + d x 2 + d L 2
? : (2 1 )

T h is re p re se n ts th e m e tric n ea r th e h o riz o n o f a b la ck h o le .

S o fa r w e h a v e n o t d o n e a n y th in g n o n -triv ia l. N o w w e sh a ll a n a ly tica lly c o n -
tin u e to im a g in a ry v a lu e s o f tim e w ith it = ¿ a n d d e n o te · ¿ = µ . T h en th e
c o rre sp o n d in g a n a ly tica lly c o n tin u e d m etric b e c o m es

d s 2 = x 2 d µ 2 + d x 2 + d L 2
? : (2 2 )

B u t d x 2 + x 2 d µ 2 is ju st th e m e tric o n a tw o -d im e n sio n a l p la n e in p o la r co o rd in a tes

a n d if it h a s to b e w e ll b eh a v e d a t x = 0 , th e c o o rd in a te µ m u st b e p e rio d ic w ith
p e rio d 2 ¼ . S in c e µ = · ¿ , it fo llo w s th a t th e im a g in a ry tim e ¿ m u st b e p e rio d ic
w ith p e rio d 2 ¼ = · a s fa r a s a n y p h y sica l p h en o m e n o n is co n c ern e d . B u t w e sa w
e a rlie r th a t su ch a p e rio d icity o f th e im a g in a ry tim e is m a th e m a tic a lly id e n tic a l
to w o rk in g in ¯ n ite te m p e ra tu re w ith th e te m p e ra tu re

¯ ¡ 1 =
·

2 ¼
=

1

4 ¼ r g

=
~c 3

8 ¼ G M
; (2 3 )

w h e re th e ¯ rst e q u a lity is v a lid fo r a g en era l c la ss o f m etric s (w ith su ita b ly d e ¯ n ed
· b y T a y lo r e x p a n sio n ) w h ile th e la st tw o re su lts a re fo r th e S ch w a rzsch ild m etric
a n d in th e ¯ n a l e x p re ssio n w e h a v e rev erte d b a ck to n o rm a l u n its. T h is is p re c isely
th e H a w k in g te m p e ra tu re o f a b la ck h o le o f m a ss M w h ich w e o b ta in ed b y a
d i® e ren t m eth o d in a p re v io u s in sta lm e n t [3 ]. H e re w e c o u ld d o th a t ju st b y

lo o k in g a t th e fo rm o f th e m e tric n e a r th e h o riz o n a n d u sin g th e rela tio n b e tw e en
p e rio d ic ity in im a g in a ry tim e a n d te m p era tu re . W h ile th ese re su lts h a v e b e en
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v e rī ed b y sev era l o th e r m e th o d s in th e co n te x t o f g e n era l re la tiv ity , a tra n sp a re n t
p h y sic a l u n d e rsta n d in g is still la ck in g .

T h e im a g in a ry tim e a n d E u clid e a n a c tio n a lso p la y a n in tere stin g ro le in th e ca se
o f tu n n e lin g . T o se e th is, let u s sta rt w ith th e e x p re ssio n fo r th e cla ssic a l a ctio n
w ritten in a slig h tly d i® e re n t fo rm :

A =

Z

d tL =

Z

d t(p _q ¡ H ) =

Z

p d q ¡

Z

H d t : (2 4 )

W h ile u sin g th e a c tio n p rin c ip le , w e u su a lly co n ce n tra te o n tra jec to ries w ith ¯ x ed
e n d p o in ts (t1 ; q 1 ) a n d (t2 ; q 2 ). W h e n th e H a m ilto n ia n is in d e p en d e n t o f tim e, w e

c a n a lso stu d y cla ssic a l tra je c to ries o f p a rtic le s w ith a ¯ x e d v a lu e fo r en erg y E .
In th is c a se , th e sec o n d te rm in (2 4 ) b ec o m e s ju st E t a n d th e n o n -triv ia l v a ria tio n
a c tu a lly co m e s fro m th e ¯ rst term . E x p re ssin g p a s

p
2 m (E ¡ V ) fo r a p a rticle

o f m a ss m m o v in g in a p o te n tia l V , w e g et a n a c tio n { c lo sely rela te d to w h a t is
c a lle d J̀ a c o b i a c tio n ' { g iv e n b y

S =

Z

p d q =

Z p
2 m (E ¡ V )d q : (2 5 )

A s lo n g a s E > V , th is w ill le a d to a rea l v a lu e fo r S . T u n n e lin g o c c u rs, h o w e v e r,
w h e n E < V . T o sim p lify m a tters a little b it, let u s c o n sid e r th e c a se o f a p a rticle
w ith E = 0 (w h ich ca n a lw a y s b e a ch ie v e d b y a co n sta n t to th e H a m ilto n ia n )
m o v in g in a p o ten tia l V > 0 . In th a t c a se th e a c tio n b ec o m e s p u re im a g in a ry
a n d is g iv e n b y

S = i

Z p
2 m V d q ; (2 6 )

a n d th e c o rre sp o n d in g b ra n ch o f th e se m i cla ssic a l w a v e fu n c tio n (stu d ie d in th e
la st in sta lm en t) w ill b e e x p o n e n tia lly d a m p e d :

Ã / ex p (iS ) = e x p ¡

µZ p
2 m V d q

¶

: (2 7 )

T h is re p resen ts th e fa c t th a t y o u ca n n o t h a v e a cla ssic a l tra jec to ry w ith E = 0
in a re g io n in w h ich V > 0 .

It is h o w e v e r p o ssib le to h a v e su ch a tra je c to ry if w e a n a ly tica lly c o n tin u e to
im a g in a ry v a lu e s o f tim e . In re a l tim e, th e c o n serv a tio n o f e n e rg y fo r a p a rticle
w ith E = 0 g iv e s (1 = 2 )m (d q = d t)2 = ¡ V (q ) w h ich c a n n o t h a v e re a l so lu tio n s w h en
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V > 0 . B u t w h en w e set t = ¡ i¿ th is e q u a tio n b ec o m e s (1 = 2 )m (d q = d ¿ )2 = V (q )
w h ich , o f c o u rse , h a s p e rfe c tly v a lid so lu tio n s w h en V > 0 . S o th e tu n n e lin g
th ro u g h a p o ten tia l b a rrie r ca n b e in te rp rete d a s a p a rtic le m o v in g o ® to im a g -

in a ry v a lu e s o f tim e a s fa r a s th e m a th em a tic s g o e s. T h e E u c lid e a n a c tio n w ill
n o w b e

S E =

Z p
2 m V d q : (2 8 )

A ll th a t w e n ee d to d o to o b ta in th e tu n n elin g a m p litu d e is to rep la c e iS b y ¡ S E

in th e a rg u m e n t o f th e re lev a n t ex p o n e n tia l so th a t th e w a v e fu n c tio n in (2 7 )
b e c o m es:

Ã / ex p iS = ex p ¡

µZ p
2 m V d q

¶

= e x p (¡ S E ) : (2 9 )

S o w e ¯ n d th a t th e tu n n ellin g a m p litu d e a c ro ss th e p o te n tia l ca n a lso b e re la ted

to a n a ly tic c o n tin u a tio n in th e im a g in a ry tim e a n d a n d th e E u c lid ea n a ctio n .

F in a lly w e w ill u se th e se id ea s to o b ta in a rea lly n o n -triv ia l p h e n o m e n o n in q u a n -
tu m e le ctro d y n a m ics, ca lle d th e S ch w in g e r e ® ec t, n a m e d a fte r J u lia n S ch w in g e r

w h o w a s o n e o f th e cre a to rs o f q u a n tu m elec tro d y n a m ic s a n d re c eiv e d a N o b e l
P rize fo r th e sa m e . In sim p le st te rm s, th is e ® e c t c a n b e sta te d a s fo llo w s. C o n -
sid er a reg io n o f sp a ce in w h ich th e re e x ists a c o n sta n t, u n ifo rm ele ctric ¯ eld .
O n e w a y to d o th is is to se t-u p tw o la rg e , p a ra lle l, c o n d u c tin g p la tes se p a ra ted
b y so m e d ista n c e L a n d c o n n ec t th e m to th e o p p o site p o le s o f a b a tte ry . T h is
ch a rg e s th e p la te s a n d p ro d u c es a co n sta n t e le c tric ¯ e ld b e tw e e n th e m . S ch w in g e r

sh o w e d th a t, in su ch a co n ¯ g u ra tio n , ele ctro n s a n d p o sitro n s w ill sp o n ta n eo u sly
a p p e a r in th e re g io n b etw e en th e p la te s th ro u g h a p ro ce ss w h ich is c a lle d p a ir
p ro d u c tio n fro m th e v a c u u m .

T h e ¯ rst q u estio n o n e w o u ld a sk is h o w p a rticle s ca n a p p ea r o u t o f n o w h ere .
T h is is n a tu ra l sin ce w e h a v en 't se e n te n n is b a lls o r ch a irs a p p e a r o u t o f th e
v a c u u m sp o n ta n e o u sly . In q u a n tu m ¯ e ld th eo ry, w h a t w e c a ll v̀ a c u u m ' is a ctu a lly
b ristlin g w ith q u a n tu m ° u c tu a tio n s o f th e ¯ e ld s w h ich c a n b e in te rp rete d in te rm s
o f v irtu a l p a rtic le -a n tip a rticle p a irs (see [4 ]). U n d e r n o rm a l c irc u m sta n ce , su ch a

v irtu a l elec tro n -p o sitro n p a ir w ill b e d escrib e d b y th e situ a tio n in th e le ft fra m e
o f F igu re 1 . W e th in k o f a n e le ctro n a n d p o sitro n b ein g c re a te d a t th e ev en t A

a n d th en g ettin g a n n ih ila te d a t th e e v e n t B . In th e a b sen c e o f a n y e x tern a l ¯ e ld s,
th e re is n o fo rce a c tin g o n th e se v irtu a l p a irs a n d th ey c o n tin u o u sly a p p e a r a n d
d isa p p ea r q u ite ra n d o m ly in th e sp a c etim e.
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Figure 1. In the vacuum there will exist

virtual electron-positron pairs which are

constantly created and annihilated as

shown in the left frame (a) An electron-

positron pair is created at A and annihi-

lated at B with the positron being inter-

preted as an electron going backward in

time. The right frame (b) shows how, in

the presence of an electric field, this

virtual process can lead to creation of

real electrons and positrons.

C o n sid e r n o w w h a t h a p p en s if th e re is a e lec tric ¯ e ld p resen t in th is re g io n o f
sp a ce . T h e ele ctric ¯ eld w ill p u ll th e e lec tro n in o n e d ire ctio n a n d p u sh th e
p o sitro n in th e o p p o site d irec tio n sin c e th e e le c tro n s a n d p o sitro n s ca rry o p p o -

site ch a rg e s. In th e p ro c ess th e e le c tric ¯ eld w ill d o w o rk o n th e v irtu a l p a rtic le-
a n tip a rticle p a ir a n d h e n ce w ill su p p ly en e rg y to th e m . If th e ¯ e ld is stro n g
e n o u g h , it ca n su p p ly a n en erg y g re a te r th a n th e rest e n e rg y o f th e tw o ch a rg ed
p a rtic le s w h ich is ju st 2 £ m c 2 w h ere m is th e m a ss o f th e p a rtic le. T h is a llo w s
th e v irtu a l p a rticle s to b ec o m e re a l. T h a t is h o w th e c o n sta n t e le c tric ¯ e ld b e-

tw e e n tw o c o n d u c tin g p a ra lle l p la te s p ro d u ce s p a rtic le s o u t o f th e v a c u u m . It
e sse n tia lly d o es w o rk o n th e v irtu a l e le c tro n -p o sitro n p a irs w h ich a re p re se n t in
th e sp a c etim e a n d co n v e rts th e m in to re a l p a rtic les a s sh o w n in th e rig h t fra m e
o f F igu re 1 (b ). O n e w a y to m o d e l th is is to a ssu m e th a t th e th e p a rticle tu n n e ls
fro m th e tra je c to ry o n th e le ft to th e o n e o n th e rig h t th ro u g h th e sem icircu la r
p a th in th e lo w e r h a lf. T h e tra je c to ries o n th e le ft a n d rig h t a re re a l tra je c to ries

fo r th e ch a rg e d p a rticle b u t th e se m ic irc le is a f̀o rb id d en ' q u a n tu m p ro ce ss. W e
w ill n o w se e h o w im a g in a ry tim e m a k es th is p o ssib le .

T o d o th is, w e b e g in w ith th e tra je cto ry in re a l tim e w h ich w ill c o rre sp o n d to

re la tiv istic m o tio n w ith u n ifo rm a c ce le ra tio n g = q E = m . W e h a v e w o rk e d th is
o u t in a p rev io u s in sta lm e n t [3 ] a n d th e re su lt is g iv en { w ith su ita b le ch o ic e o f
in itia l co n d itio n s { b y

x = (1 = g ) c o sh (g ¿ ); t = (1 = g ) sin h (g ¿ ); x 2 ¡ t2 = 1 = g 2 : (3 0 )

T h e tra je c to ry is a (p a ir o f) h y p e rb o la in th e t ¡ x p la n e sh o w n in F igu re 1 (b ).
If w e n o w a n a ly tic a lly co n tin u e to im a g in a ry v a lu es o f ¿ a n d t, th e tra je cto ry

2 2 2
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b e c o m es a c ircle x 2 + t2
E = 1 = g 2 o f ra d iu s (1 = g ) a n d th e p a ra m e tric e q u a tio n s

b e c o m e

x = (1 = g ) co s µ ; t = (1 = g ) sin µ ; µ = g ¿ E : (3 1 )

B y g o in g fro m µ = ¼ to µ = 2 ¼ , sa y , w e c a n g e t th is to b e a se m ic irc le c o n n e ctin g
th e tw o h y p e rb o la s.

T o o b ta in th e a m p litu d e fo r th is p ro c ess w e h a v e to e v a lu a te th e v a lu e o f th e

E u c lid e a n a ctio n fo r th e sem icircu la r tra ck . T h e a c tio n fo r a p a rtic le o f ch a rg e q

in a co n sta n t e lec tric ¯ eld E rep re se n ted b y a sc a la r p o ten tia l Á = ¡ E x is g iv en
b y

A = ¡ m

Z

d ¿ + q E

Z

x d t ; (3 2 )

w h e re ¿ is th e p ro p er tim e o f th e p a rtic le. S o , o n a n a ly tic c o n tin u a tio n w e g e t

iA = ¡ im

Z

d ¿ + iq E

Z

x d t

! ¡ m

Z

d ¿ E + q E

Z

x d tE ´ ¡ A E : (3 3 )

T h e E u clid ea n a ctio n A E in (3 3 ) c a n b e e a sily tra n sfo rm ed to a n in te g ra l o v e r
µ a n d n o tin g th a t th e in teg ra l o v e r x d tE is e sse n tia lly th e a rea en clo se d b y th e
c u rv e , w h ich is a se m ic irc le o f ra d iu s (1 = g ), w e g e t

¡ A E = ¡ (m = g )

Z 2 ¼

¼

d µ + (m = 2 g )

Z 2 ¼

¼

d µ = ¡ (m ¼ = 2 g ) : (3 4 )

T h e lim its o f th e in te g ra tio n a re so ch o se n th a t th e p a th in th e im a g in a ry tim e
c o n n e c ts x = ¡ (1 = g ) w ith x = (1 = g ) th ere b y a llo w in g a v irtu a l se m i-c irc u la r lo o p
to b e fo rm e d a s sh o w n in F igu re 1 (b ). H e n ce th e ¯ n a l re su lt fo r th e E u c lid e a n
a c tio n fo r th is c la ssic a lly fo rb id d en p ro ce ss is

A E =
¼ m

2 g
=

¼ m 2

2 q E
: (3 5 )

W ith th e u su a l ru le th a t a p ro ce ss w ith ex p iA g e ts re p la c ed b y e x p (¡ A E ) w h en
it is cla ssic a lly fo rb id d en , w e ¯ n d th e a m p litu d e fo r th is p ro c e ss to ta k e p la ce to
b e A / e x p (¡ A E ). T h e co rresp o n d in g p ro b a b ility P = jA j2 is g iv e n b y

P ¼ ex p ¡ (¼ m 2 = q E ) : (3 6 )
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T h is is th e lea d in g te rm fo r th e p ro b a b ility w h ich S ch w in g e r o b ta in ed fo r th e
p a ir cre a tio n p ro ce ss. (In fa c t, o n e c a n e v e n o b ta in th e su b -le a d in g te rm s b y
tra n sfe rin g p a th s w h ich w in d a ro u n d se v e ra l tim e s in th e c irc le b u t w e w ill n o t

g o in to it; if y o u a re in tere ste d , ta k e a lo o k a t re f.[5 ]). O n c e a g a in th e m o ra l is
c le a r. W h a t is fo rb id d e n in re a l tim e is a llo w ed in im a g in a ry tim e!


