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W e c o n t in u e o u r e x p lo r a t io n o f r a n d o m w a lk s

w it h s o m e m o r e c u r io u s r e s u lt s . W e d is c u s s t h e

d im e n s io n d e p e n d e n c e o f s o m e o f t h e fe a t u r e s o f

t h e r a n d o m w a lk , d e s c r ib e a n u n e x p e c t e d c o n -

n e c t io n b e tw e e n r a n d o m w a lk s a n d e le c t r ic a l n e t -

w o r k s a n d ¯ n a lly d is c u s s s o m e r e m a r k a b le fe a -

t u r e s o f r a n d o m w a lk w it h g e o m e t r ic a lly d e c r e a s -

in g s t e p -le n g t h .

In th e la st in sta lm e n t, w e lo o k ed a t sev era l e le m en ta ry
fea tu re s o f ra n d o m w a lk a n d , in p a rtic u la r, o b ta in e d a
g e n e ra l fo rm u la fo r th e p ro b a b ility P N (x ), fo r th e p a rti-
c le to b e fo u n d a t p o sitio n x a fte r N ste p s. T h is re su lt,
in th e c a se o f ra n d o m w a lk in a cu b ic la ttic e ca n b e

w ritten a s th e in teg ra l

P N (x ) =

Z ¼

¡ ¼

d D k

(2 ¼ )D
[c o s(k ¢ x )]

Ã
1

D

DX

j = 1

c o s k j

!N

: (1 )

T h is re su lt { fo r a n a rb itra ry d im e n sio n D { m ig h t d e -

c ie v e y o u in to b e lie v in g th a t th e b e h a v io u r o f ra n d o m
w a lk in , sa y, D = 1 ; 2 ; 3 is a ll e ssen tia lly th e sa m e . In
fa c t th e y a re n o t, a s c a n b e illu stra te d b y stu d y in g th e
p h e n o m e n o n k n o w n a s recu rren ce.

R ec u rre n c e re fers to th e p ro b a b ility fo r th e ra n d o m w a lk -
in g p a rtc le to co m e b a ck to th e o rig in , w h e re it sta rte d
fro m , in th e c o u rse o f its p e ra m b u la tio n , w h e n w e w a it
fo re v e r. L e t u n d en o te th e p ro b a b ility th a t a p a rtic le
re tu rn s to th e o rig in o n th e n th ste p a n d let R b e th e

e x p ec te d n u m b er o f tim e s it re tu rn s to th e o rig in .
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C lea rly ,

R =

1X

n = 0

u n : (2 )

W e ca n n o w d istin g u ish b etw e en tw o d i® ere n t sc en a rio s. If th e se rie s in (2 )
d iv e rg e s, th en th e m e a n n u m b er o f retu rn s to th e o rig in is in ¯ n ite a n d w e sa y

th a t th e ra n d o m w a lk is re cu rre n t. If th e serie s is c o n v e rg e n t, le a d in g to a ¯ n ite
R , th e n w e sa y th a t th e ra n d o m w a lk is tra n sien t.

T h is id ea ca n b e rein fo rc e d b y th e fo llo w in g a lte rn a tiv e in te rp re ta tio n o f R . S u p -
p o se u is th e p ro b a b ility fo r th e p a rtic le to retu rn to th e o rig in . T h e n th e n o rm a l-

iz e d p ro b a b ility fo r it to re tu rn e x a c tly k tim e s is u k (1 ¡ u ). T h e m e a n n u m b e r
o f re tu rn s to th e o rig in is, th e re fo re,

R =

1X

k = 1

k u k ¡ 1 (1 ¡ u ) = (1 ¡ u )¡ 1 : (3 )

O b v io u sly , if R = 1 , th e n u = 1 , sh o w in g th a t th e p a rticle w ill d e¯ n ite ly retu rn
to th e o rig in . B u t if R < 1 , th e n u < 1 a n d w e c a n 't b e ce rta in th a t th e p a rticle
w ill e v e r c o m e b a ck h o m e.

L e t u s co m p u te u n a n d R fo r ra n d o m w a lk s in D = 1 ; 2 ; 3 d im e n sio n s w ith th e
la ttic e sp a cin g se t to u n ity fo r sim p lic ity. F ro m (1 ), se ttin g x = 0 , w e h a v e:

u n (x ) =

Z ¼

¡ ¼

d D k

(2 ¼ )D

Ã
1

D

DX

j = 1

c o s k j

!n

: (4 )

D o in g th e su m in (2 ) w e g et

R =

1X

n = 0

u n =

Z ¼

¡ ¼

d D k

(2 ¼ )D

Ã

1 ¡
1

D

DX

j = 1

co s k j

!¡ 1

: (5 )

W e w a n t to k n o w w h e th er th is in teg ra l is ¯ n ite o r d iv erg en t. C lea rly , th e d iv er-
g e n c e, if a n y , ca n o n ly a rise d u e to its b e h a v io u r n e a r th e o rig in in k -sp a c e. U sin g
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th e T a y lo r se ries e x p a n sio n o f th e c o sin e fu n c tio n , w e see th a t, n e a r th e o rig in w e
h a v e th e b eh a v io u r:

R ¼ 2 D

Z

k ¼ 0

d k 1 d k 2 : : : d k D

(2 ¼ )D

¡
k 2

1 + k 2
2 + ¢ ¢ ¢ + k 2

D

¢¡ 1
/

2 D

(2 ¼ )D

Z

k ¼ 0

k D ¡ 1 d k

k 2
: (6 )

T h e d im e n sio n d e p e n d e n c e is n o w o b v io u s. In D = 1 ; 2 th e in te g ra l is d iv e rg e n t
a n d R = 1 ; so w e c o n clu d e th a t th e ra n d o m w a lk in D = 1 ; 2 is rec u rre n t a n d

th e p a rtic le w ill d e ¯ n ite ly re tu rn to th e o rig in if it w a lk s fo rev er. B u t in D = 3 ,
th e R is ¯ n ite a n d th e w a lk is n o n -rec u rre n t. T h e re is a ¯ n ite p ro b a b iltity th a t
th e p a rtic le w ill c o m e b a ck to th e o rig in b u t th e re is a lso a ¯ n ite p ro b a b ility th a t
it w ill n o t. A d ru n k e n m a n w ill d e ¯ n itely co m e h o m e (g iv e n e n o u g h tim e ) b u t a
d ru n k en b ird o n ° ig h t m a y o r m a y n o t!

T h e m ea n n u m b er o f re c u rren c e s in D = 3 is g iv en b y th e W a tso n in te g ra l

R =
3

(2 ¼ )3

Z ¼

¡ ¼

d k 1

Z ¼

¡ ¼

d k 2

Z ¼

¡ ¼

d k 3 [1 ¡ (co s k 1 + co s k 2 + c o s k 3 )]
¡ 1

; (7 )

w h ich is n o to rio u sly d i± c u lt to ev a lu a te a n a ly tic a lly [1 ]. S in c e th e a n sw e r h a p -
p e n s to b e

R =

p
6

3 2 ¼ 3
¡

µ
1

2 4

¶

¡

µ
5

2 4

¶

¡

µ
7

2 4

¶

¡

µ
1 1

2 4

¶

; (8 )

y o u a n y w a y n ee d to lo o k it u p in a ta b le so o n e m ig h t a s w ell d o th e in teg ra l
n u m e rica lly w h ich is triv ia l in M a th em a tica . (O f c o u rse, if y o u lik e th e ch a llen g e
o f a d e ¯ n ite in teg ra l, try it o u t. I d o n o t k n o w o f a sim p le w a y o f d o in g it; n eith e r
d o th e e x p e rts in ra n d o m w a lk I h a v e ta lk e d to !) T h e re su lt is R ¼ 1 :5 1 6 4 g iv in g
th e re tu rn p ro b a b ility u ¼ 0 :3 4 0 5 .

In th e c a se o f D = 1 ; 2 it is a lso ea sy to o b ta in u n e x p lic itly b y co m b in a to ric s.
In 1 -d im e n sio n , th e p a rtic le ca n re tu rn to th e o rig in o n ly if it h a s ta k e n a n ev en
n u m b e r o f ste p s, h a lf to th e rig h t a n d h a lf to th e le ft. T h e p ro b a b ility fo r th is is
c le a rly

u 2 n = 2 n C n
1

2 2 n
: (9 )
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F o r su ± cie n tly la rg e n , w e c a n u se S terlin g 's a p p ro x im a tio n fo r fa c to ria ls (n ! ¼p
2 ¼ n e ¡ n n n ) to g e t u 2 n ¼ 1 =

p
¼ n . T h e se rie s in (2 ) in v o lv e s th e a sy m p to tic su m

w h ich is d iv erg en t:

m =
X

n

u 2 n ¼
X

n

1
p

¼ n
= 1 : (1 0 )

O b v io u sly , th e 1 -d im en sio n a l ra n d o m w a lk is re c u rre n t.

In te re stin g ly en o u g h th e re su lt fo r D = 2 is ju st th e sq u a re o f th e re su lt fo r
D = 1 . T h e in te g ra l in (4 ) b ec o m e s fo r D = 2 :

u n (x ) =
1

(2 ¼ )D

1

2 n

Z ¼

¡ ¼

d k 1

Z ¼

¡ ¼

d k 2 (c o s k 1 + co s k 2 )
n

: (1 1 )

If y o u n o w ch a n g e v a ria b le s o f in te g ra tio n to (k 1 + k 2 ) a n d (k 1 ¡ k 2 ) it is e a sy to

sh o w th a t th is in teg ra l b e c o m e s th e p ro d u c t o f tw o in te g ra ls g iv in g

u 2 n =

·
1

2 2 n
2 n C n

2̧

; (1 2 )

w h ich is th e sq u a re o f th e re su lt fo r D = 1 . N o w th e series in (2 ) w ill b e d o m in a ted

a sy m p to tic a lly b y

m ¼
X

n

1

¼ n
= 1 ; (1 3 )

m a k in g th e D = 2 ra n d o m w a lk rec u rre n t a g a in . Y o u m ig h t g u e ss a t th is sta g e ,
th a t in 3 -D , th e a sy m p to tic se rie s w ill in v o lv e su m o v e r n ¡ 3 = 2 (a n d h e n ce w ill
c o n v e rg e ) m a k in g th e 3 -D ra n d o m w a lk n o n -re c u rre n t. T h is is p a rtia lly tru e a n d
th e 3 -d im e n sio n a l series is b o u n d e d fro m a b o v e b y th e su m o v er n ¡ 3 = 2 . B u t th e

3 -d im e n sio n a l c a se is n o t th e p ro d u c t o f th re e 1 -d im e n sio n a l c a se s.

W e n o w tu rn o u r a tte n tio n to a n o th e r cu rio u s resu lt. S u m m in g P N (x ) o v e r a ll
N o n e ca n c o n stru ct th e q u a n tity P (x ) w h ich is th e p ro b a b ility o f re a ch in g x .

U sin g (1 ) a n d d o in g th e g eo m e tric su m , w e ¯ n d in D = 2 , th is q u a n tity to b e :

P (x ) =

Z ¼

¡ ¼

Z ¼

¡ ¼

d k 1 d k 2

(2 ¼ )2
[c o s(k ¢ x )]

µ

1 ¡
1

2
(co s k 1 + c o s k 2 )

¶¡ 1

: (1 4 )
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C o n sid e r n o w th e e x p re ssio n

R =
1

2
(P (x ) ¡ P (0 )) =

Z ¼

¡ ¼

Z ¼

¡ ¼

d k 1 d k 2

8 ¼ 2

[1 ¡ c o s(k ¢ x )]

[1 ¡ 1
2

(c o s k 1 + co s k 2 ]
: (1 5 )

In cre d ib ly en o u g h th is p ro v id es th e so lu tio n to a c o m p lete ly d i® e re n t p ro b le m ! It
g iv e s th e e ® e c tiv e re sista n c e b e tw ee n a la ttic e p o in t x a n d th e o rig in in a n in ¯ n ite
g rid o f 1 -o h m re sisto rs co n n ec te d b etw e en th e la ttic e sites. L e t u s se e h o w th is

c o m es a b o u t b y a n a ly sin g th e g rid o f resisto rs.

L e t a n o d e x in th e in ¯ n ite p la n a r sq u a re la ttice b e d e n o te d b y tw o in teg ers
(m ; n ) a n d le t a c u rre n t I m ;n b e in je cte d a t th a t n o d e . T h e ° o w o f c u rre n t w ill

in d u ce a v o lta g e a t ea ch n o d e a n d , c o m b in in g K irch o ® 's a n d O h m 's la w s fo r th e
1 -o h m re sisto rs, w e ca n w rite th e rela tio n :

I m ;n = (V m ;n ¡ V m + 1 ;n ) + (V m ;n ¡ V m ¡ 1 ;n ) + (V m ;n ¡ V m ;n + 1 ) + (V m ;n ¡ V m ;n ¡ 1 )

= 4 V m ;n ¡ V m + 1 ;n ¡ V m ¡ 1 ;n ¡ V m ;n + 1 ¡ V m ;n ¡ 1 ; (1 6 )

w h e re V m ;n is th e p o ten tia l a t th e n o d e (m ; n ) d u e to th e c u rre n t. T h is eq u a tio n
c a n a g a in b e so lv e d b y in tro d u cin g th e F o u rie r tra n sfo rm o n th e d isc rete la ttice .
If w e w rite

I m ;n =
1

4 ¼ 2

Z ¼

¡ ¼

Z ¼

¡ ¼

d k 1 d k 2 I (k 1 ; k 2 )e i(m k 1 + n k 2 ) ; (1 7 )

V m ;n =
1

4 ¼ 2

Z ¼

¡ ¼

Z ¼

¡ ¼

d k 1 d k 2 V (k 1 ; k 2 )e i(m k 1 + n k 2 ) ; (1 8 )

th e n o n e c a n o b ta in fro m (1 6 ) th e resu lt in th e F o u rie r sp a ce :

I (k 1 ; k 2 ) = 2 V (k 1 ; k 2 ) [2 ¡ c o s(k 1 ) ¡ c o s(k 2 )] : (1 9 )

S u p p o se w e n o w in je c t a c u rre n t o f 1 a m p a t (0 ,0 ) a n d ¡ 1 a m p a t (N ; M ). T h en
I m ;n = ± m ;n ¡ ± m ¡ M ;n ¡ N , le a d in g to

I (k 1 ; k 2 ) = 1 ¡ e ¡ i(M k 1 + N k 2 ) ; (2 0 )

so th a t (1 9 ) g iv es th e v o lta g e to b e

V (k 1 ; k 2 ) =
1

2
£

1 ¡ e ¡ i(M k 1 + N k 2 )

2 ¡ co s(k 1 ) ¡ co s(k 2 )
: (2 1 )
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T h e e q u iv a le n t re sista n c e b e tw e e n n o d e s (0 ,0 ) a n d (M ,N ) w ith a ° o w o f u n it
c u rren t is ju st th e v o lta g e d i® e ren c e b e tw ee n th e n o d e s:

R M ;N = V 0 ;0 ¡ V M ;N

=
1

4 ¼ 2

Z ¼

¡ ¼

Z ¼

¡ ¼

d k 1 d k 2 V (k 1 ; k 2 )
£

1 ¡ e i(M k 1 + N k 2 )
¤

=
1

4 ¼ 2

Z ¼

¡ ¼

Z ¼

¡ ¼

d k 1 d k 2
1

2

(1 ¡ e ¡ i(M k 1 + N k 2 ) )(1 ¡ e i(M k 1 + N k 2 ) )

2 ¡ c o s(k 1 ) ¡ c o s(k 2 )

=
1

4 ¼ 2

Z ¼

¡ ¼

Z ¼

¡ ¼

d k 1 d k 2
1 ¡ c o s(M k 1 + N k 2 )

2 ¡ co s(k 1 ) ¡ co s(k 2 )
; (2 2 )

w h ich is e x a c tly th e sa m e a s th e in te g ra l in (1 5 )!

T h e in ¯ n ite g rid o f sq u a re la ttic e re sisto rs is a cla ssic p ro b lem a n d th e e ® ec tiv e
re sista n c e b e tw e e n tw o a d ja c e n t n o d es is a t̀rick q u e stio n ' th a t is a fa v o u rite o f
e x a m in e rs. T h e a n sw er (0 .5 o h m ) c a n b e fo u n d b y triv ia l su p e rp o sitio n b u t su ch
trick s a re u se less to ¯ n d th e e® e ctiv e re sista n ce b e tw e e n a rb itra ry n o d e s. In fa c t,
th e e® ec tiv e resista n c e b etw e en tw o d ia g o n a l n o d e s o f th e b a sic sq u a re { th e (0 ,0

a n d (1 ,1 ), sa y { is g iv e n b y th e in te g ra l

R 1 ;1 =
1

4 ¼ 2

Z ¼

¡ ¼

Z ¼

¡ ¼

d k 1 d k 2
1 ¡ co s(k 1 + k 2 )

2 ¡ co s(k 1 ) ¡ co s(k 2 )
: (2 3 )

T h is is d o a b le, b u t n o t e x a c tly e a sy , a n d th e a n sw e r is 2 = ¼ . (N e x t tim e so m eo n e

le c tu re s y o u a b o u t th e p o w er o f clev e r a rg u m e n ts, a sk h e r to u se th em to g et th is
a n sw e r, w h ich h a s a ¼ in it!)

B u t w h y d o es th is w o rk ? W h a t h a s ra n d o m w a lk o n a la ttic e to d o w ith re sisto r

n e tw o rk s? T h e re a re d i® e re n t le v e ls o f so p h istica tio n a t w h ich o n e c a n a n sw e r th is
q u estio n a n d a n e n tire b o o k [2 ] d ea lin g w ith th is su b jec t e x ists. T h e m a th em a tic a l
re a so n h a s to d o w ith th e fa c t th a t b o th th e ra n d o m w a lk p ro b a b ility to v isit a
n o d e a n d th e v o lta g e o n a n o d e (w h ich d o e s n o t h a v e a n y c u rre n t in je cte d o r
re m o v ed ) a re h a rm o n ic fu n c tio n s. T h e se a re fu n ctio n s w h o se v a lu e a t a n y g iv en

n o d e is g iv e n b y th e a v era g e o f th e v a lu e o f th e fu n ctio n o n th e a d ja c e n t la ttic e
sites. T h is is o b v io u s in th e ca se o f ra n d o m w a lk b e c a u se a p a rticle w h ich re a ch es
th e n o d e (m ; n ) m u st h a v e h o p p ed to th a t n o d e w ith e q u a l p ro b a b ility fro m o n e
o f th e n e ig h b o u rin g n o d e s (m § 1 ; n § 1 ). In th e ca se o f a re sisto r n e tw o rk , th e
sa m e re su lt is o b ta in e d fro m (1 6 ) w h en I m n = 0 . If y o u n o w in je c t th e v o lta g e s 1
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a n d 0 a t tw o sp ec ī c n o d es A a n d B , th en th e v o lta g e a t a n y o th e r n o d e X c a n
b e in te rp re te d a s th e p ro b a b ility th a t a ra n d o m w a lk e r sta rtin g a t X w ill g e t to
A b e fo re B . O n e c a n th e n u se th is in te rp reta tio n to m a k e a fo rm a l c o n n e ctio n

b e tw ee n v o lta g e d istrib u tio n in a n e lec tric n e tw o rk a n d a ra n d o m w a lk p ro b lem .
T h e in te re ste d re a d e r c a n ¯ n d m o re in th e b o o k [2 ] re ferre d to a b o v e .

H a v in g d o n e a ll th e se in th e la ttic e, w e n o w g o b a ck to th e ra n d o m w a lk in
fu ll sp a c e fo r w h ich w e h a d o b ta in e d th e re su lt in th e la st in sta llm e n t, w h ich ,

sp ec ia lise d to o n e d im en sio n , is g iv en b y :

P N (x ) =

Z 1

¡ 1

d k

(2 ¼ )
e ik x

NY

n = 1

p n (k ) : (2 4 )

W e w a n t to c o n sid e r a situ a tio n in w h ich th e ste p s a re ra n d o m a n d u n c o rre la ted
b u t th e ir le n g th s a re d e cre a sin g m o n o to n ic a lly. (T h is is w h a t w ill h a p p e n if th e
d ru n k a rd g e ts tire d a s h e w a lk s!) In p a rtic u la r, w e w ill a ssu m e th a t e a ch step
le n g th is a fra ctio n ¸ o f th e p re v io u s o n e w ith ¸ < 1 a n d th e ¯ rst ste p is o f u n it
le n g th . It is cle a r th a t P N (x ) is n o w g iv e n b y

P N (x ) =

Z 1

¡1

d k

(2 ¼ )
e ik x

NY

n = 1

c o s(k ¸ n ) : (2 5 )

W e c a n n o w stu d y th e lim it o f N ! 1 a n d a sk h o w th e p ro b a b ility P (x ) ´ P 1 (x )
is d istrib u ted . T h is fu ctio n sh o w s in cre d ib ly d iv e rse p ro p e rtie s d ep en d in g o n th e
v a lu e o f ¸ a n d is still n o t co m p le tely a n a ly se d . I w ill c o n ¯ n e m y self to a sim p le
situ a tio n , re fe rrin g y o u to th e lite ra tu re if y o u a re in tere ste d [3 ].

L e t u s ¯ rst c o n sid e r th e ca se w h en ¸ = 1 = 2 . In th is c a se th e re le v a n t in ¯ n ite
p ro d u c t is g iv e n b y

1Y

n = 1

c o s
k

2 n
=

sin k

k
: (2 6 )

(T h is is a c u te resu lt w h ich y o u m ig h t w a n t to p ro v e fo r y o u rse lf; A ll y o u n e ed
to d o is to w rite c o s(k = 2 n ) = (1 = 2 )[sin (k = 2 n ¡ 1 )= sin (k = 2 n )], ta k e a p ro d u ct o f N

te rm s ca n ce llin g o u t th e sin e s a n d th e n ta k e th e lim it N ! 1 .) S in c e th e fo u rie r
tra n sfo rm o f (sin k = k ) is ju st a u n ifo rm d istrib u tio n , w e g e t th e ta n ta lisin g re su lt
th a t P (x ) is ju st a u n ifo rm d istrib u tio n in th e in te rv a l (¡ 1 ; 1 ) a n d z e ro e lsew h ere !
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T h is trick w h ich h a s b e en u se d to g et (2 6 ) a lso w o rk s fo r ¸ = 2 ¡ 1 = 2 ; 2 ¡ 1 = 4 :::; etc .
F o r e x a m p le , w h e n ¸ = 2 ¡ 1 = 2 th e in ¯ n ite p ro d u ct is

1Y

n = 1

co s(k = 2 n = 2 ) =
sin k

k

sin
p

2 k
p

2 k
: (2 7 )

T h e F o u rier tra n sfo rm o f th is in v o lv e s a c o n v o lu tio n o f tw o re c ta n g u la r d istrib u -

tio n s a n d is e a sily see n to b e a tria n g u la r p ro b a b ility d istrib u tio n . (I w ill let y o u
e x p lo re th e g e n e ra l c a se o f ¸ = 2 ¡ 1 = k .) It tu rn s o u t th a t th e in ¯ n ite p ro d u ct o f
c o s(k ¸ n ) is ex tra o rd in a rily se n sitiv e to ch a n g e s in ¸ . F o r a lm o st e v e ry ¸ in th e
in te rv a l (0 :5 ; 1 ) th is p ro d u c t is sq u a re in teg ra b le . B u t o n c e in a w h ile , it is n o t
so . F u rth e r, if ¸ < (1 = 2 ), th e su p p o rt fo r P (x ) h a p p e n s to b e th e C a n to r se t.

T h e re a lly b iza rre b e h a v io u r o c cu rs w h en ¸ is th e g o ld e n ra tio g = (
p

5 ¡ 1 )= 2 .
C lea rly , th ere a re en o u g h su rp rise s in sto re in th e stu d y o f ra n d o m w a lk s.


