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F e w p r o c e s s e s in n a t u r e a r e a s u b iq u it o u s a s t h e

r a n d o m w a lk w h ic h c o m b in e s e x t r a o r d in a r y s im -

p lic ity o f c o n c e p t w it h c o n s id e r a b le c o m p le x ity

in t h e ¯ n a l o u t p u t . I n t h is a n d t h e n e x t in s t a ll-

m e n t , w e s h a ll e x a m in e s e v e r a l fe a t u r e s o f t h is

r e m a r k a b le p h e n o m e n o n .

In 1 7 8 5 , th e D u tch p h y sicist J a n In g en h a u e z, d isco v ere r
o f p h o to sy n th esis, p u t a lco h o l to g o o d u se b y sp rin k lin g

p o w d ere d ch a rc o a l o n it a n d o b se rv in g it u n d e r a m i-
c ro sc o p e. T h e ra n d o m m o tio n o f th e ch a rc o a l p a rtic le s
w a s p ro b a b ly th e ¯ rst o b se rv a tio n o f w h a t w e n o w c a ll
B ro w n ia n m o tio n . T h e n a m e c o m e s fro m R o b ert B ro w n
w h o p u b lish ed a n ex te n siv e in v estig a tio n o f sim ila r p h e -

n o m e n a in 1 8 2 8 . E v e n tu a lly , th is w a s h era ld e d a s a n
e v id e n ce fo r th e m o lec u la r n a tu re o f m a tte r a n d w a s in -
stru m en ta l in th e 1 9 2 6 N o b e l P riz e in p h y sic s to J e a n
P errin fo r d e term in in g th e A v o g a d ro n u m b e r.

It a p p ea rs th a t th e te rm r̀a n d o m w a lk ' w a s ¯ rst co in e d
b y C a rl P e a rso n in 1 9 0 5 , th e sa m e y e a r in w h ich E in stein
p u b lish ed h is p a p e r o n B ro w n ia n m o tio n . P e a rso n w a s
in te rested in p ro v id in g a sim p le m o d e l fo r th e sp re a d o f
m o sq u ito in fe sta tio n in a fo re st { w h ich g o es to sh o w ,

rig h t a t th e o u tse t, th e g e n e ra lity o f th e p ro c e ss! P ea r-
so n 's le tte r to N a tu re w a s a n sw ere d b y L o rd R a y le ig h
w h o h a d so lv e d th is p ro b lem e a rlie r in th e ca se o f so u n d
w a v e s in h ete ro g en eo u s m a te ria ls. In d e p en d e n tly , L o u is
B a ch e lo r w a s d e v e lo p in g th e th e o ry o f ra n d o m w a lk s in

h is re m a rk a b le d o c to ra l th e sis L a th eo rie d e la specu -
la tio n p u b lish e d in 1 9 0 0 . H ere , ra n d o m w a lk w a s su g -
g e ste d a s a m o d e l fo r ¯ n a n c ia l tim e se ries w h ich h a s,
u n til re c e n tly, h e lp e d p h y sicists to g et W a ll S tre e t jo b s
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w ith th e d isa stro u s co n se q u en ce s w e a ll n o w k n o w o n ly
to o w e ll! T h is b rief g lim p se a t h isto ry a lre a d y sh o w s th e
o cc u rre n ce o f ra n d o m w a lk in w id ely d i® ere n t co n te x ts

[1 , 2 ].

L e t u s b e g in b y re v ie w in g th e sim p le st o f a ll ra n d o m
w a lk s in w h ich a p a rtic le m o v e s fro m th e o rig in , ta k -
in g ste p s o f len g th `, w ith e a ch ste p b e in g in a ra n d o m

d irec tio n u n co rrela te d w ith th e p re v io u s o n e . T h e d is-
p la c em e n t o f th e p a rtic le a fter N ste p s is g iv en b y

x =
NX

n = 1

x n ; (1 )

w h e re

jx n j = ` ; hx n i = 0 ; hx n ¢ x m i = ` 2 ± n m : (2 )

T h e ¯ rst e q u a tio n in (2 ) tells y o u th a t e a ch ste p h a s a
c o n sta n t m a g n itu d e. T h e se co n d a n d th ird e q u a tio n s

(th e sy m b o l h:::i d e n o te s a v e ra g in g o v e r a p ro b a b ility
d istrib u tio n q u a n tify th e u n c o rre la ted n a tu re o f th e d i-
re ctio n s o f th e ste p s. F ro m th ese, w e c a n im m e d ia te ly
o b ta in th e tw o k ey resu lts o f su ch a ra n d o m w a lk . F irst,
hx i = 0 . F u rth e r, w e h a v e

¾ 2 ´ hx 2 i =

*Ã
NX

n = 1

x n

!2 +

=
1X

n ;m = 1

hx n ¢ x m i = N ` 2 :

(3 )

T h is sh o w s th e k e y ch a ra cte ristic o f th e ra n d o m w a lk
v iz ., th a t th e ro o t-m e a n -sq u a re d isp la ce m en t ¾ g ro w s
a s

p
N .

W e ca n th in k o f ` a s ¢ x d e n o tin g th e m a g n itu d e o f
th e d isp la c em e n t b e tw e e n a n y tw o co n se c u tiv e step s. If
th e tim e in terv a l b etw e en th e ste p s is ¢ t, th e n ¾ /p

N su g g ests th a t (¢ x )2 = ¢ t re m a in s a c o n sta n t in th e
c o n tin u u m lim it. C le a rly , a ra n d o m w a lk co rresp o n d s

The key

characteristic of the

random walk is that

the root-mean-

square displacement

 grows as (n)1/2.

It appears that the

term ‘random walk’

was first coined by

Carl Pearson in 1905,

the same year in

which Einstein

published his paper

on Brownian motion.

Pearson was

interested in providing

a simple model for the

spread of mosquito

infestation in a forest.
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A random walk

corresponds to a

curve without definite

slope in the

continuum limit and, in

fact, the continuum

limit needs to be

taken with some care.

This is one of the

many reasons why

random walks are

fascinating.

to a c u rv e w ith o u t d e ¯ n ite slo p e in th e co n tin u u m lim it
a n d , in fa c t, th e co n tin u u m lim it n ee d s to b e ta k e n w ith
so m e ca re. T h is is o n e o f th e m a n y re a so n s w h y ra n d o m

w a lk s a re fa scin a tin g .

T o se e h o w su ch a c o n tin u u m lim it em e rg e s in th is co n -
te x t, it is b ette r to g en e ra liz e th e co n ce p t o f ra n d o m
w a lk slig h tly b y a ssu m in g th a t th e p ro b a b ility fo r th e

p a rtic le to ta k e a step g iv e n b y th e v e c to r ¢ y is g iv e n
b y so m e fu n c tio n p (¢ y ) w ith th e p ro p erties

h¢ y ii ´

Z

d D ¢ y [¢ y ip (¢ y )] = 0 ;

h¢ y i¢ y j i ´

Z

d D ¢ y [¢ y i¢ y j p (¢ y )] = h(¢ y )2 i
± ij

D
;

(4 )

w h e re i; j ; ::: = 1 ; 2 ; :::D d en o te th e c o m p o n en ts o f th e
v e c to r. L e t P N (x ) b e th e p ro b a b ility th a t th e n e t d is-
p la c em e n t is x a fte r N step s. T h e n , sin ce th e ste p s a re

u n c o rre la ted , w e h a v e th e elem e n ta ry rela tio n :

P N (x ) =

Z

d D ¢ y P N ¡ 1 (x ¡ ¢ y )p (¢ y ) : (5 )

T o o b ta in th e c o n tin u u m lim it, w e w ill a ssu m e th a t a
T a y lo r se rie s ex p a n sio n o f P N ¡ 1 (x ¡ ¢ y ) is p o ssib le so

th a t w e c a n w rite (a ssu m in g su m m a tio n o v e r re p e a te d
in d ic e s):

P N (x ) »=

Z

d D ¢ y p (¢ y )

½

P N ¡ 1 (x ) ¡ ¢ y i@ iP N ¡ 1 (x )

+
1

2
¢ y i¢ y j @ i@ j P N ¡ 1 (x )

¾

= P N ¡ 1 (x ) +
h(¢ y )2 i

2 D
r 2 P N ¡ 1 (x ) ; (6 )

w h e re w e h a v e u se d (4 ). In th e c o n tin u u m lim it, w e
w ill d e n o te th e to ta l tim e w h ich h a s e la p se d sin ce th e
b e g in n in g o f th e ra n d o m w a lk b y t = N ¢ t a n d d e ¯ n e a
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c o n tin u u m p ro b a b ility d e n sity b y ½ (x ; t) = ½ (x ; N ¢ t) ´
P N (x ). S in c e w e ca n ta k e (@ ½ = @ t) a s th e lim it [P N (x )¡
P N ¡ 1 (x )]= ¢ t w h e n ¢ t ! 0 , w e g e t fro m (6 ) th e re su lt

@ ½

@ t
= K r 2 ½ ; (7 )

w h e re w e h a v e d e ¯ n ed a ( d̀ i® u sio n ') c o e ± cie n t K ´
h(¢ y )2 i= 2 D ¢ t. T h e c o n tin u u m lim it e x ists if w e c a n
tre a t K a s a c o n sta n t w h e n ¢ t ! 0 . C lea rly , th is is
e q u iv a le n t to (¢ y )2 = ¢ t b ein g ¯ n ite in th e c o n tin u u m
lim it a s w e in d ica ted e a rlie r. T h is is q u ite d i® e ren t

fro m th e u su a l c o n tin u u m lim its w e a re a cc u sto m e d to
in p h y sics in w h ich th e ra tio o f th e d i® e re n tia ls o f th e
sa m e o rd er a re rep la c e d b y a d eriv a tiv e . T h is sh o u ld
w a rn y o u th a t so m eth in g n o n triv ia l is g o in g o n .

T h e ¯ n a l e q u a tio n w e h a v e o b ta in e d , o f c o u rse, is th e d if-
fu sio n eq u a tio n w h ich ca n a lso b e w ritten a s (@ ½ = @ t) =
¡ r ¢ J , w h e re th e c u rre n t J = ¡ K r ½ a rises d u e to
a g ra d ie n t in th e p a rtic le d en sity. (In th is fo rm w e c a n

e v e n c o n sid e r a situ a tio n w ith sp a tia lly v a ry in g d i® u sio n
c o e ± cie n t K .) T h is in d ic a te s th a t d i® u siv e p ro ce sses in
p h y sic s c a n b e m o d e lled a t th e m icro sc o p ic lev el b y a
ra n d o m w a lk o f th e d iscre te co n stitu en t e le m e n t. T h e
d i® u sio n e q u a tio n is a lso u n iq u e in th e se n se th a t it is

n o t in v a ria n t u n d e r tim e rev ersa l; d i® u sio n g iv es y o u a
d irec tio n o f tim e w h ich is a n o th e r rem a rk a b le fa ct th a t
a rise s in th e c o n tin u u m lim it.

B e in g a lin e a r e q u a tio n , th e d i® u sio n e q u a tio n (7 ) c a n

b e so lv e d b y F o u rier tra n sfo rm in g b o th sid e s. D en o t-
in g th e F o u rie r tra n sfo rm o f ½ (x ; t) b y ½ (k ; t) it is e a sy
to sh o w th a t ½ (k ; t) = e x p (¡ K k 2 t). T a k in g a F o u rie r
tra n sfo rm , w e g et th e fu n d a m e n ta l so lu tio n to th e d i® u -
sio n e q u a tio n (w h ich is e sse n tia lly th e G ree n 's fu n c tio n )

to b e

½ (x ; t) =
e ¡ x 2 = 4 K t

(4 ¼ K t)D = 2
: (8 )

The diffusion

equation is

unique in the

sense that it is not

invariant under

time reversal.
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T h is sh o w s h o w p a rtic le s lo c a te d clo se to th e o rig in a t
t = 0 sp re a d in th e c o u rse o f tim e . T h e m e a n sq u a re
sp re a d is c lea rly p ro p o rtio n a l to K t w h ich is th e resid u e

o f th e d isc re te resu lt ¾ 2 / N .

T h e d i® u sio n o f a p a rtic le n e e d n o t a lw a y s ta k e p la ce
in th e re a l 3 -d im e n sio n a l sp a ce . A n in tere stin g p h e -
n o m e n o n w h ich o c c u rs in p la sm a s a s w e ll a s g ra v ita t-

in g sy stem s { in w h ich lo n g -ra n g e , in v e rse sq u a re fo rc e s
a c t b e tw e e n p a rtic le s { in v o lv e s d i® u sio n in th e veloc-
ity spa ce . A sim p le v e rsio n o f th is c a n b e d e sc rib e d a s
fo llo w s. C o n sid e r a n e a rly h o m o g en eo u s d istrib u tio n o f
g ra v ita tio n a lly in tera ctin g p a rtic les (e.g ., sta rs in a g lo b -

u la r c lu ste r). W h e n tw o sta rs sc a tte r o ® ea ch o th er w ith
a n im p a ct p a ra m e te r b , e a ch o n e u n d e rg o e s a ty p ica l a c -
c elera tio n G m = b 2 a ctin g fo r a tim e b = v . A s a re su lt o f
o n e su ch sc a tte rin g , a ty p ic a l sta r w ill a c q u ire a k̀ ick ' in
th e v elo city sp a c e o f m a g n itu d e ± v ? ¼ G m = b v , ± v ? ¿ v .

T h e e ® e c t o f a la rg e n u m b e r o f su ch co llisio n s is to m a k e
th e sta r p e rfo rm a ra n d o m w a lk in th e v e lo c ity sp a c e.
T h e n et m e a n -sq u a re v elo c ity in d u ce d b y c o llisio n s w ith
im p a ct p a ra m e ters in th e ra n g e (b ; b + d b ) in a tim e in -
te rv a l ¢ t w ill b e th e p ro d u ct o f th e m e a n n u m b e r o f

sc a tte rin g s in tim e ¢ t a n d (± v ? )2 . T h e fo rm e r is g iv e n
b y th e n u m b e r o f sca ttere rs in th e v o lu m e (2 ¼ b d b )(v ¢ t).
H e n c e

h(± v ? )
2 i = (2 ¼ b d b ) (v ¢ t) n

µ
G m

b v

¶2

; (9 )

w h e re n is th e n u m b e r d e n sity o f sc a tte rers. T h e to ta l

m ea n -sq u a re tra n sv e rse v elo city d u e to a ll sta rs is fo u n d
b y in te g ra tin g o v e r b w ith in so m e ra n g e (b 1 ; b 2 ):

h(± v ? )
2 ito ta l ' ¢ t

Z b 2

b 1

(2 ¼ bd b) (v n )

µ
G 2 m 2

b 2 v 2

¶

=
2 ¼ n G 2 m 2

v
¢ t ln

µ
b 2

b 1

¶

: (1 0 )

W e a g a in se e th e sig n a tu re o f ra n d o m w a lk in h± v 2
? i /

¢ t. T h e lo g a rith m ic fa c to r sh o w s th a t w e c a n n o t ta k e

The effect of a

large number of

collisions is to

make the star

perform a random

walk in the

velocity space.
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There is one key

difference between

diffusing in real space

compared to velocity

space and there must

exist a process which

prevents this.

b 1 = 0 ; b 2 = 1 a n d o n e n e ed s to u se so m e p h y sica l cri-
te ria to ¯ x b 1 a n d b 2 . It is re a so n a b le to ta k e b 2 ' R ,
th e siz e o f th e sy stem ; a s re g a rd s b 1 , n o tice th a t th e

v e lo c ity ch a n g e p e r c o llisio n c a n b e co m e c o m p a ra b le
to v itse lf w h e n b ' b c ' (G m = v 2 ) a n d o u r d i® u sio n
a p p ro x im a tio n b re a k s d o w n . It is, th ere fo re , re a so n -
a b le to ta k e b 1 ' b c ' (G m = v 2 ). T h e n (b 2 = b 1 ) '
(R v 2 = G m ) = N (R v 2 = G M ) ' N fo r a sy stem in v iria l

e q u ilib riu m . F ro m (1 0 ) w e se e th a t th is e® e ct is im p o r-
ta n t o v e r tim e -sc a le s (¢ t) w h ich is lo n g en o u g h to m a k e
h(± v 1 )

2 ito ta l ' v 2 . U sin g th is c o n d itio n a n d so lv in g fo r
(¢ t) w e g et:

(¢ t)g c '
v 3

2 ¼ G 2 m 2 n ln N
: (1 1 )

T h is is th e tim e sc a le fo r g ra v ita tio n a l rela x a tio n in su ch
sy ste m s (o r ele ctro m a g n e tic re la x a tio n in p la sm a s) a n d
th e ln N fa cto r a rise s d u e to d i® u sio n in v e lo c ity sp a ce .

T h e e n tire p ro c ess c a n b e d e sc rib ed b y a d i® u sio n e q u a -
tio n in v e lo c ity sp a ce { o r so it w o u ld se e m a t ¯ rst sig h t.
A m o m en t o f th o u g h t, h o w e v e r, sh o w s th a t if w e d e -
sc rib e th e p ro c ess b y a d i® u sio n e q u a tio n in v e lo c ity
sp a ce , it w ill m a k e th e ro o t-m ea n -sq u a re v e lo c itie s o f
every p a rticle in th e sy stem to in cre a se a s

p
t a s tim e

g o e s o n ; th is v io la te s so m e sa c red n o tio n s in p h y sic s
[3 ]. T h is is o n e k ey d i® e ren c e b e tw e e n d i® u sin g in re a l
sp a ce co m p a red to v elo c ity sp a c e a n d th ere m u st ex ist
a p ro c e ss w h ich p re v e n ts th is.

T h is p ro c ess is ca lle d d̀ y n a m ic a l fric tio n '. T o u n d e r-
sta n d it, c o n sid e r a p a rticle ( s̀ta r') w h ich m o v es w ith
a v e lo c ity V th a t is sig n ī c a n tly la rg e r th a n th e ro o t-
m ea n -sq u a re sp e ed o f th e c lo u d o f sta rs a ro u n d it. In

th e re st fra m e o f th e fa st sta r, o n th e a v e ra g e , o th er sta rs
w ill b e stre a m in g p a st it a n d w ill b e d e ° ec te d to w a rd s
it. T h is w ill p ro d u c e a slig h t d e n sity en h a n c em e n t o f
sta rs b e h in d th e fa st sta r. T h is d e n sity e n h a n ce m en t
p ro d u c es th e n ec e ssa ry fo rc e to re d u c e th e sp ee d V o f
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If we take both the

processes into

account, the

evolution in the

velocity space is

described by an

equation which is a

variant of what is

called the Fokker–

Planck equation.

th e sta r. T h is d y n a m ic a l frictio n en su res th a t n o ru n -
a w a y d isa ste r o c cu rs in v e lo c ity sp a ce .

If w e ta k e b o th th e p ro c esses in to a c co u n t, th e e v o lu tio n
in th e v elo city sp a c e is d e sc rib e d b y a n e q u a tio n w h ich is
a v a ria n t o f w h a t is ca lle d th e F o k k er{ P la n ck eq u a tio n .
A sim p lī e d v e rsio n o f th is is g iv e n b y

@ f (v ; t)

@ t
=

@

@ v

½
¾ 2

2

@ f

@ v
+ (® v )f

¾

: (1 2 )

T h e ¯ rst te rm o n th e rig h t-h a n d sid e h a s th e sta n d a rd
fo rm o f a d i® u sio n c u rre n t p ro p o rtio n a l to th e g ra d i-
e n t in th e v elo city sp a c e . A s tim e g o e s o n , th is term

w ill ca u se th e m e a n -sq u a re v e lo c ities o f p a rticle s to in -
c rea se in p ro p o rtio n to t in d u cin g th e r̀a n d o m w a lk ' in
th e v e lo c ity sp a c e. U n d e r th e e ® e c t o f th is te rm , a ll
th e p a rtic les in th e sy ste m w ill h a v e th e ir < v 2 > in -
c rea sin g w ith o u t b o u n d . T h is u n p h y sic a l situ a tio n is

a v o id e d b y th e p re se n c e o f th e sec o n d te rm (® v f ) w h ich
d e sc rib es th e d y n a m ic a l fric tio n . T h e c o m b in e d e® ec t
o f th e tw o term s is to d riv e f to a M a x w e llia n d istrib u -
tio n w ith a n e ® e c tiv e te m p e ra tu re (k B T ) = (¾ 2 = ® ) a n d
(@ f = @ t) = 0 . In su ch a M a x w e llia n d istrib u tio n th e g a in
m a d e in (¢ v 2 ) d u e to d i® u sio n is ex a ctly b a la n c ed b y

th e lo sse s d u e to d y n a m ic a l frictio n . W h en tw o p a rti-
c le s sca tter, o n e g a in s th e e n e rg y lo st b y th e o th er; o n
th e a v era g e , w e m a y sa y th a t th e o n e w h ich h a s lo st th e
e n erg y h a s u n d e rg o n e d y n a m ic a l fric tio n w h ile th e o n e
w h ich g a in e d e n erg y h a s a ch ie v e d d i® u sio n to h ig h e r v 2 .

T h e c u m u la tiv e e ® ec t o f su ch p h e n o m en a is d escrib e d
b y th e tw o term s in (1 2 ).

T h e a b o v e p o in ts ca n b e ea sily illu stra ted b y e x p licitly

so lv in g (1 2 ). S u p p o se w e ta k e a n in itia l d istrib u tio n
f (v ; 0 ) = ± (v ¡ v 0 ) p e a k ed a t a v e lo c ity v 0 . T h e so lu tio n
o f (1 2 ) w ith th is in itia l co n d itio n is ea sy to ¯ n d :
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The equilibrium

configuration is a

Maxwellian

distribution of

velocities with this

particular dispersion,

for which f/ t = 0.

f (v ; t) =

·
®

¼ ¾ 2 (1 ¡ e¡ 2 ® t )

1̧ = 2

ex p

·

¡
® (v ¡ v 0 e ¡ ® t )2

¾ 2 (1 ¡ e ¡ 2 ® t )

¸

(1 3 )

w h ich is a G a u ssia n w ith th e m ea n < v > = v 0 e¡ ® t a n d

d isp e rsio n < v 2 > ¡ < v > 2 = (¾ 2 = ® )(1 ¡ e ¡ 2 ® t ). A t la te
tim e s (t ! 1 ), th e m e a n v e lo c ity < v > g o es to z e ro
w h ile th e v elo city d isp e rsio n b e c o m es (¾ 2 = ® ). T h u s th e
e q u ilib riu m c o n ¯ g u ra tio n is a M a x w ellia n d istrib u tio n
o f v elo cities w ith th is p a rticu la r d isp e rsio n , fo r w h ich
@ f = @ t = 0 . T o se e th e e® e ct o f th e tw o term s in d iv id u -
a lly o n th e in itia l d istrib u tio n f (v ; 0 ) = ± (v ¡ v 0 ), w e c a n
se t ® o r ¾ to ze ro . W h en ® = 0 , w e g e t p u re d i® u sio n :

f ® = 0 (v ; t) =

µ
1

2 ¼ ¾ 2 t

¶1 = 2

e x p

½

¡
(v ¡ v 0 )2

2 ¾ 2 t

¾

: (1 4 )

N o th in g h a p p e n s to th e ste a d y v elo city v 0 ; b u t th e v e lo c -
ity d isp e rsio n in cre a ses in p ro p o rtio n to t rep re se n tin g a
ra n d o m w a lk in th e v e lo c ity sp a c e . O n th e o th e r h a n d ,
if w e set ¾ = 0 , th e n w e g e t

f ¾ = 0 (v ; t) = ± (v ¡ v 0 e ¡ ® t ): (1 5 )

N o w th ere is n o sp re a d in g in v elo city sp a c e (n o d i® u -
sio n ); in stea d th e frictio n stea d ily d e cre a ses < v > .

G o in g b a ck to th e d isc re te c a se , w e ca n m a k e a n o th e r
u se fu l g en e ra liz a tio n o f (5 ) b y a ssu m in g th a t p (¢ y ) it-
se lf d ep en d s o n N so th a t th e fu n d a m e n ta l e q u a tio n
b e c o m es

P N (x ) =

Z

d D y P N ¡ 1 (x ¡ ¢ y )p N (¢ y ) : (1 6 )

T h is e q u a tio n , w h ich is a co n v o lu tio n in te g ra l, is triv ia l
to so lv e in F o u rie r sp a c e in w h ich th e c o n v o lu tio n in -
te g ra l b ec o m e s a p ro d u c t. If w e d en o te b y P N (k ) a n d
p N (k ) th e F o u rie r tra n sfo rm s o f P N (x ) a n d p N (¢ y ) th e n
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th is e q u a tio n b ec o m e s P N (k ) = P N ¡ 1 (k )p N (k ). Itera t-
in g th is N tim e s a n d n o rm a lizin g th e in itia l p ro b a b ility
b y a ssu m in g th e p a rtic le w a s a t th e o rig in w e im m e d i-

a te ly g e t

P N (k ) =

NY

n = 1

p n (k ) : (1 7 )

D o in g a n in v e rse F o u rie r tra n sfo rm w e ¯ n d th e so lu tio n
to o u r p ro b le m to b e

P N (x ) =

Z
d D k

(2 ¼ )D
e ik ¢x

NY

n = 1

p n (k ) : (1 8 )

O n c e a g a in , it is p o ssib le to m a k e so m e g e n era l c o m -
m en ts if th e in d iv id u a l p ro b a b ility d istrib u tio n s p n (¢ y )
sa tisfy so m e rea so n a b le c o n d itio n s. S u p p o se, fo r sim -
p lic ity , th a t p n (¢ y ) is p e a k ed a t th e o rig in a n d d ie s

d o w n sm o o th ly a n d m o n o to n ic a lly fo r la rg e j¢ y j. T h en ,
its F o u rie r tra n sfo rm w ill a lso b e p e a k e d a ro u n d th e o ri-
g in in k -sp a c e a n d w ill d ie d o w n fo r la rg e v a lu es o f jk j.
F u rth er, b e c a u se th e p ro b a b ility is n o rm a lize d , w e h a v e
th e co n d itio n p n (k = 0 ) = 1 . W h e n w e ta k e a p ro d u c t o f
N su ch fu n ctio n s, th e resu ltin g fu n ctio n w ill a g a in h a v e
th e v a lu e u n ity a t th e o rig in . B u t a s w e g o a w a y fro m
th e o rig in , w e a re ta k in g th e p ro d u ct o f N n u m b ers ea ch
o f w h ich is le ss th a n u n ity . S o c le a rly w h e n N ! 1 ,
th e p ro d u c t o f p n (k ) w ill h a v e sig n ī c a n t su p p o rt o n ly

c lo se to th e o rig in .

T h e n o n triv ia l a ssu m p tio n w e w ill n o w m a k e is th a t
p n (k ) h a s a sm o o th cu rv a tu re a t th e o rig in o f th e F o u rie r

sp a ce a n d is n o t c̀u sp y '. T h e n , n ea r th e o rig in in F o u rie r
sp a ce , w e ca n a p p ro x im a te

p n (k ) ' 1 ¡
1

2
® 2

n k 2 ' e ¡ (1 = 2 )® 2
n k 2

(1 9 )

Once again, it is

possible to make

some general

comments if the

individual probability

distributions p
n
( y)

satisfy some

reasonable

conditions.
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An observant reader

would have noticed

that we have

essentially proved a

variant of the central

limit theorem for the

sum x
1
+ x

2
+ ... + x

N
.

w ith so m e c o n sta n t ® n . H e n c e th e p ro d u ct b e co m e s

NY

n = 1

p n (k ) = ex p ¡
1

2
k 2

NX

n = 1

® 2
n ´ e x p ¡

N

2
¾ 2 k 2 ; (2 0 )

w h e re w e h a v e d e ¯ n e d

¾ 2 =
1

N

NX

n = 1

® 2
n : (2 1 )

In th is lim it, th e ¯ n a l F o u rier tra n sfo rm in (1 8 ) is triv ia l
a n d w ill g iv e a G a u ssia n in x w ith hx 2 i / N .

A n o b serv a n t re a d e r w o u ld h a v e n o tic ed th a t w e h a v e
e sse n tia lly p ro v e d a v a ria n t o f th e ce n tra l lim it th eo rem
fo r th e su m (x 1 + x 2 + ::: + x N ) o f N in d e p e n d e n tly
d istrib u te d ra n d o m v a ria b le s ea ch h a v in g its o w n p ro b -

a b ility d istrib u tio n p n (x n ). In fa c t, th e jo in t p ro b a b ility
fo r th ese v a ria b le s to b e in so m e g iv e n in te rv a l is g iv e n
b y th e p ro d u c t o f p n (x n )d D x n o v er a ll n = 1 ; 2 ; :::N .
T h e p ro b a b ility fo r th e ir su m to b e x is g iv e n b y

P N (x ) =

Z NY

n = 1

p n (x n )d D x n ± D

³
x ¡

X
x n

´
; (2 2 )

w h e re th e D ira c d elta fu n ctio n e n su re s th a t th e su m
o f th e ra n d o m v a ria b le s is x . W ritin g th e D ira c d e lta
fu n c tio n in F o u rier sp a c e , w e im m e d ia tely g e t

P N (x ) =

Z
d D k

(2 ¼ )D
e ik ¢x

NY

n = 1

Z

d D x n p n (x n )e ¡ ik ¢x n

=

Z
d D k

(2 ¼ )D
e ik ¢x

NY

n = 1

p n (k ); (2 3 )

w h ich is id e n tic a l to th e re su lt w e o b ta in e d e a rlie r in

(1 8 ).

A c la ssic e x a m p le in w h ich o u r a n a ly sis (a n d c en tra l
lim it th e o re m ) fa ils is g iv en b y th e ca se in w h ich ea ch



648 RESONANCE  July 2009

SERIES  ARTICLE

o f th e p ro b a b ility d istrib u tio n s p n (¢ y ) is g iv e n b y a
L o ren tz ia n

p n (¢ y ) =
(¯ = ¼ )

(¢ y )2 + ¯ 2
: (2 4 )

T h e F o u rie r tra n sfo rm n o w g iv es p n (k ) = ex p (¡ ¯ jk j).
C lea rly o u r a p p ro x im a tio n in (1 9 ) fa ils fo r th is fu n c tio n
sin ce it is c̀ u sp y ' d u e to a lin ea r te rm in jk j n ea r th e
o rig in . W e c a n , o f co u rse , c a rry o u t th e a n a ly sis in (1 8 )

to g e t

P N (x ) =

Z
d D k

(2 ¼ )D
e ik ¢x e ¡ N ¯ jk j=

(N ¯ = ¼ )

jx j2 + (N 2 ¯ 2 )
: (2 5 )

W e h a v e th e re su lt th a t th e p ro b a b ility d istrib u tio n fo r

th e ¯ n a l d isp la c em e n t is id e n tica l to th e p ro b a b ility d is-
trib u tio n o f in d iv id u a l ste p s w h e n th e la tte r is a L o re n t-
z ia n { ex c ep t fo r th e (ex p e c ted ) sca lin g o f th e w id th .
T h e k ey rea so n fo r th e ce n tra l lim it th e o re m to fa il in
th is ca se is th a t th e L o re n tz ia n d istrib u tio n h a s a d i-

v e rg in g se co n d m o m en t. Y o u sh o u ld re m em b e r th is th e
n e x t tim e y o u th in k o f fu ll w id th a t h a lf m a x im u m o f a
L o ren tz ia n a s s̀im ila r to ' th e w id th o f a G a u ssia n ! T h ere
a re p h y sic a l situ a tio n s, (e.g ., o n e c a lle d a n o m a lo u s d if-
fu sio n ), w h ich c a n b e m o d e lle d a lo n g th ese lin es. T h ey

a re ch a ra cte rize d b y ra n d o m w a lk s in w h ich e v e ry o n ce
in a w h ile th e p a rtic le ta k es a la rg e ste p b e ca u se o f th e
slo w d e c rea se in th e p ro b a b ility p (¢ y ).

V e ry o ften o n e co n sid ers ra n d o m w a lk o n a la ttice o f sp e -

c ī c sh a p e, th e sim p lest b e in g th e D -d im e n sio n a l cu b e.
H e re th e p a rtic le h o p s fro m o n e site o f th e la ttic e to
a n o th e r n e a rb y site a lo n g a n y o n e o f th e a x e s w ith th e
la ttic e sp a cin g ta k e n to b e u n ity fo r sim p lic ity. In th is
c a se th e F o u rie r in teg ra ls in (1 8 ) w ill b e co m e F o u rie r

se rie s a n d w e g et:

P N (x ) =

Z ¼

¡ ¼

d D k

(2 ¼ )D
[co s(k ¢ x )]

NY

n = 1

p n (k ) ; (2 6 )

The key reason for

the central limit

theorem to fail in

this case is that the

Lorentzian

distribution has a

diverging second

moment.
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w h e re a ll th e in te g ra ls a re in th e ra n g e (¡ ¼ ; ¼ ) a n d x

is a v e c to r w ith in te g e r v a lu e d co m p o n e n ts. If p n (k ) is
in d ep en d en t o f n a n d h o p s in a ll d ire c tio n s fro m a n y site

a re e q u a lly lik e ly , th en p (k ) = (1 = D )(c o s k 1 + c o s k 2 +
¢ ¢ ¢ c o s k D ) a n d w e g et

P N (x ) =

Z ¼

¡ ¼

d D k

(2 ¼ )D
[c o s(k ¢ x )]

Ã
1

D

DX

j = 1

c o s k j

!N

:

(2 7 )

A s a test, w e c a n re p ro d u ce th e sta n d a rd re su lt fo r o n e -
d im e n sio n a l la ttic e u sin g (2 7 ). In th is c a se x = J , w ith
J b e in g a p o sitiv e o r n eg a tiv e in te g e r. A fte r N ste p s

w h e n th e p a rticle h a s ta k e n n L ste p s to th e le ft o f o rig in
a n d n R ste p s to th e rig h t, w e h a v e n L + n R = N a n d
n R ¡ n L = J . S o lv in g , w e g e t n R = (1 = 2 )(N + J ); n L =
(1 = 2 )(N ¡ J ). T h e p ro b a b ility th a t o u t o f N ste p s n L

w ere to th e le ft a n d n R w ere to th e rig h t is th e sa m e a s
g e ttin g , sa y , n L h e a d s w h ile to ssin g N co in s a n d is g iv e n
b y

P N (J ) =
1

2 N
N C n L =

1

2 N

N !

((1 = 2 )(N + J ))!((1 = 2 )(N ¡ J ))!
:

(2 8 )

Y o u c a n a m u se y o u rself b y p ro v in g th a t th is is a lso g iv e n
b y th e in te g ra l in (2 7 ) fo r D = 1 ,

P N (J ) =

Z ¼

¡ ¼

d k 1

(2 ¼ )
[co s(k 1 J )](c o s k 1 )N (2 9 )

a s it sh o u ld . T h e resu lt in (2 7 ) w ill b e u se fu l in th e n ex t

in sta llm e n t w h e n w e a d d re ss so m e in te restin g d im en sio n -
d e p e n d e n t p ro p erties o f ra n d o m w a lk s (a n d a n u n e x -
p e c ted co n n e ctio n w ith ele ctrica l n etw o rk s!).


