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T h e fa c t t h a t a n a c c e le r a t e d c h a r g e r a d ia t e s e n -
e r g y is c o n s id e r e d a n e le m e n t a r y t e x t b o o k r e s u lt
in e le c t r o m a g n e t is m . N e v e r t h e le s s , t h is p r o c e s s
o f r a d ia t io n ( a n d it s r e a c t io n o n t h e c h a r g e d p a r -
t ic le ) r a is e s s e v e r a l c o n u n d r u m s a b o u t w h ic h t e -
c h n ic a l p a p e r s a r e w r it t e n e v e n t o d a y . I n t h is
in s t a llm e n t , w e w ill t r y t o u n d e r s t a n d w h y a n
a c c e le r a t e d c h a r g e r a d ia t e s in a s im p le , y e t r ig -
o r o u s , m a n n e r .

T h e elec tric ¯ eld o f a p o in t ch a rg e a t rest at th e orig in
fa lls as (1 = r 2 ) a n d is d irected ra d ia lly o u tw a rd fro m th e
ch a rg e. If th e ch a rg e m ov es w ith a u n ifo rm v elo city v ,
th e ¯ eld is g iv en b y

E =
q r
r 3

(1 ¡ v 2 = c 2 )
¡

1 ¡ (v 2 = c 2 ) sin 2 µ
¢3 = 2 ; B =

1
c

v £ E ; (1 )

w h e re µ is th e a n gle b etw een th e d irectio n o f m o tion
a n d th e ra d iu s v ec to r r w h ich h a s th e c o m p o n en ts (x ¡
V t; y ; z ). T h is ex p ressio n { w h ich is m o st e a sily ob ta in ed
b y tran sfo rm in g th e C o u lo m b ¯ eld from th e re st fra m e o f
th e ch a rge to a m o v in g fra m e u sin g th e L o ren tz tra n sfo r-
m a tio n p ro p erties o f th e elec trom a g n etic ¯ e ld s { is m o re
c o m p lica ted b u t still p o ssesses tw o k ey p ro p ertie s o f th e
static ch a rg e. It falls a s (1 = r 2 ) a t larg e d ista n ce s a n d
it is ra d ia lly d irec ted fro m th e in sta n ta n eo u s po sitio n o f
th e ch a rg e .

T h e en e rg y ° o w c orre sp o n d in g to th e ele ctro m a g n etic
¯ eld sc ales a s th e sq u a re o f th e e lectro m a g n etic ¯ eld . If
th e ¯ e ld fa lls a s (1= r 2 ), th e en ergy ° u x w ill fa ll a s (1 = r 4 )
a n d , sin ce th e a re a o f a sp h erical su rfa ce sca le s a s r 2 , th e
to ta l en ergy ° o w in g th ro u g h a sp h e re a t la rg e d ista n ces
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When a charge is
accelerating,

something
dramatic happens.

In the case of an
accelerated

motion, the electric
field picks up a

transverse
component which

is perpendicular to
the radial direction.

from th e ch a rg e fa lls a s r 2 £ (1 = r 4 ) = (1 = r 2 ). T h ere fo re,
on e ca n n o t tra n sfer en erg y to larg e d ista n ce s in th is k in d
of ¯ e ld . T h is is u n d e rsta n d a b le b eca u se su ch a tran sfer
ca n n o t ta k e p la ce in th e re st fram e o f th e ch a rg e { in
w h ich w e o n ly h a v e a sta tic C o u lo m b ¯ eld { a n d sin c e w e
ex p ect su ch a p h y sica l p ro ce ss to b e L oren tz in v aria n t
it sh o u ld n o t h a p p en fo r a ch a rg e m o v in g w ith u n ifo rm
ve lo city eith er.

B u t w h e n th e ch a rge is a cce lera tin g, so m eth in g d ra m a tic
h a p p en s. T h e e lectric ¯ eld , say , p ick s u p a n ad d ition a l
term w h ich fa lls o n ly a s (1 = r ) a t la rg e d ista n ces. T h e
ch a n g e fro m th e (1= r 2 ) d ep en d en ce to th e (1 = r ) d e p e n -
d en ce m a k es trem en d o u s d i® eren ce (a n d m u ch o f m o d -
ern tec h n o log y ow es its e x iste n ce to th is fa ct). W h en
th e ¯ eld fa lls a s (1= r ) a t la rg e d ista n c es, th e en erg y ° u x
w ill fa ll a s (1= r 2 ) a n d th e tota l en erg y ° ow in g th ro u g h a
sp h ere at la rg e d ista n ces from th e ch a rg e, r 2 £ (1= r 2 ), is
a co n sta n t! T h erefo re, th e ¯ eld s a risin g fro m a n a ccele r-
ated ch a rge are c ap a b le o f tra n sm ittin g en erg y to larg e
d ista n ces fro m th e ch a rge . C lea rly, it w o u ld b e n ice to
u n d ersta n d b ette r h o w ac celera tio n lea d s to su ch a sh ift
from (1 = r 2 ) to (1 = r ) d ep en d en ce { w h ich ch an g es th e
ca terp illa r to a b u tter° y.

T h e re is a lso a n o th er p ec u liar fea tu re th a t a rises w h en
th e ch a rg e u n d e rg o es a n a cc elera te d m o tion . T h e C o u -
lo m b ¯ eld o f a ch a rg e a t rest, a n d th a t o f a ch a rg e m o v -
in g w ith a u n ifo rm v elo city , is rad ia l. T h e elec tric ¯ eld
ve cto r in th ese ca ses p oin ts ra d ia lly ou tw a rd fro m th e
ch a rg e. B u t in th e ca se of a n a cce lerated m o tio n , th e
electric ¯ eld p ick s u p a tra n sv e rse c o m p o n en t w h ich is
p e rp en d ic u la r to th e ra d ial d irectio n . S in ce a p ro p a g a t-
in g electro m a g n e tic p la n e w a v e, fo r ex am p le, w ill h a v e
an electric ¯ e ld th a t is tra n sv erse to th e d irec tio n of
p rop a g a tio n o f th e w a v e, th is fa ct is c ru cia l fo r id en tify -
in g th e ¯ eld ge n era te d b y th e a cce lera tio n w ith e lectro -
m a g n e tic ra d ia tio n .
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Since j is linear in
the velocity of the
charge, we
conclude that the
electric field will
have a source
term which is
linear in the time
derivative of the
velocity, viz., the
acceleration a.

It tu rn s o u t th a t th ere is a rem a rk ab ly eleg a n t a n d
sim p le w a y o f u n d ersta n d in g b oth th ese fe atu res, o rig -
in a lly d u e to J J T h o m son [1 ], w h ich d eserv es to b e
k n ow n b etter a n d p ossib ly co u ld rep la ce th e u n im a g in a -
tiv e d e riv a tio n u sin g L ien ard { W ie ch ert p o ten tia ls in th e
cla ssro o m s!. (T h is d eriva tio n is d iscu ssed , fo r ex a m p le,
in [2 ] a n d a lso a p p ea rs in th e sta n d a rd tex tb o o k s [3 , 4 ]
th o u g h in th ese tex tb o o k s a n im p ression is crea ted th a t
th e resu lt is va lid o n ly fo r n o n -rela tiv istic m o tion .) I
w ill d e sc rib e th is a p p ro a ch an d its essen tia l fea tu re s.

T o b e gin w ith , le t u s co n sid er a fe w elem en tary fa cts
a b ou t M a x w ell's eq u atio n s w h ich co n n ect th e electro -
m a gn etic ¯ e ld s to th e m o tio n o f th e sou rc e. S in ce th e
ele ctric ¯ eld is E = ¡ (1 = c )(@ A = @ t ) ¡ r Á , w e see th a t
th e electric ¯ eld h as a co m p o n e n t w h ich d ep en d s lin -
ea rly o n (@ A = @ t ). It is a lso w ell k n o w n th a t th e so u rce
for th e v ecto r p o ten tia l A is th e c u rren t j in th e sen se
th a t ¤ A / j. T h erefo re (@ A = @ t ) w ill h a v e a so u rce th a t
d e p e n d s o n (@ j= @ t). S in ce j is lin ea r in th e v elo c ity o f
th e ch arg e, w e co n clu d e th a t th e ele ctric ¯ eld w ill h av e
a so u rce term w h ich is lin ea r in th e tim e d eriva tiv e o f
th e v elo c ity, v iz., th e a ccelera tio n a .

A n a lte rn a tiv e w a y of u n d e rsta n d in g th is re su lt is a s
follow s: A ch a rg e q m o v in g w ith u n iform v elo city v is
eq u iv alen t to a c u rren t j = q v . T h is cu rren t w ill p ro d u ce
a m a g n etic ¯ eld (in a d d itio n to th e e lectric ¯ eld ) w h ich
sc a les in p ro p ortio n to j. If a = _v 6= 0 , it w ill p ro d u c e a
n o n zero (@ j= @ t) a n d h e n ce a n o n z ero (@ B = @ t). T h rou g h
F ara d a y 's la w , th e (@ B = @ t) w ill in d u ce a n electric ¯ eld
w h ich sca les as (@ j= @ t). (T h at is, if (@ j= @ t ) ch a n ge s
b y fa cto r 2 , th e electric ¯ eld w ill ch a n g e b y fa cto r 2.)
It fo llo w s th at a n a ccele ra ted ch a rg e w ill p ro d u ce a n
ele ctric ¯ eld w h ich is lin e a r in (@ j= @ t) = q a . (T h is, o f
co u rse, is in a d d itio n to th e u su a l C o u lo m b term w h ich
is in d ep en d en t o f a a n d fa lls a s r ¡2 .)

F u rth er, sin ce th e w a ve eq u a tion ¤ A / j p ro p a g a te s
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Before we do more
sophisticated

mathematics, let us
try a bit of

dimensional analysis
to determine the

electric field which
arises from the

acceleration.

Dimensional
analysis plus the

fact that E must be
linear in q and a,

implies the r–1

dependence for
the radiation term.

in fo rm a tio n a t th e sp ee d of lig h t, w e a lso k n o w th a t th e
ele ctric ¯ eld a t an ev en t (t; x ) is d eterm in ed en tirely b y
th e b eh av io u r of th e so u rce a t th e ev en t (tR ; x 0), w h ere
t ¡ tR = (1 = c )jx ¡ x 0j ´ (r = c ). It is u su a l to c a ll tR th e

r̀eta rd ed tim e'.

B efo re w e d o m o re so p h istica ted m a th em a tics, let u s try
a b it o f d im en sio n al a n a ly sis to d e te rm in e th e elec tric
¯ e ld w h ich a rises fro m th e a cc elera tio n . W e k n ow th a t
th e e lectric ¯ e ld h a s to b e d eterm in ed b y th e ch a rg e o f
th e p a rtic le q , ve lo city o f ligh t c , a cce lera tio n a a n d th e
d ista n ce r (w ith a a n d r ca lcu la ted a t th e reta rd ed tim e).
In g en e ra l, th e ¯ eld w ill a lso d e p e n d o n th e v elo city o f
th e p a rticle a t th e reta rd ed tim e b u t w e w ill ch o o se a
L o ren tz fra m e in w h ich th e ch arg e w as a t rest a t th e
retard ed tim e th e re b y e lim in a tin g a n y v d ep en d en c e. W e
n e x t u se th e fa ct th a t th e electric ¯ eld , w h ich is lin ea r
in @ j= @ t, sh ou ld b e lin ea r in b oth q a n d a to w rite:

E = C (µ )
q a

c n r m
= C (µ )

³ q
r 2

´³ a
c n r m ¡ 2

´
; (2 )

w h ere C is a d im en sio n le ss fac to r, d ep en d in g o n ly o n
th e a n g le µ b etw e en r a n d a , a n d n a n d m n eed to
b e d ete rm in ed . (S in c e v = 0 in th e in sta n ta n eo u s rest
fra m e, th e ¯ e ld ca n n o t d ep en d on th e v elo city.) F rom
d im e n sio n a l a n aly sis, n o tin g th a t E h a s th e d im en sio n s
o f q = r 2 (G a u ssia n u n its, so rry !) it im m ed ia tely fo llow s
th a t (a = c n r m ¡2 ) m u st b e d im en sio n less, le ad in g to n =
2 ; m = 1 . S o w e g et th e resu lt:

E = C (µ )
q a

c 2 r
: (3 )

T h u s, d im en sion a l a n a ly sis p lu s th e fac t th at E m u st
b e lin ea r in q a n d a , im p lies th e r ¡1 d ep e n d en ce fo r th e
ra d ia tion term .

W h ile th is re su lt sh ow s w h y a term lin ea r in a ccelera tio n
w ill also h a v e a (1 = r ) d ep en d en ce, it d o es n o t rea lly tell
u s h ow ex a ctly it co m es a b o u t. M o reov e r, d im e n sio n a l
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Since the trajectory of
this charge matches
identically in position,
velocity and
acceleration with the
trajectory of the
charged particle we
are originally
interested in, it follows
that both of them will
produce identical
electric fields at P .

an a ly sis ca n n ot d eterm in e th e n a tu re o f th e d im en sio n -
less fu n ctio n C (µ ). T h e a rg u m en t d u e to J J T h o m so n
[1 ] d o es b o th o f th ese in an e leg a n t w a y a n d I w ill d e-
scrib e a slig h tly m o d ī ed v ersio n o f th e sam e.

L et u s co n sid er a ch a rge d p a rtic le A m o v in g a lo n g so m e
arb itra ry tra jectory z (t). W e are in te rested in th e elec-
tric ¯ eld , say , p ro d u ced at an e ve n t P (t; x ) b y th is ch a rg e.
S in ce th e ch ara cte ristics o f th e w a ve eq u a tio n sh o w s th at
in fo rm a tio n p ro p ag a tes a t th e sp eed o f lig h t fro m th e
so u rce p o in t to th e ¯ e ld p o in t, w e a lre a d y k n o w th at
th e ¯ eld a t P w ill b e d eterm in e d b y th e p ro p e rties of
th e tra jectory a t th e reta rd ed tim e tR . F u rth e r, th e
electric ¯ e ld c an o n ly d ep en d o n th e p o sitio n z (tR ), v e-
lo city _z (tR ) a n d th e a ccelera tio n Äz (tR ) a t th e reta rd e d
tim e b u t n ot o n h ig h er tim e d eriva tiv es. (T h is fo llo w s
from th e fa ct th at th e sou rc e fo r electro m a g n e tic ¯ eld
on ly in v o lv es u p to th e ¯ rst tim e d eriva tiv e of th e cu r-
ren t w h ich w ill b e p ro p o rtio n al to th e a c celera tio n .) W e
w ill n o w ch o o se o u r L oren tz fra m e su ch th a t th e ch arg e
w as at rest a t th e orig in o f th e sp a ce tim e co o rd in a te s at
th e re ta rd ed tim e tR = 0. L et th e a cceleratio n o f th e
ch a rg e b e a = Äz (tR ) a t th is in sta n t. W e w ill ro ta te th e
co o rd in a te sy stem so th a t a is a lo n g th e x -a x is.

W e n o w co n sid er a n o th er ch a rg ed p a rticle B w h ich w a s
at re st, a t th e o rig in , fro m t = ¡ 1 to t = 0 a n d u n d e r-
go es co n stan t a ccele ra tio n a alo n g th e x -a x is fo r a sh o rt
tim e ¢ t. F o r t > ¢ t, it m ov es w ith co n sta n t ve lo city
v = a ¢ t a lo n g th e x -a x is. L et u s stu d y th e electric
¯ eld p ro d u ced b y th is ch a rge B a t so m e tim e t À ¢ t.
S in ce ¢ t is a rb itra rily sm a ll, w e h a ve a ¢ t ¿ c an d w e
ca n u se th e n o n -re la tiv istic a p p ro x im a tion th ro u gh o u t.
S in ce th e tra jecto ry o f th is c h a rge m a tch e s id en tica lly
in po sitio n , v eloc ity a n d a cce lera tio n w ith th e tra jec to ry
o f th e c h a rg ed p a rticle w e a re o rig in a lly in terested in , it
fo llo w s th a t bo th o f th em w ill p ro d u ce id en tica l electric
¯ e ld s a t P . T h is w a s th e k ey in sig h t of T h om so n . A s
w e sh a ll se e, th e ¯ eld p ro d u ced b y B is fa irly triv ia l to
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(a) (b)

Figure 1.

The key point is
that this field is

radially directed
from the

instantaneous
position of the

charged particle.

c alcu late a n d h e n ce w e ca n o b ta in th e ¯ eld d u e to A .

T h e ǹ ew s', th a t th e ch a rg e w as a cce lerated a t t = 0,
c ou ld h a ve o n ly tra v elle d to a d ista n ce r = c t in tim e t.
T h u s, a t r > c t , th e e lectric ¯ eld sh o u ld b e th at d u e to
a ch a rg e lo c ated a t th e o rigin a s sh ow n in F igu re 1 a :

E =
q

r 2
r̂ (fo r r > c t ): (4 )

A t r . c t, th e ¯ eld is th a t d u e to a ch a rg e m ov in g w ith
v elo city v a lo n g th e x -a x is, g iv en b y (1 ). T h e k ey p o in t
is th a t th is ¯ eld is ra d ia lly d irec ted from th e in sta n ta -
n eo u s p o sitio n o f th e ch a rg ed p a rticle. W h en v ¿ c ,
w h ich is th e situ a tio n w e a re in terested in , th is is a g a in
a C ou lo m b ¯ e ld ra d ia lly d irecte d fro m th e in sta n ta n eo u s
p o sition o f th e ch a rg ed p a rtic le (see F igu re 1 b ) :

E =
q

r 02 r̂ 0 (for r < c t): (5 )

A ro u n d r = c t, th e re ex ists a sm a ll sh ell o f th ick n e ss
(c ¢ t) in w h ich n eith er re su lt h o ld s g o o d . It is clea r th a t
th e electric ¯ eld in th e tra n sitio n re gion sh o u ld in te rp o -
la te b etw een th e tw o C o u lo m b ¯ eld s. T h e c ru cia l q u es-
tio n is h ow to d o th is m ak in g su re th a t th e ° u x o f th e
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Figure 2.

What is really
interesting is that
we now need a
piece of electric
field line PR
interpolating
between the two
Coulomb fields.

e lectric ¯ eld v ecto r th ro u g h a n y sm a ll b o x in th is re gion
v a n ish es, a s it sh o u ld to sa tisfy M a x w ell's eq u a tio n s. A s
w e sh allsee b elow , it tu rn s ou t th a t th is req u ires th e ¯ eld
lin e s to a p p ea r so m ew h a t a s sh o w n in F igu re 2 . O n e c an
e x p licitly w o rk o u t th is c o n d itio n a n d p rov e th a t ta n µ =
° ta n Á , w h ere ° = (1 ¡ v 2 = c 2 )¡1 = 2 . (Y o u sh o u ld try th is
o u t; it is d o n e in d eta il in [3 ].) In th e n o n -rela tiv istic
lim it th a t w e a re co n sid erin g, µ ¼ Á m ak in g th e ¯ eld
lin e s p ara lle l to ea ch o th er in th e in sid e an d o u tsid e
reg io n s; th a t is, Q P is p a ra llel to R S . (T h is is ea sy to
u n d ersta n d b e ca u se th e ra d ia l ¯ e ld is ju st th e C o u lo m b
¯ eld b o th in th e o u tsid e an d in th e in sid e reg ion . F or
th e ° u x to b e co n serv ed , th ese tw o ¯ eld lin es sh o u ld
b e p a ra llel to ea ch o th er.) W h a t is rea lly in terestin g
is th a t w e n ow n ee d a p ie ce o f ele ctric ¯ eld lin e P R
in te rp o la tin g b etw e en th e tw o C o u lo m b ¯ eld s. T h is is
c lea rly tran sve rse to th e ra d ia l d ire ctio n a n d a ll th a t w e
n eed to d o is to p rov e th a t its m a gn itu d e va ries a s 1 = r .
L et u s see h ow th is c o m e s a b o u t.

T h e situ a tio n is d e sc rib ed in d eta il in F igu re 3 w h ich is
self-ex p la n a to ry. L et E k a n d E ? b e th e m a g n itu d es of
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Figure 3.
(a) The electric field due to
a charged particle which
was accelerated for a small
time interval t. For t >t,
the particle is moving with
a uniform non-relativistic
velocityalong the x-axis.
At r > ct, the field is that of
a charge at rest in the ori-
gin. At r < c(tt), the field
is directed towards the in-
stantaneouspositionof the
particle. The radiation field
connects these two Cou-
lomb fields in a small re-
gion of thickness ct 
(b) Pill box construction to
relate the normal compo-
nent of the electric field
around the radiation zone.

th e electric ¯ eld p a ra llel an d p erp en d icu lar to th e d irec -
tio n r̂ . F ro m th e g eo m e try, w e h av e

E ?
E k

=
v ? t
c ¢ t

: (6 )

B u t v ? = a ? ¢ t a n d t = (r = c ) g iv in g

E ?
E k

=
(a ? ¢ t) (r = c )

c ¢ t
= a ?

³r
c 2

´
: (7 )

T h e va lu e o f E k c an b e d eterm in ed b y u sin g G a u ss th e -
o re m to a sm a ll p ill b ox , as sh o w n in th e sm a ll in set in
F ig u re 3. T h is g iv es E k = E r = (q = r 2 ); th u s w e ¯ n d
th a t

E ? = a ?
³ r

c 2

´
:

q
r 2

=
q

c 2

³a ?
r

´
: (8 )
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T h is is th e rad ia tio n ¯ eld lo cated in a sh ell a t r = c t,
w h ich is p ro p ag a tin g o u tw a rd w ith a v elo c ity c . T h e
a b ov e a rg u m en t clea rly sh o w s th a t th e orig in of th e r ¡ 1

d ep en d en ce lies in th e n ec essity to in terp o la te b etw een
th e tw o C o u lo m b ¯ eld s. W e h a ve th u s d eterm in ed th e
electric ¯ eld g en erated d u e to th e a cceleratio n o f th e
ch a rg e an d h av e sh ow n th a t it is tran sve rse an d a lso
fa lls as (1= r )!

W e ca n ex p ress th is resu lt m o re co n cisely in th e v ec to r
n ota tio n a s

E ra d (t; r ) =
1

c 2 [
1
r

n̂ £ (n̂ £ a )]re t ; (9 )

w h ere n̂ = (r = r ) a n d th e su b scrip t `ret' im p lies th a t
th e ex p ressio n in sq u a re b ra ck ets sh o u ld b e e va lu a ted a t
t 0= t ¡ r = c . C o m p a riso n w ith eq u a tion (3) sh o w s th a t
C (µ ) = sin µ . T h e fu ll e lectric ¯ eld in th e fra m e in w h ic h
th e c h a rge is in sta n ta n eo u sly a t rest is E = E c o u l + E r a d .
W e em p h asise th a t th is resu lt is ex ac t in th e L o re n tz
fra m e in w h ich th e ch arg e w a s a t rest a t th e reta rd ed
tim e. (O n e d o e s n o t h a v e to m a k e a n o n -rela tiv istic à p -
p ro x im a tion ' b ec au se v = 0 a u to m atica lly ta ke s ca re o f
it!). If w e n o w m a ke a L oren tz tra n sform a tio n to a fra m e
in w h ich th e p article w a s m o v in g w ith so m e v elo city
v = _z (tR ) a t th e reta rd e d tim e, th en w e ca n ob ta in th e
sta n d a rd , fu lly rela tiv istic, ex p ression w ith th e v elo city
d ep en d en ce. T h is is a lg eb ra ica lly a little c om p lica ted
b eca u se o n e n e ed s to m a k e a L oren tz tra n sfo rm a tion in
a n a rb itra ry d irectio n sin ce v an d a w ill n o t, in g en e ra l,
b e in th e sa m e d irectio n . (T h is is d o n e in [5 ] if y ou a re
in terested .) T h u s J J T h o m so n 's id ea is q u ite ca p a b le
o f g iv in g u s th e c o m p lete so lu tio n to th e p ro b lem .


