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Snippets of Physics
14. The Power of Nothing

T Padmanabhan

The vacuum state of the electromagnetic field is
far from trivial. Amongst other things it can
exert forces that are measurable in the lab, in a
curious phenomenon known as Casimir effect.

We all know that classical electromagnetic fields can ex-
ert forces on charged particles. The standard expression
for the classical force is ¢(E + v x B) which, of course,
vanishes when E = B = 0. That sounds eminently rea-
sonable.

But then, we know that the real world is quantum me-
chanical in character and not classical, which implies
that we need to treat the electromagnetic field as a quan-
tum entity. When we do that, photons emerge as the
quanta of electromagnetic field. As in the case of any
other quantum system, e.g., the hydrogen atom, one can
describe the physics in terms of the quantum states of
the electromagnetic field. In this language, one can also
define a state with zero photons which could be thought
of as the vacuum state of the electromagnetic field. One
would have imagined that, if there are no photons, then
there will be no measurable physical effects due to the
electromagnetic field. While this is more or less true —
which is rather reassuring — there are indeed interesting
situations in which it is not true! We will describe one
such context, called Casimir effect, in this installment.

The simplest, though a bit idealized, description of Casi-
mir effect is the following. Suppose you keep two paral-
lel, perfectly conducting plates in the otherwise empty
space, separated by a distance L. Then, they will attract
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Remember that
there are no net
charges put on the
plates; we are not
talking about a
charged parallel
plate capacitor. The
force acts between
two plates kept in the
vacuum.

To minimize the total
energy, we need to
allow for some
amount of fluctuation
in both g and p that
is commensurate
with the uncertainty

principle Ap Aq 2> h.

each other with a force

P-4 (1)

where A is the cross-sectional area of the plates!! Re-
member that there are no net charges put on the plates;
we are not talking about a charged parallel plate capac-
itor. The force acts between two plates kept in the vac-
uum. This effect was predicted [1] by the Dutch physi-
cist Hendrick Casimir in 1948 and has actually been
measured in the lab [2]. One nice way of understanding
this result is as a tangible force exerted by the electro-
magnetic vacuum. Let us see how.

Before launching into mathematics, let me explain the
basic reason for this phenomenon in qualitative terms.
Consider the familiar example of a harmonic oscillator,
with the Hamiltonian

H(p,q) = %[pg +w?q’). (2)

We have set the mass of the particle to unity for simplic-
ity. Classically, the minimum energy for such a system is
zero (Fgass = 0), which is achieved when ¢ = p = 0. We
know, however, that this is not possible in quantum the-
ory, essentially because of the uncertainty principle. To
minimize the potential energy, we need to set ¢ = 0; but
if we know the position to such infinite precision, the
momentum will be infinitely uncertain and we cannot
guarantee a low value for p?/2! So to minimize the total
energy, we need to allow for some amount of fluctuation
in both ¢ and p that is commensurate with the uncer-
tainty principle ApAq 2 h. The resulting ground state,
(1/2)hw.

as we know, has a non-zero energy Equant =

Suppose we consider a different physical system with the
Hamiltonian Hew = H (p, q) — (1/2)hw where H (p, q) is
given by (2). Since the subtraction of a constant from
the Hamiltonian does not change the equations of mo-
tion, we still again have a harmonic oscillator but with
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a shift in the energy. Classically, the minimum energy
state will still correspond to ¢ = p = 0 but with en-
ergy Eoass = —(1/2)hw. But quantum mechanically,
the ground state will exhibit fluctuations in ¢ and p but
will have zero energy; Fau.n = 0! This is the crucial
point. Quantum mechanics allows you to have a state for
the harmonic oscillator with the Hamiltonian H .. (p, q)
such that g = 0 which can host fluctuations in the

dynamical variables ¢ and p.

Something very analogous happens in the case of an elec-
tromagnetic field. As we shall see the electromagnetic
field can be thought of as a bunch of harmonic oscilla-
tors. The ground state will correspond to a state of zero
photons and one can arrange matters such that it has
zero energy. But the electric and magnetic fields will
play the role analogous to p and ¢ of the oscillator and
they will exhibit fluctuations — usually called vacuum
fluctuations — in the ground state. Therefore one cannot
really say that the electromagnetic fields vanish in the
vacuum state even though we can make its energy van-
ish. Once we recognize this fact, it is not surprising that
the electromagnetic vacuum can exert forces on bodies.
Actually the situation is a little bit more complicated
because the procedure analogous to the subtraction of
(1/2)hw is more nontrivial in this case but the essential
idea is the same.

Let us now try to understand this in a more mathe-
matical language and in a somewhat broader context.
As it turns out, the essential idea can be illustrated by
ignoring two complications of the real world. First is
the vector nature of electromagnetism and the second is
the fact that space is three dimensional. We will work
out first a simpler picture using just a scalar field with
one degree of freedom (rather than with the electromag-
netic field) and also ignoring the two transverse direc-
tions and treating space as one-dimensional. After we
work out the simplified picture, we will describe how it

Quantum mechanics
allows you to have a
state for the harmonic
oscillator with the
Hamiltonian H__, (p.q)
such that Equam= 0
which can host
fluctuations in the
dynamical variables q

and p.

One cannot really say
that the
electromagnetic fields
vanish in the vacuum
state even though we
can make its energy
vanish.
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The field ¢ (£,x) is

completely specified

by
SO

the function Q,(f)
that we can think
of Q,(f) as the

dynamical variables

describing our
system.

generalizes to the real life.

Once we ignore the vector nature of the electromagnetic
field, we can work with a single scalar field ¢(t, ) which
is a function of one space dimension and time. (If you
want, vou can think of it as analogous to any one com-
ponent of the electromagnetic field.) In the absence of
sources, we know that each component of the electro-
magnetic field satisfies the wave equation; so we will
assume that our scalar field satisfies the equation:

%¢ 0%
e _ge _ (3)
o2 Oz?

(We have chosen units with ¢ = 1. In 3-dimensions,

the second term would have been —V?¢ which becomes
—(82¢/0z*) when we ignore two spatial coordinates.)
This equation can be simplified by introducing the spa-
tial Fourier transform Qy of ¢(t, z) by

oa) = [ SEQuestka). (@)
o (2m)

Substituting this in (3) we find that Qx(t) satisfies the
equation Q, + k%Qj = 0. The field ¢(t, z) is completely
specified by the function Q(t) so that we can think of
Qk(t) as the dynamical variables describing our system.
The fact that we are dealing with the field translates
into the fact that we now have an infinite number of
dynamical variables, one for each value of k. Other than
that, we can work directly with @Q(t) instead of the
original field ¢(t, x).

One minor problem with Qg(t) is that it is a complex
number (since ¢(t, x) is real) and we would like to work
with dynamical variables that are real. This is easily
taken care of. As () is complex, we have two degrees of
freedom corresponding to the real and imaginary parts
of Qi for each k with the constraint Q); = @ _5. If we
write Qr = (Ap + iBy), then, since ¢ is a real scalar
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field, we can relate the variables for k to that for —k
as A, = A_, and By, = —B_j,. Evidently, only half
the modes constitute independent degrees of freedom.
Therefore, we can work with a new set of real modes ¢y,
defined for all values of k with a suitable redefinition,
say, by taking ¢, = Ay for one half of k and ¢ , = By
for the other half. This will, of course, lead to the same
equation but for the real variable qx(1).

i+ k%q, = 0. (5)

That is, the dynamical variable qx(t) satisfies the har-
monic oscillator equation with frequency w = |k|, for
each value of k. Our field is mathematically the same as
an infinite number of harmonic oscillators, one for each
k. It follows that everything we know about harmonic
oscillators can now be applied to this system. In partic-
ular, we can quantize the field by quantizing each of the
harmonic oscillators qx(t). (In fact, that is the essence
of quantum field theory of non-interacting fields; rest is
just detail.)

Classically, we can now construct the ground state by
taking qr = 0 for all values of k. This will, of course,
make the field vanish along with its energy, as to be
expected from a sensible ground state. But, as we dis-
cussed earlier, this does not hold for the quantum ground
state. The ground state of the harmonic oscillator for a
given value of k is described by the ground state energy
eigenfunction

v(qr) = (%)1/4 exp <—%wkq2> - (6)

We are using units with A = 1 for simplifying the ex-
pressions. The ground state wave function for the full
system, made of a bunch of independent oscillators, can
be described by the product of the ground state wave

In particular, we can

quantize the
field by quantizing

each of the harmonic

oscillators q,(f). (In
fact, that is the

essence of quantum

field theory of non-

interacting fields; rest

is just detail.)
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This expression
can be interpreted
along similar lines

as we interpret a
harmonic oscillator
wave function in
usual quantum
mechanics.

For any choice of f,(x)
and £ (x) the number R
can be computed,
allowing us to
determine the
probabilities of
different field
configurations in the
vacuum state.

functions of each of the oscillators:

W (o) - El(%?)”4eq>(—§wmﬁ)

e[ 4[] o

This expression can be interpreted along similar lines as
we interpret a harmonic oscillator wave function in usual
quantum mechanics. Suppose we have a harmonic oscil-
lator in the ground state and we measure the position
g. Then the relative probability that we will get a value

g = a compared to a value ¢ = b is given by

= exp (—w[a2 - bg]) : (8)

Now suppose we have a quantum field which is in the
ground state and we measure the field everywhere at,
say, t = 0. Then, there is some probability that we
will get a field configuration described by the function
#(0,2) = fi(z) and some other probability that field
configuration is described by the function ¢(0, ) = fo(x).
Just as in the previous case, we want to know the rela-
tive probability of getting one configuration compared to
another. To find this, we first obtain the spatial Fourier
transforms of fi(x) and fo(z) and call them ay and by.
Then the relative probability is given by

o |‘I’(.f1($))|2:ex B Ooﬁw a2 — p2
ST TIPS p(./m@m ¢l “D'@)

For any choice of fi(x) and fo(z) the above number can
be computed, allowing us to determine the probabilities
of different field configurations in the vacuum state.

You would have noticed that we switched to relative
probabilities rather than absolute probabilities in this
discussion. For a single harmonic oscillator, one could
have said that |¢(¢)|*dq gives the absolute probability
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of finding the particle in the interval (¢, ¢ + dq). When
we have infinite number of oscillators, the normalization
factor N in (7) involves an infinite product which is hard
to define rigorously. We get around this by talking about
relative probabilities in which the normalization factor
cancels out.

Before we proceed further, let me mention the corre-
sponding result in three spatial dimensions. In this case
(7) has the obvious generalization to:

viot) = TT(%)" e (vt

e |d [ ]

In fact, in this case it is nicer to exhibit the result in

terms of the field configuration itself by using wy = |K|
and wi|q)® = k?|qk|*/|k|. Since ikqy is essentially the
Fourier spatial transform of V¢, we can easily obtain

dgk |q |2 dgk |k|2|qk|2
(208) 1 2r%) ||

Vo -V
S
(Prove this!) Substituting this into (10) and taking

the modulus, we get the probability distribution in the
ground state to be

Plo(x)] = W (x)]*

Once again, this expression shows

Nexp{

with N = |N|%
clearly that the vacuum state of the field can host, what

We get around this by
talking about relative
probabilities in which
the normalization
factor cancels out.

Once again,
expression (12)
shows clearly that
the vacuum state of
the field can host,
what is usually
called, zero point
fluctuations of the
field variable ¢.
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Let us now ask
what happens if
we introduce two
perfectly
conducting,
parallel plates
into the vacuum.

is usually called, zero point fluctuations of the field vari-
able ¢. The probability that one detects a particular
field configuration ¢(x) when the field is in the vac-
uum state can be obtained by evaluating the value of
P for this particular functional form ¢(x). The result
is independent of time because of the stationarity of
the vacuum state. Given the ambiguity in the overall
normalization factor N this probability should again be
interpreted as a relative probability. That is, the ratio
P1/ P2 will give the relative probability between two field
configurations characterized by the functions ¢;(x) and
Pa(x).

Let us now ask what happens if we introduce two per-
fectly conducting, parallel plates into the vacuum. The
fact that the plates are perfectly conducting implies that
the electromagnetic field — for which our ¢(t,x) is a
proxy — must satisfy some non-trivial boundary con-
ditions at * = 0 and z = [ where the plates are lo-
cated. For the scalar field, we can take the boundary
condition to be that the field vanishes at the plates:
#(t,0) = ¢(t, L) = 0 in one spatial dimension. You can-
not describe a field satisfying such a boundary condition
using the Fourier integral in (4) with k& taking all pos-
sible values in —oo < k < oo. Instead we can restrict
it to a discrete, though infinite, set of values given by
k=mn(r/L) withn = 1,2,.... and write

(L, ) = 1) sin [ﬂﬁ} 13

oit.2) = 3oty [0y (13)
so that the boundary conditions at x = 0 and x = L are
satisfied. We still have to deal with an infinite number of

oscillators but their frequencies are now given by w,, =
kyn =n(r/L).

If we now work out the corresponding ground state, it
will clearly be different from the one described by (7)
because the integral over k will be replaced by the sum
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“/\/VV\/\" RESONANCE | February 2009



SERIES | ARTICLE

over n. This is needed because, our boundary condition
tells us that the ground state should now have zero prob-
ability for field configurations which do not vanish at the
plates. The introduction of the plates, through changing
the boundary condition, has changed the ground state.

What about the energy of the ground state with and
without the plates? They are also different. In the ab-
sence of plates, each harmonic oscillator contributes an
energy (1/2)hw = (1/2)h|k|. So the total ground state
energy, per unit length of space, is given by an integral
over all k of (1/2)h|k|. Therefore, the energy in a region
of length L will be:

L [~ 1 L[
EO—(QW)/OOdk§h|k|%/O dkhk. (14)

This is manifestedly infinite, essentially because there
are an infinite number of harmonic oscillators. What
about the ground state energy in the presence of the
plates? This is given by the sum

E) = %Zmn = %Zh(nw/L) (15)

n=0 n=0

which is also infinite, essentially being the sum of all
positive integers.

These infinities are bad news but there is a trick to get
around them. As we said before, the equation of motion
for the k-th oscillator will not change if we substract
from the Hamiltonian (1/2)hwy but it will ‘regularize
the ground state energy to zero. This is equivalent to
looking at the difference (E{ — Ej) as the physically
relevant quantity. To study this, it is convenient to in-
troduce in (14) a continuous variable n via the equation
k = (7/L)n. Then we get from (14) and (15):

(E) — Eg) = Z—Z {Zn - /000 dnn] . (16)

n=0

The introduction
of the plates,
through changing
the boundary
condition, has
changed the
ground state.
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Both the expressions

in

(17) as well as their
difference are now

finite and the idea is to

first compute the
difference as a

function of A and then

take the limit of
A — 0 hoping for the
best.

You may think that this is not much help because this
is of the form (co — oo) which does not have a pre-
cise meaning. That is true but there are ways of giving
meaning to such expressions in a fairly systematic man-
ner. The simplest procedure is to consider, instead of
the expression in (16), the expression:

Ey(A) = Eo(A)

Zn exp(—n\) — /OOO dnn exp(—n/\)] . (1)

Here we have multiplied both the expressions by a ‘reg-
ulator function’ exp(—nA) where X is just a parameter.
Both the expressions as well as their difference are now
finite and the idea is to first compute the difference as
a function of A and then take the limit of A — 0 hoping
for the best. That is, we interpret the expression in (16)
as the limit of the expression in (17) when A — 0. I will
let you work out the expressions. You should first get:

- e 11 A ,
Z”exp(—n/\):m:F—EJr%JrO(/\)

n=0

(18)

which diverges when A — 0 as to be expected. Similarly

o 1
/ dnnexp(—nA) = v (19)
0

which also diverges when A — 0. But, astonishingly
enough, the difference between (18) and (19) remains
finite as A — 0:

Znexp(—n/\)—/ dnn exp(—nX)
0

n=0

1 2
=5 T OO =~ (20)
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when A — 0. This allows us to obtain the following
remarkable result:

B(L) = (1) ~ Eo) = Im(B}()) — Bo(3) = — -
1)

So we see that the ground state energy of the system
with the plates — when regularized by subtracting away
the energy in the absence of the plates — is a negative
number! and is inversely proportional to the separation
between the plates! Clearly, this will lead to an attrac-
tive force F' = —(dE/dL) x L2 between the plates,
since reducing the separation between the plates leads
to the lowering of the energy. A more physical way of
thinking about this result is as follows. If we change the
separation between the plates by an amount AL, the
energy of the configuration will change by (dF/dL)AL
which must be accounted by the work done by the agency
separating the plates acting against the attractive force
F. Equating it to —F AL, we find that FF = —dF /dL.

In the mythical world of one spatial dimension, the plates
are zero-dimensional points which is not of much use.
The corresponding calculation for electromagnetic field
in 3-dimensions is more complicated algebraically but
all the concepts remain the same. The final result in
this case is an expression for energy per unit transverse
area of the plates, given by:

(E)— Eog)  w° he
A 72013

where we have re-introduced the ¢ factor. The force per

(22)

unit area acting between the plates is given by
F d(By—Ey)  w* he
240 L%

A dL A
This tiny force has actually been measured in the lab!

(23)

Note that, though the result is electromagnetic by na-
ture, it is independent of the electronic charge e. The

L'With this ‘regularization’,
quantum field theorists of-

ten conclude that the sum

of all positive integers is

not only finite but is a neg-

ative fraction (—1/12)! If

you are familiar with Rie-

mann-zeta function, ¢(z)

=Y n 7, youwill reco-
gnize that the sum of all

positive integers is formally
the same as ((—1). One

can define this quantity by

analytic continuation in

the complex plane and one

does recover the result

¢(—=1) = —1/12. Of course,
this does not make one any

wiser as to what is going

on.
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The essential lesson
is that the pattern of
quantum fluctuations
is sensitive to the
boundary conditions
we impose, both
mathematically and
practically.
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electromagnetism only enters through the boundary con-
dition on the perfect conductors, which is one reason we
could mimic it with a scalar field.

The whole phenomenon is quite bewildering and if you
are shaking your head in disbelief, I will not blame you!
But the reality of this effect is beyond dispute and it
has been derived from several different perspectives over
vears. The essential lesson is that the pattern of quan-
tum fluctuations is sensitive to the boundary conditions
we impose, both mathematically and practically. The
ground state of the electromagnetic field in the presence
of two parallel, conducting, plates is quite different from
the ground state in the absence of the plates. This much
alone is easy to understand because the ground state in
the presence of the plates must ensure that, the field con-
figurations which do not satisfy the boundary conditions
at the plates, have zero probability for their existence.
But what is rather curious is that this ground state has
an energy which differs from that in the absence of the
plates by a finite amount. There is no simple expla-
nation for this fact, which makes Casimir effect all the
more fascinating.
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