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1. One of the most important of the special problems of Elasticity
is the bending of plates. It has received incessant attention from many
quarters.! The form of boundaries which have been considered are a circle,
an ellipse, a rectangle, half an ellipse bounded by the transverse axis and
a sector of a circle. The solutions for a circle and an ellipse are simple
in character. The literature available for a rectangle can form the subject-
matter of a good treatise. It will therefore be not devoid of interest
to give an exact solution for an equilateral plate.

2. We assume that the plate has its four edges supported and is
bent by uniform pressure applied to one face. Let (u, v, w) be the
displacement of any point of the middle plane. We take the face subjected
to pressure to be z=—h. Let p be the load per unit area and D=
# BR®/(1— o?), the flexural rigidity of the plate, E, A, o having their usual

meanings. Then, we know that w at any point (x, y, 0) satisfies the
differential equat10n2

b—bxz—z-i— ;—;2)2 w=Dyw=p. (1
The boundary conditions can be put in the form
22 d2
w=o0, Jiw= (a_x“-‘? 5) V=0 @
over all the three edges.
We can put (1) in the form ,
- vitlvew—-3 £ b O+ 1=0. 3)
If therefore we put -
b= viw—1 L 0+, @

we see that ¢ satisfies v,%=0 and assumes the value —;} £( x2+ %)

over the boundary. The problem is now the same as that of the torsion of
an equilateral prism, whose solution is known.
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3. Let the edges of the plate be given by y=a, y=%4/3x, then we
know that

b=1 5=+ L2 (53, @1
so that

Vilw = &Ii)” (x’J;y“)+ ir]f)—’ (*—y)+ ‘%&-]—’5’ (= 3x%)
% - =) ("= 3x7). - (5)
If ¢ is harmonic, then
viEeh=2E vion-22

We can now re-write (5) as
lp |
2y 2 2,2 1

which shows that

5y exy-t g Exem-am]=0 @

1 p 1 p
w= 8Dx2y +12Dy(3xy y3)+ x(xy3—x3y)+w0, (6:1)

-when wq is harmonic. Since w is to vanish over y=gq and y= + V/3x,
we put

Wo= Ay (3x% — %) + A, (x*— 6x%? 4 34)
+ A, (53— 10x25+ 1) (6-2)

The boundary condition w=0 over the sides is found to be satisfied
if we take

w=12 x2y2+—1—1§%y(3x”y"—-y")+ —x(xy3 %)
242 4 2 | |
641)(x*‘ 6x2y +y)+64D (Sxty — 10x%8 + y7)
1 pa 2 8
48D(3xy »)

.=,__2 (@—y) (3x2— y?) (3x2+ 3y — 4ay). (7
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From (7) we see that w vanishes over all the three sides and also

on the circle
2a 4q°
2 — —1 —
x +( 3) 0’

which is the circumcircle of the triangle. w therefore does not vanish at
. any other point of the plate except at the edges

If w, denotes the deflection at the centre of the plate given by x=0,

y=$%a, we find
1 pat

Wc 4 35 D (8)

To get the extreme Value of w we put DW; 0, Dy—— 0. The first con-
dition gives ;

x=0, or y=a, or 3x2+ y2— 2ay=0, 9-1)

which combined with the second gives the following points:

(35 3y 00 (-5 ) 0D 05

The only admissible value, besides (0, 0), (& a/+/3, @), which are the
vertices of the plate, is (0, 24). The maximum value of w therefore
occurs at the centre of the plate, and hence if w,, denotes this value,

W= W= o - 2 ©®
For a circular plate of radius ¢ the corresponding value of w is®
L pra_ o (310 2 .o
o ws e1C r)(1+ac r), (10)
and hence 1 s
+
Wa= wm1=‘6_4% 1—“_}‘_'_'% (10‘1)

If, therefore, we take the in-circle of the plate for which c= }a, we find
w, W, 16(1+0a)

Wi Wai 30+ (10-2)
which for 0 <o <} varies between 1-07 and 1-46,
4. For a thin plate the flexural couple G is given by
[t 2w
G=—Diga % (11

where s is measured along any curve drawn on the middle surface and v is
the direction of the normal to this curve. Let s be measured along
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y==const., then (11) becomes

d2w
—— 2 (1—a) 2 W], .
G= D[vmza @bﬂ] (11-1)
We find
¥w_1 p R
5= 16 Dg @ V) Ox*+ yi~2ay), (12)

and v, is given by (6). Hence
G 22 (@) 4332 1)~ (1—0) 92+ y2~ 20y] 13)

G vanishes over y =g, as it should.

For a thick plate a term of the type

=1L @) (13-1)

should be added to (13). This also vanishes for y=a. Hence G vanishes
whether the plate is thick or thin. Since there is symmetry G- vanishes over
the remaining two edges as well.

For extreme values of G we get
(a—y) [24x— 18x (1 - 0)]=0,
e, y=a, x=0,
and 4 (3x2— yH)— (1—0) (9x2+ y*— 2ay)
+ (@~ 3) B+ (1) (29— 20)] = .
The possible points are given by

[:l: ;%31-}:(;;') ][0 a(1- 30)3i(5a-\_/0§ 6o+3a]

The only admissible value is

a(7—30)+ ax/l‘)w-(o+3cr 4

0, 3 (5 —0) (14)

which for 0<o <} varies between (0,0-72a) and (0, 0-76a). Thus the
points of greatest weakness are on the medians and are very near the centre

of the plate. For o= } the maximum value of G is found to be approximately

_1_. paz
0 .

The other stress couple H is

H=D (1-0) % (.g.;_"), | (15)
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and for y= constant, it is

H=D (1—0) % =— L2 (1—c) x [3 (4 ) — 4ap + 27,

which shews that it vanjéhes along all the mediatis.
' ‘The shearing force N is

P .
N=—D s (v:*W), (16)
and for.y= constant, it is

D 1,
N=-D g (vi)= ?1% (3x2— 3y2+ 2ay). (16-1)

This vanishes at all the angular points. For a thick plate N remains as
given in (16-1). But a term of the type in (16-1) has to be added to
H given in (15-1).

w being known, the displacements (z, v) can now be easily obtained.

Other cases of supported and clamped plates will be discussed in another
paper.
5. SuUMMARY
An exact solution is obtained for an equilateral plate supported at its
edges and bent by uniform pressure. It is found that the maximum

deflection occurs at the centre and that its value is pat|4-3’D. The points
of greatest weakness are found to be very near the centre, the maximum

value of the flexural couple G for o= % being approximately Z%) pat.
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