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ABSTRACT

In this paper the solutions to the problem of line formation in stellar atmospheres, in the third approxi-
mation, are tabulated for various values of the parameters which are involved and at close enough inter-
vals to allow interpolation.

Numerical forms of the solution for the problem of the radiative equilibrium of a planetary nebula
are also obtained.

This paper is of the nature of a supplement to two earlier papers’ of this series and pro-
vides some further information relating to the problems of the formation of absorption
lines in stellar atmospheres and the radiative equilibrium of a planetary nebula.

I. THE FORMATION OF ABSORPTION LINES; THE TABULATION OF THE
SOLUTIONS IN THE THIRD APPROXIMATION

As we have seen in papers II (§ 7) and IV, the solution to the problem of line formation
under certain “standard” circumstances and in the »th approximation depends on the
roots k., (o = 1,....,n), of the characteristic equation (II, eq. [91]) and on the solutions
of the linear equations

N L. a .-
i Sl =1 ....,
DD Ml (i=1,.ccom, (D
which determine the constants of integration Lo, (a = 1, . ..., %).

It is perhaps of some interest to note that the solution of the foregoing system of equa-
tions can be written down explicitly. Thus, in terms of the matrix

1 .
G = (G;j) =(m (2)
and the vectors
L= (L) and M= (M,) =(ﬂi_% , (3)
the system of equations which equation (1) represents is equivalent to
GL=M, (4)
of which the formal solution is
L=G'M. (5)

That we can express the solution for L in this form in terms of the inverse of the matrix
G is, of course, obvious. But what is noteworthy in our present context is that for the

1 4p.J., 100,76, 355, 1944, These papers will be referred to as “II” and “IV,” respectively.
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particular matrix (2) it is possible to write the inverse quite simply. For, considering
the determinant |G| of G, it is evident that it vanishes when any two of the u’s are set
equal; similarly, it also vanishes when any two of the k’s are set equal. Accordingly, | G|

cannot differ from
T wi—ud) [T (ka—#s) (6)

7] a® B

1

1yn

[T —nk

Ty 7

by more than a constant factor if we include in the two products in the numerator all
distinct combinations (u; — g;) and (ks — kg). (There are thus #n(n — 1)/2 terms in each
of the two products in the numerator, while there are #* terms in the product in the de-
nominator.) A simple inspection now shows that'we have, in fact,

L TT i) T Ckamto) )

1] a8

|G| =

1yn

H (1 —u.ky)

if the cyclical order among the u,’s and the %,’s is maintained.? And, since the matrix of
every minor of G is also of the same form as G itself but with fewer rows and columns, it
is apparent that the inverse of G can explicitly be written down. Thus, for the case n = 3,
we clearly have

2 For n > 3 the cyclical order has to be understood in the sense thatif 1, . . . . , and » are regarded as
the verticies of an inscribed polygon we enumerate the various sides (z, 7 + 1) and the diagonals'(z, ¢ 4 2), -
(%, 7 + 3), etc., in their cyclical orders. Thus, for » = 6 the required order is maintained in the sequence
(1,2), (2,3), 3,4, 4,5),(5,6),(6,1), (1, 3), (2,4, (3,5), (4,6), (5,1), (6, 2), (1, 4), (2, 5), and (3, 6).
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For n > 3 we have similar representations.
With G as given by equation (8), the constants Ly, Ly, and L; of the third approxi-
mation can be found according to equation (5) and are

(1—#1k1) (1—#2]31) (1_ﬂ3k1) avo
(Fi—F2) (ka—F1) [(k2+k3) —kaoks (#1+#2+I~43)+ kzk ]
(1—#1]32) (1"‘112732) (1—#3732)
(ko—Fk3) (k1—k2)
(1~M1k3) (1—'M2k-3) (1—#3k3)
(ks—Fk1) (ka—Fk3) -

Substituting the foregoing expressions for the L’s in the equation for the emergent flux
(IV, eq. [9]), we find that ~

L1=

L2=

[ oot —habs Gt + G2 kika ] ¢ (9)

L3=

[ Geitn) =ik Guibmarbiss) + 22 Rika |

. 3\ §k1k2+k2k3+k3kl
1= kikoks

kitketks
kiksk;

— (w1t pe+ps) 24 (pipe + pops+ pspuy) -l-fzﬂ(m-l-uz-l-ua (10)

kiko+kokst+ sk, )
kikok s

The roots i, ks, and k; for various values of A have already been tabulated in IV (Table
1). With these values for the 2’s, the constants L;, Ly, and L3 were determined for various
values of A and x (IV, eq. [18]). The results of the calculations are given in Table 1. In
Table 2 the computed residual intensities are given.

It may finally be noted that in the second approx1matlon the results analogous to
equations (9) and (10) are

7, (0) =§b,[1 (2 o+ pg) —

1=t C o) [ ) + 2]
(11)
=4 *uz’;z)_(;l-mkz) [1 By ) _*_c;;: kl] ’ ‘
and .
Fo0) =48 [ 1= 4B G ) o G i
(12)
+5 (b=

II. THE FIELD OF THE ULTRAVIOLET RADIATION IN A PLANETARY NEBULA

_The equation of transfer for the ultraviolet radiation beyond the head of the Lyman
seriés consistent with Zanstra’s theory of the hydrogen-line emission in planetary nebu-
lae has been considered in II, and the solution found in the form (II, eq. [83])

L_ae-l-ka‘r W
L: _SS‘ %1+mka+ 1 —mkag
F pSe—(n 1 G=+1,....,+n),» (13)
4(1—p) <1_~p "—)
\ ;1—;;? -
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where Liq, (a = 1,....,n), are 2xn constants of integration, where ko, (o = 1, .. .., n),
are the » positive roots of the equation,

n a'
1=9 —_— (14)
;1—#?’@2

and where the rest of the symbols have the same meanings as in paper II.
The boundary conditions which determine the constants of integrations are (cf. II,
egs. [84] and [85]). :

Ii=I—7; at =7 for i=1,....,n (15)

and
I_,=0 at r=0 fori=1,....,m. (16)

TABLE 2
VALUES OF THE RESIDUAL INTENSITY GIVEN BY THE THIRD APPROXIMATION
x
A

0.1 {0.125] 0.15 | 1/6 | 0.175] 0.20 | 0.225 | 0.25 | 0.275 | 0.3 |0.325| 1/3 | 0.35
0.05........ 0.1722] 0.1876| 0.2012] 0.2093] 0.2132| 0.2238| 0.2333| 0.2419] 0.2496| 0.2567| 0.2631| 0.2651} 0.2690
0.10........ 0.2544| 0.2724| 0.2882| 0.2977| 0.3021| 0.3145| 0.3255| 0.3355| 0.3445| 0.3526] 0.3601| 0.3625| 0.3670
0.20........ 0.3794| 0.3983| 0.4148| 0.4248| 0.4294| 0.4424| 0.4540| 0.4645| 0.4739| 0.4825| 0.4904] 0.4928| 0.4976
0.30........ 0.4815| 0.4995| 0.5152| 0.5246| 0.5290| 0.5413| 0.5523| 0.5622| 0.5712| 0.5794| 0.5868| 0.5891| 0.5936
0.40........ 0.5717] 0.5879| 0.6021| 0.6106| 0.6146| 0.6257| 0.6356| 0.6446| 0.6526| 0.6600| 0.6667| 0.6688| 0.6729
0.50........] 0.6542| 0.6683| 0.6%05| 0.6879| 0.6914| 0.7010| 0.7096| 0.7174| 0.7244| 0.7307| 0.7366| 0.7384| 0.7419
0.60........ 0.7313] 0.7429| 0.7531] 0.7592| 0.7621| 0.7701| 0.7772| 0.7836| 0.7894| 0.7947| 0.7996| 0.8011] 0.8040
0.70........ 0.8042| 0.8133| 0.8213| 0.8260| 0.8283| 0.8345| 0.8401| 0.8451| 0.8496| 0.8538| 0.8575| 0.8587| 0.8610
0.80........| 0.8739| 0.8803| 0.8860| 0.8893| 0.8909( 0.8953| 0.8993] 0.9028| 0.9060| 0.9090| 0.9116| 0.9125| 0.9141
0.90........ 0.9409| 0.9446/ 0.9479| -0.9498| 0.9507( 0.9533| 0.9556| 0.9576| 0.9595| 0.9611| 0.9627| 0.9632| 0.9641
0.95........ 0.9736| 0.9759| 0.9779| 0.9791| 0.9797| 0.9813| 0.9828| 0.9841| 0.9852| 0.9863| 0.9872| 0.9876| 0.9881
1.00........ 1.0057| 1.0066| 1.0075| 1.0030| 1.0082| 1.0088| 1.0094| 1.0100{ 1.0104| 1.0109| 1.0112| 1.0114| 1.0116

With the solution for the I,’s given by equation (13), these conditions require that

;-: 1 k 2k2(L af —kgr, —L g+ka.T1) = p (’1:=1. e n) (17)
=1 n '
| 4(1_“3)<1“1’Z‘1{J_ﬂé>
i=1 i
and
z La L_o, _ pe—n .
;(l—pika+l+”ikd)__ ) G=1......%n).(18)

4 (144,) (1—1)21—3%)

The field of the diffuse ultraviolet radiation in the planetary nebula is best described
in terms of its net flux, proportional to F, and its density, proportional to J. In our pres-
‘ ent scheme of approximation

F= 220.[#7;[5 and J = %Edili : 019)
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TABLE 3

THE FIELD OF THE DIFFUSE ULTRAVIOLET RADIATION IN A
PLANETARY NEBULA (p=0.5 AND 7;=1)

T F/S J/s T F/S J/s
0., . 0.1122 0.0533 0.625............ 0.0621 0.1156
0.125............ .1031 .0692 0.750. ........... .0463 .1236
0.250............ .0944 .0829 0.875. ........... .0261 .1293
0.375. . .......... .0852 .0951 1.000............ 0.0000 0.1315
0.500............ 0.0747 0.1060

TABLE 4
THE FIELD OF THE DIFFUSE ULTRAVIOLET RADIATION IN A
PLANETARY NEBULA (p=0.5 AND 7;=2)

T F/S J/S - . T F/S J/S
0. ... ... 0.0677 0.0295 1.000............ 0.0713 0.0905
0.125............ .0671 .0377 1.250............ .0684 .1072
0.250............ .0673 .0452 1.500............ .0592 1241
0.375............ .0679 .0525 1.750............ .0389 .1388
0.500:........... .0689 .0598 1.875............ .0225 .1436
0.750. ........... 0.0707 0.0746 2.000............ 0.0000 0.1459
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or, substituting for I, according to equation (13), we find, after some minor reductions,
that

n a R
1 ' T 21 1 —JN?
o
—_ P P k_ Lue—kaT+L—ae+k°’T) —PSe_(Tl_T) (20)
a=1 n a;
1—p 7
HTm
and

n a'

J=S%E (Lae~ar+ Lge+har) +3pSe—m=r — — @b
a=1

n a’
1—p _r
2T

As an illustration of the foregoing solutlons we shall consider the case p = } and as-
sume for 7; the values 1 and 2. For p = 1 the characterlstlc roots are (cf. IV, Table 1, the
entry for A = })

ky=3.69160 , ky=0.964672, and k;=1.34962 . (22)

For m; = 1, respectively 2, it was found that
71=1; =2,
L= —0.0071701; L,= —0.0030984 ,
Ly= —0.0072975; Ly= —0.0031239
Ly= —0.0047223; L;= —0.00202635 , (23)

w
il

—0.00025276; L_;= —0.00000619
Lo=+40.310465;  L_,=+0.118659,
L_;= —0.014003; L ;= —0.0035584 .

With these values for the constants, F and J were computed according to equations (20)
and (21) for various values of 7 (< ;). The results of the calculations are summarized
in Tables 3 and 4, and the solutions for the case r; = 2 are illustrated in Figures 1 and 2.
In these figures we have further compared our present solutions on the third approxima-
tion (full-line curves) with those given earlier by Chandrasekhar® on the Milne-Edding-
ton type of approximation (dashed-line curves).

3Zs.f. 4p.,9,266,1935.
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