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The construction of jya table (or Indian sine table) was given great importance
by Indian astronomers from fourth century A.D. onwards as it was
required to calculate the planetary positions as accurately as possible, Tech-
nique of constructing the table has been described here as their probable
method of computation. Greek Ptolemy (A.D. 150) gave previously similar
sine table. This was further developed into tangent and co-tangent tables by
the Arabs. The paper also contains a discussion on the priority or otherwise
of the Indian and Greek origin of the sine table.

The construction of the jya (B sine table) or the calculation of the values
of the jyas of different arcs in a quadrant was given great importance by
Indian astronomers as it was required to calculate the planetary positions
as accurately as possible. For this the circumference of each quarter of a
circle was divided into 24 equal parts, each covering 225 lipias! or kalds
(=3° 45’) of the circumference. The value of this unit jya and of its multiple
up to 24 are given by many Indian astronomers. The scholars like Delambre,2
Burgess,? Singh,4 Naraharayya® and Ayyangar® have shown that the table
was probably computed from a rule derived geometrically as given in the
Saryasiddhanta and Aryabhatiya. Gupta? has shown that Bhaskara I and
succeeding scholars, namely Brahmagupta (A.D. 628), Vatedvara (A.D. 904),
Bhaskara II (A.D. 1150), Narayana (A.D. 1356) and Ganpesa Daivajfia
(A.D. 1520) followed a more elegant algebraic formula to compute the jyas.
The object of the present paper is to show that it was from the elementary
trigonometrical relations that the jya table of Vardhamihira (A.D. 505) and
later scholars can be readily computed, though it is not known what method
they followed.

Three trigonometrical functions (Fig. 1), namely jya (PM), kojy@ (OM)
and utkramajyé (MB) for a small arc PB in the first quadrant as defined by
Indian astronomers may be given with their modern equivalent as follows:

jy@ A = PM = Rsin A <
R P
kojya A = OM = R cos A A B
o M
uthramajyé A = MB = R—R cos A,
where R = OP = radius. (Fig. 1)
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The table for PM (= 3° 45’) and of its multiple up to 24 (i.e., 3° 45’ x 24
= 90°) as given by different scholars are:
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1 3045 7 517 225 225 214’ 223 225 225
2 7Ty 154 449 449’ 427 145’ 449’ 449
3 11°15 2325 671 671’ 638’ 666’ 671’ 671
4 15° 00 3 47 890 890 846’ 884’ 890’ 890’
5 18°45 38 347 1105 1105 1056 10987 1105 1105’
6 220800 45 56" 1315 1815 1251 1307 1315 1315
T 28°15 5% O 15207 15207 1446’ 1510 1520/ 15207
8  30° 00 60 0 11y 1719’ 1635 1708’ 1719 171y
9 33945 667 40" 1910 1910’ 1817’ 1898’ 1910/ 1910
10 37°30 73 3" 2093 2008’ 1991/ 2079’ 2003 2093’
11 41°15 79 77 2267 2267/ 2156/ 22527 2267 2267
12 45° O/ 84’517 2431 2431’ 2312/ 2415 2431 2431
13 48°45 90713”2585 2585’ 2458 2568 2585/ 2585/
14 520800 9513 2728 2728’ 2504/ 2709’ 2728 2798/
15 56°15 99 46” 2859 2859’ 2719 2839 28597 2859
16 60° O 103 56 2978" 2978/ 2832’ 2058/ 2977 2977
17 63°45° 107°38” 3084 3084’ 2933’ 3063 3084/ 3084
18 67°30° 110’ 53" 3177 3177 3021’ 3155’ 3177 3177
19 71°15° 118738 3256 3256" 3096 3234/ 3256/ 3256/
20 7500 115 56" 332V 3321 3159’ 3299/ 3321 3321’
21 78°45" 117748 3372 3372 3207 3347 3372 3372
22 82°30° 119 0" 3409 3409’ 3342 3386 3409’ 3409
23 86°15 11945”3431 3431/ 3263 3408’ 3431 3431’
24 90° 00 1200 17 3438’ 3438 3270 3415 3438’ 3438

It follows from above that in working out the values of the jyd table,
circles of different radii, viz. 120'1", 3438’, 3270', 3415', etc., were used by
different workers, Here as the radius was expressed in minute, the respective
Jya length was also expressed in minute. It is obvious from the definition
that jya 90° = R.

Varahamihira’s Paficasiddhantika gives the following trigonometrical
results without mentioning how they were derived :

1. vyasardhakrtidhruvasamjiika kriagmsastatal sa mesasya |

dhruvakarani mesond dvayastu rasyol padam jyah syuh||
(Paficasiddhantika, Ch. 4, v. 2)
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‘8quare of the radius (R) is to be defined as constant; the one-fourth part of that (i.e. B2) is
the square of the Aries. The square root of the two quantities—the square of the Aries and the

Aries lessened from the constant arc the jyds (of 30° and 60° respectively).’

In modern equivalents, this becomes

. .o [B2_R
jya 30 —A/_{L_——é

R2 g
7'2,‘1_ 6()0 - RZ_ - = — R

IL.  dcchamsadvigunonatribhajyayond trayasya capajya |
sastiguna sa karani tayad dhruvondvadesasyal|
(Padicasiddhantika, Ch. 4, v. 5)

and

‘Twice of any desired arc is subtracted from 90°; the jyd of the remainder is subtracted
from the radius. The square root of the result multiplied by sixty (i.e. half the radius) is the
Jya of that arc. By deducting that square (i.e. jyd2 4) from the constant (R2), the square of the
kojya (i.e. jya of the complementary arc) is obtained.’

That is,
.o R . (T
(Jya A2 = 5 [R—jya (~2— —2:’1)]

. R C o -
or (jya A)? =35 [B—kojya 247 .. .. .. oD
and Re— (jyd A2 = {jyzi (g -—A) }
or Jjyaz A+jya? (7—21, —A) = R2
or Jjya? A +kojya? 4 = R2. .. .. .. oo (2)

These two rules are equivalent to
sin? A =} (1—cos 24) and sin2 4 4 cos2 4 = 1
It might be pointed out that Varahamihira (A.D. 505), who gave these
trigonometrical formulae (1) and (2) along with the values of jyas of 30°, 60°
and 90°, apparently deduced the table directly from the formulae and the
values of jya of 60° and 90°. Somayaji® and Gupta® pointed out the possi-
bility of the application of the formulae in deducing the table but did not
explain how it could be done. The deduction of the table may be illustrated
from the following example using 4/3 = 1-732 and /2 = 1-414.

Let R — 3438’ then jya 90° = 3438’, jya@ 60° — A/ g R=2928'. From the jyi

values of 90° and 60°, the jya values of 45° and 30°, and then of the corresponding
6
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half angles, viz. 22°30’, 15°, 11° 15", 7° 30" and 3° 45’ can be gradually cal-
culated with the help of the formulae (1) and (2). The values of the jyas of
complementary angles, namely 67° 30’, 75°, 78° 30’, 86° 15’ can be calculated
by (2). The jyas of half of these angles and again complements of these
angles are calculated. By repeating the process 24 jyds at the intervals of
3° 45’ can be easily calculated. It has been verified that for other radii also,
the table gives more or less correct values. There appears to be an error in
the Paulisasiddhanta and in the Siddhanta Sekhara of Sripati with reference to
the values of the radius. It should have been 120’ and 3416’ instead of 120’ 1”
and 3415’ respectively.

Bhéskara 110 (A.D. 1150) gave the following two formulae in addition to
the values for jya of 30°, 45°, 60° and 90°.

Jyaz A-+kojya: A = R2?

Jgya AJ2 = § (jya? A-+utkramajya? A)}. . o (3)
The formula (3) follows from (2) if we substitute 4 for 24. Hence it will not
be far from truth to state that Varahamihira (c. A.D. 505) and possibly other
scholars of his time prepared their jya table using these formulae and the values
of the jyds mentioned above. How the trigonometrical formulae and the
value of jyi@ 60° and 30° were obtained is not known. Suggestions for this

might be of particular interest and an attempt has been made in this paper to
arrive at the formulae and the values of the jya@ of 60° and 30°.

(1) jyaz A-tkojyaz A = R2.

The result follows directly if the radius is taken as the hypotenuse, the
Jya as the perpendicular and kotijya as the base of the right-angled triangle.

(2)  kojya 24 = R— 27—?’;‘:—‘3 .
From definition,
K = R—U (where K = kotijya = OM, J = jya = PM
U = utkramajya = MC and B = radius) (Fig. 2).
Now,
K2 =R2--2RU-+U2

or R2_K2 = 2RU—-U?2

or J2 = 2RU—-U?

74U _RU
4 2

or

6B
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or

\/PIEL MC? A/RxMC’

2 2

or PC _ A/ RxMC

2 2

| R x utkramajya A
or jyas = 3 7Y

R .
or 2 jya? 5= R xutkramajya A
or 2 jyaz A = R X utkramajyd 24 (substitue 24 for 4)
or R(R—kojya 24) = 2 jyaz4
2 jyae

or kojya 24 = R— 2@ 4 .

R
In modern equivalents, it becomes,

cos 24 = 1—2 sin24.
(3) Values of sin 60°, sin 30°.

Let PC = arc of 60° i.e. / POC = 60° (Fig. 3).

Again, OP = OC = R,

The perpendicular PM is the bisector of OC.
OM = R[2

-, jya60° = PM = JgR.

(Fie. 3)
Again, PQ = jya of the arc BP = jya 30°

o] &y

or Jya 30° = PQ = OM =

Ptolemy1l (c. A.D. 150) first gave a table of chords within a circle of
diameter 120 units. The arc ranges from } degree to 180 degrees at intervals
of 1 degrees. Evidently it gives chord lengths for arcs increasing at
an interval of } degrees. By Ptolemy, the chord lengths were given in
terms of its diameter, whereas in India they were given in terms of its radius.
With the help of this, when the length of the arc is known, the corresponding
length of the chord can be calculated and vice versa. Depending on the
similarity of Greek and Indian methods, Biot!? opined that the Indian table of
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jya was derived from that of Ptolemy. Burgess!® expressed the view, ‘it is
rather difficult to calculate the sines given in the Saryasiddhinta from Ptolemy’s
table of chords’. The agreement to a fair degree is actually detected by him
by reading degrees and minutes instead of minutes and seconds in the values
given in the Paiicasiddhantika.}* Here corresponding results are shown by
considering the arcs as multiples of 3°45’ in Indian table of jyd and of
7° 30’ in Ptolemy’s table of chords as follows:

Serial JY%° .c,)f f:he Ptolemy’s Serial Jyas .?f t.he Ptolemy’s
No. Paul'l:samdd« chords No. Paulz_samdd- chords
hanta hanta
1 7° 51’ 7° 50/ 54" 13 90° 13’ 90° 13" 15”7
2 15° 407 15° 39" 47" 14 95° 13/ 95° 127 9~
3 23° 25" 23° 24’ 39” 15 99° 46/ 99° 46" 35”
4 31° 4/ 31° 330" 16 103° 56" 103° 55”7 23”
5 38° 34/ 38° 34’ 22 17 107° 38’ 107° 37" 30”
6 45° 56" 45° 557 19" 18 110° 53’ 110° 51’ 52"
7 53° 5 53° 429" 19 113° 38’ 113° 37" 54"
8 60° 0’ 60° 0’ 07 20 115° 56/ 115° 547 407
9 66° 40/ 66° 40’ 77 21 117° 43/ 117° 41’ 407
10 73° 3 73° 3 5 22 118° ¢ 118° 58’ 25”
11 79° 7 79° 718”7 23 119° 45" 119° 44 36”
12 84° 517 84° 51’ 10” 24 120° v/ 120° 07 O

From this it is seen that most of them agree to the nearest minute and a
very few of them differ by a full minute.

Khalif Abbasid Al Mansoor (A.D. 712-775) founded a great centre of
learning at Baghdad. He invited from Ujjain a scholar named Kanka at
A.D. 710 for explaining to the Arabs the Hindu system of arithmetic and
astronomy. By Khalif’s order the Brahmasphutasiddhanta that Kanka was
using, was translated by Al-Faziri into Arabic and was named Sind Hind or
Hind Sind.15 Al-Fazari’s work was in general use among the Arabs for a
long time. An abridged edition was published by Muhammed ben Musa
Al-Khowarizmi (c. A.D. 825). The latter also prepared another table based on
Indian and Persian tables as also Ptolemy’s astronomical works. Sachaul®
in the preface of Al-bernui’s India pointed out that the Arabs learnt their
astronomy from Brahmagupta’s Brakmasphutasiddhanta before they came to
know about Ptolemy. Another work, Khandakhdadyaka of Brahmagupta
was translated by the name Arkand by the Arabs. Needham!7? is of the opin-
ion that Indian work was taken over by the Arabs and by them transmitted to
Europe. It is therefore quite plausible that the first impulse of preparing a
sine table came to the Arabs either from India or from Greece. Ibn Jabir ibn
‘Sindn Al-Battani (c. A.D. 858-927) used sines and introduced concepts, from
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which the tangent and cotangent can be derived.’8 This table of Al-Battani is
undoubtedly an improvement over Indian and Greek chords. Abal-Wefa
(c. A.D. 980) computed the table of Ptolemy with much care. By fourteenth
century A.D., it was through Peurback (c. A.D. 1460) and Regiomontanus
(c. A.D. 1464) that the European scholars in general became well acquainted
with it.19
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