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1 . In tro d u c tio n

In 19 35, A lb ert E in stein , B oris P o d olsk y an d N ath an

R osen p u b lish ed a p ap er titled C̀ a n Q u an tu m -M ech an i-
cal D escrip tion of P h y sica l R ea lity B e C o n sid ered C om -
p lete?' in th e P hysical R eview , V olu m e 47 , p a ges 777 -
78 0. G en erally k n ow n as th e E P R p a p er, it h a s h ad
an en orm ou s in ° u en ce, d esp ite its sh ort len gth , o n th e
in terp retatio n a n d fu rth er an a ly sis o f q u a n tu m m ech a n -

ics. It im m ed iately led to a rep ly fro m N iels B oh r in a
p ap er w ith ex actly th e sam e title (ex cep t th at B̀ e' w a s
rep la ced b y b̀ e') in th e sa m e year, on p a ges 6 96-702 of
th e n ex t volu m e of th e sa m e jo u rn al.

T h e aim of th is article is to d escrib e th e b ack gro u n d
to an d con ten t o f th e E P R p ap er, v iew ed critica lly a n d
keep in g in m in d a rea d er w h o b egin s h er ex p loration of
th is su b ject w ith a stu d y of th is fam ou s p ap er. W e cover

b rie° y : th e d iscov ery of q u an tu m m ech a n ics an d th e
d evelo p m en t o f its trad itio n al in terp retation ; E in stein 's
u n h a p p in ess w ith th is in terp reta tion ; B o h r's C o m p le-
m en tarity P rin cip le ex p ressed in a sy m b o lic m an n er; a
resu m ¶e o f E in stein 's gen eral v iew p oin ts on th e n o tio n s

of sep arab ility an d ob jective reality ; th e stru ctu re a n d
m ain argu m en ts of th e E P R p ap er; B o h r's p oin t of v iew
an d rejoin d er; B ell's a n aly sis o f lo ca lity an d realism ;
an d an in stru ctiv e ex am p le d u e to H ard y b rin gin g ou t
sh a rp ly th e d i± cu lties w ith realism in q u a n tu m th eo ry.
W e con clu d e w ith a b rief su m m ary an d th e lesson s to

b e learn t from th is fam ou s ep iso d e in p h y sics.
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Quantum

mechanics was

discovered in three

major steps over

the space of less

than a year during

1925-26.

2 . D isc o v e ry o f Q u a n tu m M e ch a n ic s a n d D e v e l-

o p m e n t o f its In te rp re ta tio n

Q u an tu m m ech an ics w as d iscovered in th ree m a jor step s
over th e sp ace o f less th an a year d u rin g 19 25-26: H eisen -
b erg's m atrix m ech a n ics in th e su m m er of 19 25, D ira c's
m ore sy m b olic q u a n tu m m ech an ics in a u tu m n -w in ter
19 25, a n d S ch rÄo d in ger's w av e m ech a n ics in w in ter-sp rin g

19 26. In th e w o rk of H eisen b erg an d o f D irac, th e em -
p h asis w a s on th e d escrip tio n of ob serva b les o r d y n am -
ica l varia b les for q u a n tu m sy stem s, esp ecia lly th e n o n -
com m u tative n atu re of th eir m u ltip lica tion . In S ch rÄo -
d in ger's w o rk th e co n cep t of a g en era l sta te an d its d e-

scrip tion b y m ean s of a w av e fu n ctio n w as em p h asized ,
of co u rse alon g w ith a n eq u atio n o f m otio n d eterm in in g
its ev olu tio n in tim e. T h is la tter w a s th e q u an tu m m e-
ch a n ical rep la cem en t fo r N ew ton 's eq u ation of m otion
in cla ssica l m ech a n ics. In D ira c's h an d s, th e w avefu n c-

tio n co n cep t led to th e form u lation of th e fu n d am en tal
S u p erp ositio n P rin cip le o f q u an tu m m ech a n ics. In J u n e
19 26, M ax B orn p ro p o sed th e in terp retation o f th e w ave
fu n ctio n in term s o f p ro b ab ilities, som eth in g a t va ria n ce
w ith S ch rÄo d in ger's ow n in itial ex p ecta tio n s.

T h e trad itio n alin terp retation o f q u a n tu m m ech an ics em -
erged d u rin g 19 26 an d early 19 27 , in v olv in g in ten sive
d iscu ssion s a m o n g B oh r, H eisen b erg a n d P au li. B oth
H eisen b erg 's U n certa in ty P rin cip le a n d B o h r's C o m p le-

m en tarity P rin cip le resu lted from th ese d iscu ssion s. In
S ep tem b er 1 92 7, at a co n feren ce in C om o to ob serve
th e cen ten a ry of th e d ea th of A lessa n d ro V olta, B oh r
m ad e th e ¯ rst p u b lic p resen ta tio n o f h is C om p lem en ta r-
ity P rin cip le, b u t failed to com m u n icate h is id eas e® ec-

tiv ely. E in stein w a s n o t p resen t at th is con feren ce.

E in stein w as u n h ap p y w ith th e trad itio n al in terp reta -
tio n o f q u an tu m m ech an ics, a n d till th e en d o f h is life

h e w as u n w illin g to accep t it. H is in itial attitu d e w a s
th at q u a n tu m m ech a n ics w as in correct an d in tern ally
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Einstein believed that

there exist situations

in Nature which could

not be described in

the framework of

quantum mechanics.

in co n sisten t. H e b elieved h e co u ld crea te ex p erim en tal
situ ation s w h ere th e U n certain ty P rin cip les w ou ld b e v i-
olated . H e m ad e tw o im p o rtan t attem p ts to d o so. T h e

¯ rst w as at th e 5 th S o lvay C o n gress in O cto b er 19 27,
w h ere h e p ro p osed th o u gh t ex p erim en ts to sh ow h ow
th e p o sition -m o m en tu m u n certa in ty p rin cip le

¢ q ¢ p ¸ ~= 2 (1)

cou ld b e b̀ eaten '. T h e secon d w as th ree y ea rs la ter,
at th e 6 th S olvay C o n gress in O cto b er 1 93 0; th is tim e
h is p rop osed th ou gh t ex p erim en t w as to d isp rove th e
en erg y -tim e u n certa in ty relation

¢ t ¢ E & ~; (2)

k n ow n a s th e B ohr U n certain ty P rin ciple. O n b oth o c-
casion s, B oh r w as a b le to p in p oin t th e errors in th e arg u -
m en t a n d th u s rescu e th e in terp retation an d co n sisten cy
of q u a n tu m m ech a n ics.

A fter th ese ep iso d es E in stein altered h is sta n d : h e co n -
ced ed th at q u an tu m m ech an ics w a s in tern ally co n sisten t
b u t cla im ed th at it w a s in com p lete. H e b eliev ed th at
th ere ex ist situ ation s in N a tu re w h ich co u ld n ot b e d e-

scrib ed in th e fram ew o rk o f q u an tu m m ech a n ics. It w a s
th is train o f th ou g h t th at u ltim a tely led to th e 19 35 E P R
p ap er.

3 . T h e S ta n d a rd In te rp re ta tio n

A t th is p o in t it is u sefu l to recap itu la te v ery b rie° y th e
stan d ard in terp reta tio n o f q u an tu m m ech a n ics. L et S
d en ote som e p h y sical sy stem . Its q u an tu m m ech a n ical

d escrip tion in vo lv es tw o sets of m ath em atica l q u a n tities,
w ith asso ciated p h y sica l m ean in gs:

P h y sical q u a n tities o r ob servab les or d y n am ica l vari-

ab les:

(a) rep resen ted (gen era lly ) b y n on com m u tin g h erm itian
op era tors Â ; B̂ ;:::;
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(b ) (p u re) S tates - d escrib a b le b y vecto rs jÃ i; j' i;:::
in a H ilb ert sp a ce H , su b ject to th e S u p erp ositio n P rin -
cip le.

(3)

T h e o p erato rs Â ; B̂ ;::: act o n th e H ilb ert sp ace H ch a r-
acteristic of th e sy stem . G iven th a t S is in th e state jÃ i,
su p p ose an ex p erim en t is set u p to m ea su re Â . W e can
ask : In p rin cip le, w h at ca n th e resu lts o f th e m ea su re-
m en t b e? K n ow in g th at th e state is jÃ i, w h at w ill th e
resu lts b e, an d w h at is th e p rob a b ility fo r ea ch p o ssib le

resu lt?

T o an sw er th ese q u estion s, w e n eed to stu d y th e eigen -
valu es an d eigen vectors of Â . A ssu m e for sim p licity th at
th e eigen va lu es are d iscrete a n d n on d egen erate. D en ote

th em an d th e corresp on d in g eigen vecto rs b y a j an d ja j i
resp ectively. T h en w e h ave

Â ja j i = a j ja ji; a j real;

ha j ja k i = ±j k (4)

an d f ja jig form s an o rth on o rm a l b asis for H (reality of
th e eigen valu es a n d orth o go n ality a n d com p leten ess of
th e eigen v ectors a re a ssu red b y th e h erm iticity of Â ).
T h en ex p an d jÃ i in th is b asis:

jÃ i =
X
j

Ã jja ji; Ã j = ha j jÃ i;

hÃ jÃ i =
X
j

jÃ jj2 = 1 : (5)

W e a ssu m ed h ere th at jÃ i is n orm alised to u n it len gth .
T h e an sw ers to ou r q u estio n s are: th e p ossib le resu lts of
m ea su rem en t of Â are th e eig en va lu es a j. In th e (p u re)
state jÃ i, th e p ro b ab ility of o b tain in g th e resu lt a j is
jÃ j j2 . T o th is is ad d ed th e collap se p o stu late: If th e
resu lt a j is o b tain ed , th en jÃ i colla p ses to (is to b e re-
p laced b y ) ja ji, w h ich is to b e u sed for d iscu ssin g fu r-
th er ob servation s. C learly, fu rth er rep eated m ea su re-
m en ts o f Â , o n th e co llap sed state ja j i, w ill resu lt in th e
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sa m e eig en valu e a j . T h e ex p erim en tal verī ca tio n of th e
p red icted p ro b ab ilities jÃ jj2 th erefore req u ires m ak in g
m ea su rem en ts on a la rge co llection of id en tically p re-

p ared cop ies o f th e sta te jÃ i. F o r th e tim e d ep en d en t
state vector jÃ (t)i, th e eq u a tio n o f m o tio n is th e tim e-
d ep en d en t S ch rÄo d in g er eq u a tio n . T h is is to b e u sed o n ly
in b etw een m ea su rem en ts.

F or a com p o site sy stem S = A + B m a d e u p o f su b sy s-
tem s A an d B , th e sta te sp ace is th e ten so r p ro d u ct of
th e in d iv id u al sp a ces:

H A + B = H A ­ H B : (6)

W e w ill com e b ack to th is later.

4 . T h e C o m p le m e n ta rity P rin c ip le

B o h r's C om p lem en ta rity P rin cip le can n ot b e easily fo r-
m u lated w ith th e sam e p recision w ith w h ich H eisen -

b erg's U n certain ty P rin cip le is form u lated . W e g iv e h ere
a sch em atic a ccou n t of B o h r's C o m p lem en tarity P rin ci-
p le. E v ery an n o u n cem en t of an ex p erim en ta l resu lt R̀ '
m u st b e acco m p a n ied b y a statem en t o f th e ex p erim en -
tal set u p È ' th at led to it, so w e m u st alw ay s sp ea k of
an d d ea l w ith pairs (E ;R ). In tu rn , E is a co m b in ation
of th e sy stem S (in som e sta te jÃ i), an d ap p a ratu s A
or B o r ... co n stru cted o r d esign ed to m easu re an o b -
servab le Â or B̂ or ..... A itself sy m b olica lly rep resen ts
th e ap p a ratu s an d th e actu al carry in g ou t of th e ex -
p erim en t. S o w e u ltim a tely d ea l w ith trip les (S ;A ;R ),
w h ere A sp ecī es Â , an d th e sta te jÃ i is left im p licit.
In th e classical ca se w e say : w e can d elete A from th e
trip le (S ;A ;R ), a n d w e can claim a n d im ag in e th at th e
sy stem S p ossessed th e valu e R for th e p h y sical q u an tity
Â a t th e tim e o f th e m easu rem en t. W e say th at th is
is so, in d ep en d en t of th e ap p a ratu s A a n d th e act of
m ea su rem en t. S o w e can sim p ly d eal w ith p airs (S ;R ),
th e relevan t va lu es o f tim e b ein g left im p licit.
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If the experimental

arrangements

A 1 ;A 2  to measure

>:
: if th e
Â 1 ; Â 2  are mutually
exclusive, it means

that 
2

Â 1 and  

ct

Â 2  do

not commute and

cannot be measured

simultaneously.

In q u a n tu m m ech an ics, on th e oth er h an d , w e can n ot
d o so, w e ca n n ot rem ove A fro m th e d escrip tio n . In th e
la n gu a ge of B oh r, th e en tire trip le (S ;A ;R ) is a p̀ h e-

n om en on ' n o t red u cib le to a n y th in g m o re elem en ta ry.
S o w e h ave th e situ ation :

(S ;A ;R )

8>><>>:
C la ssica l: d elete A ; k eep (S ;R ); say S

h as valu e R for Â :
Q u a n tu m : ca n n ot d elete A ;

retain trip let a s a w h ole.

(7 )

T h u s: if th e ex p erim en tal arran g em en ts A 1 ;A 2 to m ea -
su re Â 1 ; Â 2 a re m u tu ally ex clu sive (for ex am p le, S tern {
G erla ch ap p a ra tu ses to m easu re th e sp in co m p on en ts
S x ;S y o f a sp in

1
2
o b ject in tw o d i® eren t d irection s),

it m ean s th at Â 1 an d Â 2 d o n ot com m u te an d ca n -
n ot b e m easu red sim u ltan eou sly. W e ca n h av e eith er
(S ;A 1 ;R 1 ) o r (S ;A 2 ;R 2 ) at a given tim e, on e p h en om -
en on or th e oth er. W e ca n n ot th in k of S p ossessin g

valu es R 1 a n d R 2 for Â 1 a n d Â 2 sim u lta n eo u sly.

F or B o h r, S w a s q u a n tu m an d A classical, a n d h e said
th e w h ole S + A w as ù n a n aly sab le'. In von N eu m an n 's
treatm en t, S ;A a n d S + A are all q u a n tu m sy stem s, so
S + A is su b ject to a S ch rÄod in ger eq u ation . B u t th en
th e colla p se ru le can n o t b e d erived fro m th e S ch ro d in ger
eq u a tio n , at lea st n o t in an y sim p le m an n er.

5 . E in ste in 's G e n e ra l V ie w p o in ts

It w as m en tion ed ea rlier th a t E in stein n ever accep ted
th e stan d a rd in terp reta tion o f q u a n tu m m ech an ics. H e

also d id n ot ag ree w ith B oh r's C o m p lem en tarity P rin ci-
p le. A b o u t th is h e said :

\O f th e ò rth o d ox ' q u an tu m th eo reticia n s w h ose p osi-

tio n I k n ow , N iels B oh r's seem s to m e to co m e n earest
to d oin g ju stice to th e (E P R ) p rob lem .... B oh r's p rin ci-
p le o f co m p lem en tarity, th e sh arp form u lation o f w h ich
I h ave b een u n a b le to ach ieve d esp ite m u ch e® ort I h ave
ex p en d ed on it".
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�Objective reality�:

physical systems

possess numerical

values for their

properties

independent of our

observations of them.

In co n trast to th e C om p lem en ta rity P rin cip le, h e b e-
lieved in ò b jective reality ': p h y sical sy stem s p ossess
n u m erica l valu es for th eir p rop erties in d ep en d en t o f ou r

ob serva tio n s of th em . H e also in sisted u p o n so m e oth er
im p ortan t id eas, even if th ey w ere n o t a lw ay s p recisely
ex p ressed . H ere are tw o of th em :

S e p a ra b ility : T h is w a s a n ecessary in g red ien t of a n y
th eory in p h y sics. T w o sy stem s S 1 a n d S 2 w h ich a re sp a -
tia lly far aw ay from ea ch oth er m u st b e ìn d ep en d en t',
th ey can n ot ìn ° u en ce' o n e a n oth er. T h ere can n o t b e
an y action a t a d ista n ce.

T h is req u irem en t is m ean in gfu l even n on relativ istica lly,
sp ecia l relativ istic lo cality is m ore p recise an d re¯ n ed .

R ea l sta te o f a sy ste m : th is is in d icated o n ly q u a li-
tatively : it is n o t so m eth in g

\... im m ed iately a ccessib le to ex p erien ce, a n d its ap p li-
catio n is alw ay s h y p o th etical (co m p a rab le to th e n otion

of fo rce in classical m ech an ics, if on e d o esn 't ¯ x a priori
th e law of m o tion )".

It is d em an d ed th a t th e real state o f a sy stem S 2 b e

in d ep en d en t o f a sp a tially sep arated sy stem S 1 . A w ell-
k n ow n an d o ften q u oted sta tem en t o f E in stein , am ou n t-
in g to w h a t is term ed È in stein lo ca lity ', is:

\B u t o n on e su p p o sitio n w e sh o u ld , in m y op in ion , a b -
so lu tely h old fast: th e real factu al situ atio n of th e sy s-
tem S 2 is in d ep en d en t o f w h at is d o n e w ith th e sy stem
S 1 w h ich is sp atially sep a rated from th e form er".

It is tim e n ow to see w h at E P R attem p ted in th eir h is-
toric p ap er.

6 . T h e E P R P a p e r

T h e aim w as to sh ow th at q u a n tu m m ech a n ics w a s in -
com p lete. S in ce w e w ish to p resen t th eir w o rk in a
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critica l m a n n er (to h op efu lly o rien t an d assist an y read er
of th eir p ap er), va riou s key w ord s w ill b e u n d erlin ed for
em p h a sis. T o ach ieve th eir ob jective, th ey in tro d u ced

th ree n otion s or con cep ts, follow ed b y tw o statem en ts
ab ou t th em . T h e con cep ts a re

(a ) a com p lete th eory ;

(b) elem en ts of p h y sical rea lity (or ep r);

(c) co u n terp a rt of ep r in p h y sica l th eo ry : (8)

N o n e of th ese con cep ts is d e¯ n ed com p reh en sively w ith
fu ll m ean in g, b ecau se accord in g to E P R , th at m u ch is
n ot n eed ed . N ex t co m e th e tw o statem en ts in vo lv in g

th ese co n cep ts:

(1) A n ecessa ry con d ition for a th eo ry to b e co m p lete is
th at ev ery ep r m u st h av e a cou n terp art in th e th eory.

T h u s, a s stated a b ov e, n o su ± cien t co n d ition s fo r com -
p leten ess are g iv en or attem p ted . W h at ab o u t ep r's
w h ich p lay a ro le in statem en t (1)? O n ly a su ± cien t
con d itio n w h ich can h elp u s recog n ise so m e o f th em is

given :

\T h e ep r's can n ot b e d eterm in ed b y a priori p h iloso p h -
ica l co n sid era tio n s, b u t m u st b e fou n d b y a n a p p eal to

resu lts of ex p erim en ts an d m ea su rem en ts".

T h e su ± cien t con d itio n con stitu tes sta tem en t (2):

(2) S u ± cien t co n d ition to id en tify an ep r: \If, w ith ou t
in an y w ay d istu rb in g a sy stem , w e can p red ict w ith
certa in ty (...) th e valu e of a p h y sical q u an tity, th en th ere
ex ists an ep r corresp on d in g to th is p h y sica l q u a n tity " .

S o th e sch em e of id ea s can b e d ep icted th u s:

(a) C om p lete th eory

N o fu ll d e¯ n itio n ,
on ly a n ecessary
C on d ition (1 ) in vo lv in g

all ep r's

(b ) ep r's

N o g en era l d e¯ n itio n ,
o n ly a su ± cien t
C o n d ition (2 ) to id en tify

so m e o f th em
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(c) C ou n terp art

of ep r in th eo ry

N o p recise m ean in g,
sim p ly left to b e in ferred

It seem s rea son a b le to in fer th a t èp r' an d c̀o u n terp a rt'
tog eth er m ea n th e a ssign m en t o f a d e¯ n ite n u m erical
valu e to th e con cern ed p h y sica l q u an tity, u n d er sp eci-

¯ ed circu m sta n ces. T h e strategy n ow is th e follow in g:
C o m e u p w ith a situ atio n in q u an tu m m ech an ics, so m e
sy stem S in som e state jÃ i, su ch th a t u sin g th e su ± -
cien t co n d ition (2) som e ep r's ca n b e fo u n d ; th en sh ow
th at accord in g to q u an tu m m ech an ics th ey can n ot all

h ave cou n terp arts in th e q u an tu m d escrip tion , i.e., co n -
d ition (1 ) is n o t satis¯ ed ; th u s con clu d e th a t q u a n tu m
m ech an ics is in co m p lete.

T h e E P R p ap er d ealt w ith p osition an d m om en tu m eig en -

states for tw o p a rticles m ov in g in on e d im en sio n . S in ce
th ese are n ot n orm alisa b le states, in an eq u ally g o o d ver-
sion B oh m con sid ered a tota lsy stem S = A + B , w h ere A
an d B are tw o sp in 12 p a rticles m ov in g in p h y sica l sp ace.
T h ey are su p p osed to b e in itia lly close to geth er, th en

m ove far a p art in su ch a w ay th a t th e to tal sp in w ave
fu n ctio n is u n ch an ged . T h e sp in w ave fu n ctio n jÃ i is
ch o sen to b e th e sin g let sta te w h ich is in varian t u n d er
all sp a tia l rota tio n s, an d can th erefore b e w ritten in (in -
¯ n itely ) m an y eq u ivalen t w ay s. W e ch o ose th e fo llow in g

tw o ex p ressio n s:

jÃ i =
1p
2
f jz ;+ ijz ;¡ i ¡ jz ;¡ ijz ;+ ig

=
1p
2
f jx ;+ ijx ;¡ i ¡ jx ;¡ ijx ;+ ig : (9)

H ere, in each term o n th e rig h t h a n d sid e, th e ¯ rst fac-
tor is th e sta te of A a n d th e seco n d fa cto r th at of B ; for
eith er p article, jz ;§ i are eigen sta tes o f S z w ith eigen val-
u es § 1= 2 ;jx ;§ i a re eig en states of S x w ith eig en valu es
§ 1= 2 . T h e situ a tion ca n b e d ep icted as fo llow s:
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£ Ã ¡ ° ¡ ! £
A jÃ i fo rm ed h ere B

(1 0)

N ow , in e® ect, E P R argu e as follow s: If w e w ish , w e can
m ea su re S

(A )
z ; th e p o ssib le resu lts are § 1= 2; a fter th e

m ea su rem en t th e w ave fu n ction co llap ses to jz ;§ ijz ;¨ i;
th u s ẁ ith ou t d istu rb in g B ' w e can in fer th at S

(B )
z h a s

valu e ¨ 1= 2 ; th erefore S (B )z = ¨ 1= 2 is a n ep r. O n th e
oth er h an d , if w e w ish , w e can sta rt b y m easu rin g S

(A )
x ,

gettin g th e resu lt § 1 = 2 ; a n d th en follow in g a p ara llel
lin e o f reason in g, w e co n clu d e th at S

(B )
x = ¨ 1 = 2 is an

ep r. B y lo ca lity, th e r̀eal state' of B sh ou ld b e u n a f-

fected b y w h at is m easu red at A . A t A w e can ch o ose
w h a t to m ea su re, eith er S

(A )
z or S

(A )
x b u t n ot b o th . S in ce

w e h ave sh ow n th e ex isten ce of tw o ep r's fo r B , b oth
S
(B )
z a n d S

(B )
x sh ou ld h ave h a d d e¯ n ite va lu es alrea d y.

A s th ey d o n ot com m u te, q u a n tu m m ech an ics can n ot

accou n t fo r th is. T h erefore q u a n tu m m ech a n ics is in -
com p lete.

O n e sees fro m th e E P R argu m en t th at for à n ep r to h ave

a cou n terp art in th e th eo ry ' m ean s f̀or th e co n cern ed
p h y sical q u a n tity to h av e a d e¯ n ite n u m erica l va lu e',
ie., for th e sta te to b e th e releva n t eigen state of th e
op era tor.

T h e ex p ressio n for jÃ i in eq u ation (9 ) can n ot b e w ritten
in th e p ro d u ct form j' iA jÂ iB , fo r a n y ch o ices of j' i a n d
jÂ i. S u ch states a re said to b e en tan gled .
L a ter a cco u n ts say th at th e E P R p a p er w as d ra fted b y
P o d olsk y an d n ot seen b y E in stein in its ¯ n a l form . (F or
ex a m p le, as a ru le E in stein alw ay s sp ok e of th e p̀ si-
fu n ctio n ', n ever o f th e w avefu n ction !) H e felt h is v iew s
w ere n ot w ell p resen ted . H ere is h is v ersion o f th e in com -

p leten ess a rgu m en t. A s w e saw ea rlier, o n e of h is b a sic
req u irem en ts w as th at th e r̀eal state' o f B sh ou ld b e
in d ep en d en t o f th e sp a tially sep arated A . T h en : q u a n -
tu m m ech a n ics w ou ld b e co m p lete if a n d on ly if th ere
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Quantum mechanics

would be complete if

and only if there is a

one-to-one

correspondence

between real states

and wavefunctions.

is a o n e-to-on e corresp on d en ce b etw een real sta tes o f B

an d w avefu n ctio n s Ã B for B (u p to ov era ll p h ases, a n d
lim itin g ou rselves to p u re states). F o r th e com p o site sy s-

tem S = A + B w ith sp atially sep a rated p arts A an d B ,
su p p ose th e ov era ll w avefu n ctio n Ã A B is n ot a p ro d u ct
b u t is en tan g led . T h en th e w avefu n ctio n w e ascrib e to B

after a m ea su rem en t on A follow ed b y colla p se d ep en d s
on w h at is m easu red on A . S ch em atically :

Ã A B for S = A + B8>>>>>>>><>>>>>>>>:

m ea su re so m eth in g o n A ;

u se colla p se, get Ã B fo r B

assu m e in com p atib le

m ea su re so m eth in g else on A ;

u se colla p se, get Ã 0B fo r B

9>>>>>>>>=>>>>>>>>;
B is n ot d istu rb ed

(11 )

>: >;
T h e r̀eal sta te' of B is th u s n ot rep resen ted b y a u n iq u e
w avefu n ctio n , in d ep en d en t of o p eration s o n A . T h e
w avefu n ctio n for B , fo u n d v ia colla p se, d ep en d s on w h at
is m ea su red o n A w h ich is far aw ay. T h is n o n u n iq u en ess
of th e w av efu n ction assig n ed to B sh ow s th a t q u a n tu m

m ech an ics is in com p lete. In e® ect, E in stein b elieved
th at, b ein g sp a tia lly sep ara ted , A an d B h ave th eir re-
sp ectiv e in d iv id u a l r̀ea l sta tes', w h ich to geth er d eter-
m in e th e sta te of S = A + B .

F or clarity let u s rep eat th e tw o form s o f th e in com p lete-
n ess a rgu m en t:

E P R paper: w e show the existen ce of tw o epr's for B
but n o Ã B in quan tum m echan ics can accom m odate both
of them .

E in stein's version : B has on e r̀eal state', but quan tum
m echan ics does n ot give us a u n iqu e Ã B to represen t it.

(1 2)
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C lea rly, b o th fo rm s in v olve m ak in g tw o m u tu ally in com -
p atib le m easu rem en ts on A . O n th is asp ect, E P R ad m it:

\... o n e w o u ld n ot arrive at o u r con clu sio n if o n e in sisted
th at tw o o r m o re p h y sical q u a n tities ca n b e regard ed a s
sim u ltan eou s elem en ts of rea lity o n ly w h en th ey ca n b e
sim u ltan eou sly m ea su red or p red icted " .

C lea rly th ey d o n ot req u ire th is stron g er con d itio n w h ile
id en tify in g tw o ep r's fo r B { th ey im ag in e tw o m u tu ally
in co m p a tib le ex p erim en ts b ein g carried ou t on A , o n ly
on e of w h ich can actu ally b e carried o u t a t a given tim e.

T h ey h ow ever say : if o n e a d op ted th e ab ove stro n ger
con d itio n , o n ly on e ep r ca n b e id en tī ed for B , b u t it
d ep en d s on w h at is m easu red a t A w h ich is far aw ay,
an d th is is u n rea son ab le: \N o rea son ab le d e¯ n ition of
reality co u ld b e ex p ected to p erm it th is" .

S o th e tw o o p tio n s, b o th of w h ich th ey ¯ n d u n a ccep t-
ab le, a re th ese:

W eaker: C on sid er tw o m u tu ally ex clu sive m ea su rem en ts
on A ; im a gin in g eith er on e or th e oth er b ein g carried ou t
at so m e tim e, cla im to h ave fou n d tw o ep r's for B ; b oth
sh o u ld h av e cou n terp arts in a com p lete th eo ry ; q u a n tu m
m ech an ics h as n o su ch sim u lta n eou s eigen states, so it is

in co m p lete.

S tron g er: S in ce th e tw o m easu rem en ts con tem p lated on
A a re in co m p a tib le, w e can carry ou t on ly o n e o r th e

oth er, th en in fer th e ex isten ce o f a corresp on d in g ep r
for B . B u t B is far aw ay from A , so a n ep r for it can n ot
d ep en d on w h at is m easu red at A . It is u n reaso n ab le to
p erm it su ch d ep en d en ce.

7 . B o h r's R e sp o n se

A s w e m en tion ed in S ection 1 , B oh r's resp on se w a s co n -
tain ed in a p a p er in th e very n ex t vo lu m e o f th e P hysical
R eview in th e sam e year, 193 5, a s E P R . A ccord in g to
P ais,
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�(Bohr) did not

believe that the

EPR paper called

for any change in

the interpretation

of quantum

mechanics��.

� Pais

Quantum correlations

are distance

independent.

\(B oh r) d id n ot b eliev e th a t th e E P R p a p er called for
an y ch an g e in th e in terp reta tio n o f q u an tu m m ech a n -
ics" .

B o h r's p ap er is n ot easy read in g ; h ere is an attem p t to
con vey w h at h e p ro b ab ly h ad in m in d . C o n sisten t w ith
P ais' statem en t q u oted a b ov e, w e say : If S = A + B
is in an en tan g led (ie. n o n p ro d u ct) sta te, th ere are n o

m u tu a lly in d ep en d en t (p u re) states for A an d B even
if th ey are sp atially far a p art; sep ara b ility of sta te w ith
resp ect to su b sy stem s d o es n ot h o ld in q u an tu m m e-
ch a n ics. L arge sp atial sep aration o f A an d B m ay im -
p ly a b sen ce o f p h y sical in teractio n b etw een th em , b u t it

d o es n ot im p ly ex isten ce of in d ep en d en t p u re sta tes for
A a n d B . W h en Ã A B is en tan g led , th e p u re sta te o b -
tain ed fo r B v ia collap se a fter a m ea su rem en t on A d o es
d ep en d o n w h a t is m easu red o n A , an d is to b e u sed
for m a k in g p red iction s ab ou t an y (later) m ea su rem en ts

m ad e on B .

T h u s q u an tu m correla tion s b etw een A an d B in a n en -
tan g led sta te Ã A B a re d ista n ce in d ep en d en t. T h is m ea n s

th at q u an tu m m ech a n ics is n on lo ca l at th e w ave fu n c-
tio n level. A s p a rts of a total S = A + B , A an d B d o n ot
alw ay s p̀ ossess' in d ep en d en t in d iv id u al w av efu n ction s.
N ev erth eless th ese correlation s can n ot b e u sed to sen d
m essages. A k n ow s th e resu ltin g sta te o f B at th e en d
of h is m easu rem en t, b u t n ot B . In o th er w ord s, even

th ou g h th e resu lt o f a m easu rem en t at A p lu s w avefu n c-
tio n collap se allow s u s to p red ict a certa in m easu rem en t
resu lt at B w ith certa in ty, th e form er is u n certain a n d
gov ern ed b y p ro b ab ilities; th a t u n certain ty th en rem ain s
for a n y p red ictio n con cern in g B .

S tatistica lly sp ea k in g , q u a n tu m m ech a n ics d o es ob ey lo -
cality, in th e follow in g p recise sen se. F or an y ob serva b le
B̂ o f B , w h eth er w e m ak e so m e m ea su rem en t on A (a n d

retain all resu lts) o r n o t, th e ex p ectation valu e is th e
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sa m e, n am ely :

hB̂ ijÃ A B i = T rB (B̂ ½̂ B );

½̂ B = T rA jÃ A B ihÃ A B j: (1 3)

H ere T rA is to b e read as p a rtia l trace w ith resp ect to th e
su b sy stem A , w h ich a m o u n ts to ìgn orin g' A o r treatin g
all states o f A on eq u al fo otin g.

O n e is tem p ted to ask th e q u estio n : w h ere d id E P R
g̀ o w ro n g'? W h y d o es q u a n tu m m ech an ics n ot a b id e
b y th eir ìn n o cen t lo ok in g' co n d ition s? T h e an sw er is
th at th ose con d itio n s a re n ot really so in n o cen t! B oh m
su g gests th at in ad d itio n to th eir tw o statem en ts (1 ), (2)
in S ection 6 , th ey m a d e tw o m o re im p licit assu m p tion s:

(3) T h e w orld can b e correctly an aly sed in term s of d is-
tin ct a n d sep a rately ex istin g ep r's;

(4) E very o n e of th ese ep r's m u st b e a cou n terp art of a
p recisely d e¯ n ed m ath em a tical q u an tity ap p ea rin g in a
com p lete th eory.

H ere w e see th e w ord c̀ou n terp art' ag ain ! P resu m a b ly
th e m ea n in g o f (4) is th at if w e h ave a n ep r, th en so m e
variab le in th e th eory m u st h ave a co rresp on d in g n u m er-
ica l va lu e. O f cou rse, a s B oh m say s, q u an tu m m ech an ics
d o es n o t ab id e b y (3 ) a n d (4); it d o es n ot allow u s to

w ork w h o lly w ith a set of d y n am ica l va ria b les a lw ay s
p o ssessin g d e¯ n ite n u m erica l valu es.

O n e ca n ev en ta ke th e fo llow in g attitu d e: g iv en th e sin -

glet state jÃ i of eq u ation (9 ) for th e p a ir o f sp in 1= 2 p a r-
ticles A + B , n o sin gle u n am b ig u ou s ep r h as b een sh ow n
to ex ist for B . F ro m th is p o in t o f v iew , E in stein 's v iew
d escrib ed in S ectio n 6 seem s p referab le as a criticism of
q u an tu m m ech an ics.

O n e is ¯ n ally left w ith th e feelin g th a t E P R 's criticism
red u ces to th eir n o t lik in g q u a n tu m m ech a n ics, a s it
d o es n ot agree w ith th eir p reju d ices ab ou t a n y th eo ry.
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The inescapable

conclusion is that

quantum

mechanics violates

local realism.

8 . B e ll's A n a ly sis

W e saw in S ectio n 5 th at E in stein in sisted u p on b o th lo -
cality a n d ob jective rea lity as g en era l req u irem en ts for
an y p h y sical th eo ry. T h eir co m b in ation is ca lled l̀o -
cal rea lism ', a n d it w as an a ly sed in p recise fa sh ion b y
J oh n B ell. H e fou n d an in eq u ality w h ich an y lo cal re-
alist th eo ry sh ou ld ob ey, b u t w h ich q u an tu m m ech an ics

d o es n ot. T h e in escap ab le co n clu sion is th at q u a n tu m
m ech an ics v io lates lo cal rea lism .

H ere is B ell's argu m en t, referrin g aga in to th e tw o sp in

1/ 2 sy stem A + B , assu m ed to b e in th e sin glet state
jÃ i o f eq u ation (9). Q u an tu m m ech a n ics d o es n ot al-
low u s to im ag in e th a t a n y sp in com p on en t o f A (or of
B ) h a s a d e¯ n ite va lu e, in th e a b sen ce of som e m ea -
su rem en t. Im a gin e n ow th a t q u an tu m m ech an ics can

b e ex ten d ed to, or em b ed d ed w ith in , som e m o re en com -
p assin g th eo ry in v olv in g som e h id d en varia b les ¸ . If ¸
w ere k n ow n , w e su p p ose th at w e cou ld th en say : fo r a n y
th ree-d im en sio n al u n it vectors a a n d b:

a ¢ ¾ (A ) h as th e n u m erical va lu e A (a ;¸ ) = § 1;
b ¢ ¾ (B ) h as th e n u m erical valu e B (b;¸ ) = § 1:(1 4)

R ea lism is ex p ressed b y th e p ossib ility o f assig n in g d ef-
in ite n u m erical va lu es A (a ;¸ );B (b;¸ ) to a ¢¾ (A );b ¢¾ (B )
(for all ch o ices o f a ;b) if ¸ w ere k n ow n . L o cality is
ex p ressed b y th e b-in d ep en d en ce of A (a ;¸ ) a n d th e a -

in d ep en d en ce of B (b;¸ ).

L et ½ (¸ ) b e th e p rob a b ility d istrib u tio n o f ¸ , p o ssib ly
d ep en d en t on jÃ i.
T h en th e correla tio n b etw een com p on en ts of A -sp in a n d
B -sp in in gen eral d irectio n s is

P (a ;b) =

Z
d ¸ ½ (¸ ) A (a ;¸ ) B (b;¸ ): (1 5)

T ak e fo u r d irection s a ;a0; b; b0 to get tw o p relim in ary
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Many experiments

over the years, with

increasing precision,

have shown violation

of local realist

inequalities, and in

agreement with

quantum mechanics.

Nature does not

respect local realism!

in eq u alities:

jP (a ;b) ¡ P (a ;b0)j =
j
Z
d ¸ ½ (¸ ) A (a ;¸ )(B (b;¸ ) ¡ B (b0;¸ ))j

·
Z
d ¸ ½ (¸ )jB (b;¸ ) ¡ B (b0;¸ )j;

jP (a 0;b) + P (a 0;b0)j =
j
Z
d ¸ ½ (¸ ) A (a0;¸ )(B (b;¸ ) + B (b0;¸ ))j

·
Z
d ¸ ½ (¸ ) jB (b;¸ ) + B (b0;¸ )j: (1 6)

A d d in g th ese gives th e B ell in eq u ality :

jP (a ;b) ¡ P (a ;b0)j + jP (a0;b) + P (a 0;b0j ·
Z
d ¸ ½ (¸ )£

f jB (b;¸ ) ¡ B (b0;¸ )j + jB (b;¸ ) + B (b0;¸ )jg = 2; (1 7)
th e ¯ n a l resu lt fo llow in g fro m th e fact th at if o n e term
w ith in th e cu rly b ra ckets is 0 th e o th er is 2 an d co n -
versely. T h u s lo ca l realism im p lem en ted v ia h id d en vari-

ab les en ta ils

jP (a ;b) ¡ P (a ;b0)j + jP (a0;b) + P (a0;b0)j · 2 : (1 8)

N ow in th e sin glet sta te (9) q u an tu m m ech a n ics gives
th e valu e

P Q M (a ;b) = ¡ a ¢ b (1 9)

W e ch o ose a ;b;a0;b0 to b e co p la n ar w ith b m ak in g an
an g le ¼ = 4 w ith a ;a 0 a fu rth er ¼ = 4 w ith b (a n d so ¼ = 2
w ith a ), an d b0 an oth er ¼ = 4 w ith a 0 (a n d so 3 ¼ = 4;¼ = 2
w ith a ;b resp ectively ). T h en th e left h an d sid e of (1 8)
is 2
p
2, in v io la tion of th a t in eq u a lity.

M an y ex p erim en ts ov er th e years, w ith in creasin g p reci-
sion , h ave sh ow n v iolation of su ch lo cal realist in eq u a li-
ties, an d in ag reem en t w ith q u an tu m m ech a n ics. N atu re
d o es n ot resp ect lo cal rea lism !
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9 . T h e H a rd y S ta te

E ven rea lism is u n ten a b le in q u a n tu m m ech an ics! W e
k n ow th is alread y from th e d iscu ssio n o f S ection 7, b u t
h ere is an o th er strik in g illu stra tio n , d u e to L u cien H a rd y.
W e con sid er a ga in a p air A + B of sp in 1= 2 p articles. F or
each , w e con tem p late m ea su rem en ts of o n e of tw o n o n -
com m u tin g variab les, ¾ x an d ¾ z . W e search fo r a p u re

state jÃ i o b ey in g th ree co n d ition s:
(i) If m easu rem en t o f ¾ (A )z y ield s + 1 ;

it m u st th en y ield ¾ (B )z = + 1 ;

(ii) If m easu rem en t o f ¾ (B )z y ield s + 1 ;

it m u st th en y ield ¾ (A )x = + 1;

(iii) If m easu rem en t o f ¾ (A )x y ield s + 1 ;

it m u st th en y ield ¾ (B )x = + 1 ;

(2 0)

In a n ob v io u s n ota tio n , th ese th ree con d itio n s lea d to
th e follow in g th ree ex p ression s for jÃ i:

jÃ i = N 1 (jz + ijz + i + jz ¡ ij® i)
= N 2 (jx + ijz + i + j̄ ijz ¡ i)
= N 3 (jx + ijx + i + jx ¡ ij° i): (2 1)

In ea ch term , th e ¯ rst/secon d fa cto r is an A state/B
state; jz § i are ¾ z eig en states; jx § i are ¾ x eig en states,

jx § i = 1p
2
(jz + i § jz ¡ i); (2 2)

N 's are n o rm a lizatio n factors; j® i;j° i are so m e B -sta tes,
an d j̄ i is som e A -state. S im p le algeb ra th en gives:

j® i = jz + i + 2jz ¡ i;
j̄ i =

p
2jz ¡ i;

j° i = ¡ 1p
2
jz ¡ i;

N 1 =
1p
6
;N 2 =

1p
3
; N 3 =

r
2

3
: (2 3)
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W e h ave a s a con seq u en ce:

f hz + jhx ¡ jg jÃ i = 1

2
p
3
: (2 4)

C lassical rea lism w ou ld m ean , o n th e b a sis of (2 0): if

¾
(A )
z d e¯ n itely h as th e valu e + 1, th en ¾

(B )
z d e¯ n itely h a s

valu e + 1 , th en ¾
(A )
x h as d e¯ n itely th e va lu e + 1, th en

¾
(B )
x also d e¯ n itely h a s valu e + 1 . B u t from q u a n tu m

m ech an ics w e see th at eq u a tio n (24) say s th at th ere is

an 8 .3 3% p rob a b ility th at ¾
(A )
z = + 1 an d ¾

(B )
x = ¡ 1.

T h is is an illu stration of th e lo ss or lack of rea lism in
q u an tu m m ech an ics.

A n ev en m o re strik in g illu stra tio n n ot in vo lv in g a n y
p rob a b ilities at a ll is d u e to G reen b erg er, H orn e a n d
Z eilin g er, an d in vo lv es a set of th ree sp in h a lf p a rticles.
B u t let u s leave th a t to th e cu riou s read er!

1 0 . C o n c lu d in g C o m m e n ts

O n e sh ou ld rem em b er th a t th e E P R p a p er w a s w ritten
seven ty years a go , w h en q u an tu m m ech a n ics w as b arely

a d eca d e old . S in ce th at tim e, b y a n d larg e p h y sicists
h ave g row n a ccu sto m ed to th e co u n ter-in tu itive featu res
of q u an tu m p h en o m en a. E v en th o u gh ou r accou n t of
E P R h a s b een in ten tion ally critical, it m u st b e ad m it-
ted th a t it h as h igh ligh ted sp ecī c featu res o f q u a n tu m

m ech an ics { th e issu es of rea lism , lo cality an d en ta n -
glem en t. It im m ed ia tely in sp ired S ch rÄo d in ger's id ea s
on en tan g lem en t, w h ich is a re° ection o f th e en o rm o u s
rich n ess con tain ed in th e ten so r p ro d u ct ru le H A + B =
H A ­ H B for com p o site sy stem sta te sp aces. T o d ay
en ta n glem en t is th e key resou rce fo r q u an tu m co m p u ta -

tio n , an d for oth er q u an tu m in fo rm a tio n p ro cesses. T h e
id ea s of realism a n d lo cality w h ich E in stein w ou ld n ever
give u p led to B o h m 's e® o rts to ¯ n d an alm o st classical
in terp retatio n of q u a n tu m m ech an ics, a n d th en to B ell's
in cisive an a ly sis o f th e fu ll im p lication s of lo ca l realism .

N ow w e k n ow th at q u an tu m correla tion s are very su b tle,
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an d go b ey on d classical lim its ev en w ith ou t in vo lv in g
la rge sp a tia l sep a ration s. T h u s q u an tu m co rrelation s at
th e w ave fu n ction level a re d istan ce-in d ep en d en t. T h u s

all th is h as resu lted fro m th e b rief E P R p a p er.

W e h op e th at y ou n g read ers o f ou r a ccou n t w ill feel co n -
¯ d en t in lo ok in g a t th e litera tu re in th is area of p h y sics
w ith a go o d sen se of d irection to g u id e th em .

A c k n o w le d g e m e n ts: W e th an k V id yan an d N a n ju n -
d iah for a critical rea d in g of th e m an u scrip t an d m a n y
u sefu l su gg estio n s.

�Einstein was unable to accept as final the
wholly unorthodox mathematical formula-
tion of Planck�s quantum theory,...,since it
did not correspond to his philosophical
conceptions of the task of the exact sci-
ences. He felt it disturbing that natural laws
should have to relate not to objective
processes but to the possibility or probabil-
ity of such processes�

�Werner Heisenberg
in �Planck�s Discovery and Atomic Theory�
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