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NEW PATHS IN CRYSTAL PHYSICS
HE vast majority of actual solids are crystal- them here requires explanation. The mathe-

line in their ultimate structure. Hence
arises the theoretical and practical importance
of the subject of crystal physics, and the need
for a correct understanding of its fundamental
principles. The outstanding feature of the
crystalline state of matter is the three-dimen-
sional periodicity of the structure of a crystal,
which consists of a great number of similar,
similarly situated and oriented groups of atoms,
thereby securing for it .the fundamental pro-
“perty of physical homogeneity. The size of
the individual units or lattice cells of the
structure is, in general, -of extreme smallness
in comparisun with the overall dimensions of
a macroscopic crystal.” It follows as a conse-
quence that the characteristic physical proper-
ties of a crystal are determined by its lattice
structure and that the form or extension of its
exterior boundary is a matter of complete
indifference, so long as the crystal is of macro-
scopic dimensions. These considerations are so
little controversial that the need for stressing

Py

matical physicists of the nineteenth century
were so largely concerned with the so-called
“boundary value problems” that the tendency
has grown up of regarding every physical ques~
tion needing theoretical treatment as a “boun-
dary value problem” and ftrying to set up
“boundary conditions” for its solution irres-
pective of whether such considerations are
relevant to the problem or not. 'The subject of
crystal physics has in particular suffered from
this tradition inherited from an earlier epoch,
so much so that theories resting on it continue
to be believed in despite their being in total
contradiction with the experimental facts. It -
is proposed in this report to cornsider a funda-
mental topic in qrystal physics in which such
a situation exists, viz., the nature of the vibra-
tion spectrum of a crystal lattice. A similar "
situation has also arisen in a related subject of
scarcely less importance, namely, the electromch
energy levels of a crystal lattice, but this will
be dealt with on a later occasion.
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I ATOoMEC VIBRATION SPECTRUN

The frequencies of vibration of the atone an
a crystal about their poesitions of cauilibennn
in the space latfice lie in the mfriered
may be made accessible toostudy by varoun
spectroscopic methods, s evident thal ihe
Troquency  spectrum of - the atomde  vibratons
{hus made observable is o characteristie phy:
cal property of the crystal. The problem of
ascertaining it is in many respeetn siaikae to
that of linding the vibration spectruny of @
polyatomic molecule and  can b handled by
very similar methods. For this purpose, we
consider the cquations of motion of the atone

contained in the unit eell of the eryetal laftiee

I there are p aloms in the unit cell, teae
would be 3p. cauations of motion to b solved,
The equalions would contain the displacements
of the atoms included in the unit cell under
consideration, ax also the displacements of the
atoms in the surrounding cells which mitluenee

1the motion of the former.  The cquation: of

motion of the atoms included in theme other
cells must  also  be  simulfancously  satitivd,
The relations which must subsist bhetween the

various atomic displacements for this to he

possible are indicated by the following con
siderations.  Firstly, we romark thatl as o con-
sequence of the translational symmetey ol the
erystal, a normal mode  of  vibration et
remain  as such when the  erystal  fadtice i
given a unit displacement along any one of the
three axes of the space lattice,  Scecondly, we
recal} the fundamental property of o normal
mode  that  all the particles  of  the system
vibrate with the same  froguency  ad  pass
simultancously through their positions of equil-
ibrium, so that the phases of vibration are afl
cither the same or opposite. Combining these
iwo propositions, it follows that {the amplitudes
of vibration of oquivalent atoms remain the
same, while the phases either all remain the
same or clse are all reversed as the vesull of
the unit translation. In other words, in o nor-
mal mode, ccauivalent atoms have the same
amplitudes, and either all the sume phase ov
alternately  opposile  phases ol vibration  in
sueeessive cells along caeh axis of the Iattice,
Thus two allernalive possibilities arise in ress
pect of cach of the three axes, and sinee they
are independent, w¢ have 2322 or 8 dis-
tinet possibilities to be considered,  Ifor cach
of these 8 possibilitics we have 3p cqualions
of motion involving only 3p unknown co-ordi-
pates, and hence capable of being completely
solved. Thus in all we have 8 3p or 24p
solutions, which after excluding the three sim-
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The penalt thu vierge. that thoae vibaated
spechrann of o ervatal Littee vo o dhrosete Taw
speetrumm extinbatinge o fate e o tsenochaw
mabie Dregueneseec e numbey ol desrete
frequencies woubd e farther dapense et o the
crystal  bier uddiiional stoinetty proper b,
snee several o e dedaet neasd npedes
would  then have  wdentwad fregquenens. We
My mention o few e by ey of e ple
A simple faceeventred or Lody centosd culbae
Ltfice  would  hiove 3 detinet feguetiene, of
atemie vibration, e dusonomd thee would
have 8 disbhimet Drequenewes sl the vockenalt
Ladfice  would  have @ aeh Phe poeden of
vibration i sueh shaple e van b fully
deseribed  on the bisas of  synnueley votsts
derations alone, More peneradly, however, @
detaifed investipation would be neeessars (o find
the exaet nature  of  the  medivadual porold
maodes,
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The whole of the present generation of physi-
cists has been brought up to believe i the
notion first put forward by Debye in (912 that
the thermal encrgy of a erystadline solid may
be identificd with the energy of vibrations of
the clastic solid type ovcewrring in il This idea
leads to the result that the frequency spectiiun
of the atomie vibrations in the eryvstal @ cons-
tinuous one, in striking contrast with the cone
clusions reached  above, awhich  indicate  that
even for the simplest erystals it is a diserete
line spectrum of  monochromatic  frequencies.
The reasons for this diserepancy are not far (o
seek and are, in fact, to be found it the essens-
tial illegitimacy of Debye’s assumptions,  The
fact that the specific heat of  every  erystal
attains the wvalue piven by the law of atomic
heats when ity temperature is sufficiently  rads-
ed, as well as the actual course ol the curve
by which this value is reached clearly show

that we are concerned with the vibrations of
the individual atoms in the cerystal and  that
the problem  is  therefore  ecssentinlly  one  of

particle dynamics and not one of wave propa-
gation in a continuous selidd Further, the fre-
quencies  of  wvibration  which  determine  the
course of the specillie heat curve lie, Tor the
most puart, well beyond the range where the
theory of wave-propagation in an elastic solid
can with any show of justification be regarded
as  applicable,  This  is  readily  seen from
Debye's own  cateulations which  indicate  thad
by far the largest proportion of his “woves”
have lengths of the same order of mapgnitude
as the lattice spacings of the crystal, The ine
vaolidity of 1the Debye theory hecomes elearest
when we examine the question of “counting® up
the modes of vibration of the system, “Woves”
as such are not enumerable, sinee they may be
asgigned any arbitvary wuavelength aud conses
quently arbitrary frequency.  Henee, o ecount
of them is moeaningless unless iU can be shown
that only certain  diserete  wavelengths  with
correspondingly defined frequencies are allowed
and that all the others are excluded by the very
nature of the case, thereby enabling the vibra-
tions to be identitied with the normal modes
of the system which are enumerable according
to Lagrange's fundamental theorem. It is nol
possible to escape this difficully by regarding
the waves as equivalent 1o “stationary vibra-
tions" in an clastic solid continuum, since we
are principally concerned with vibrations of
such high frequency that the lattice structure
of the crystal is of the wvery cssence of the
problem.

Difficulties of the same kind arise in an ¢ven

-~

New Paths tn Crystal Pliysies

6O

more actife form when we proceed fo examine
the logical founditions of the theory of Lhittwee
vibeationg i crystals developed by Max Born
and hix school The whole framework of the
Born theory rests upon the iden that, sinee the
“houndary  conditions”™  cannot he  specitied,
something should he found whach conbd replaee
them aned by which the fndnmental  ditieulty
may be overcome of enumerating the “waves”
with which the vibrations of the system are
identified,  The postulate of the evehe lattice
inintroduced  in the theory with thin ohjeet.
It provides the requisife number of  Swoves”
whose  Jenpths determine  botly the  so=called
acoustic: and  oplieal oseillations of the Lnttice.
As in the Debye theory,  (he “woaves” (o
chosen are most numerous o the region of
wavelengths nearly comparable with the altice
spacings of the ervatal, with the presult that
both the “acoustio” and “optical”™ vibrations ure
spread  oul into “branches” extending over o
wide range of frequencies- aes s indieated by
the ealeulations made by the Born sehool fop
the few cases in whiech the fdeas hove actually
been worked ount,

The artificial character of the evelie postulate
imovery obvious, and it s suflieient {o point out
that it does not achieve the purpote for which
it ohas heen infroduccsd, Born's own equations
show that, if the vibrationn of the meditin arse
reparded as o owiaves, then the wavelengths can
he chosen quite arbitrarvily, Unles: thoerefore i
can he shown that the particular chotee pysde
wounigquely demamdded by phvsion] rensonming
which ix peeessavy 00 the restlling molion @
to he dentifled swith normal vibreations i the
Laprangian  sense the freguency specirum
determined by sueh arbiteary choice of  wive
lenpths can have no pomsdble physienl npesaing
or symiticanee,  Indeed, iU s plain that  the
“waves" of the Born theory  have no elabin
whitever to be regarded an the normal gaedes
of vibration of the ervstnl Iattive,
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FREEBIIMENTAL CONFICUNATION OF THY
NeEw lpran
The  theoretiond  result tha! the  vibirntion

spectrum of o erystal nttiee s oo deweete op
line spectram of moenochromatie freguencies s
naturally subject to the restvictions inplied i
ity derivation,  The theory a0 biewed on g con-
sideration of small oseillations under harmes
nie forees in oan ideal lattice. Departures from
perfect monochromatism  of the vibrations are
naturally to be expeeted when these simplify-
ing restrictions are removed, rie, when we
consider oscillations of finile  amplitudes, un-



